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Please do not hesitate to interrupt me if you have a question.



Review



The second fundamental form

e The second fundamental form.
(v, W>>p"5 =Lwviwy + M(vawn + vows ) + Nvows.
L=oyu,-N=-N,- 0, M=o, -N=—-N,-0,=—N, -0y,

N:UvV'N:_Nv'UV-
e The Weingarten map. W, s := —D,G

-1
. - 3 E F L M a
W;.s(aoy+bo,) = do,+boy, (B) - ([F G) <M N) (b)

e Relation between the first and second fundamental forms.

(v, W>>p,5 = Wp,s(v),w)p,s = (v, Wp,s(W))p,s.
e Normal curvature and geodesic curvature.
e When ||w|| =1, sa(p, w) = Lwf + 2Mwiws + Nw3.
o kN = knNs + rg(Ns x T), K% = Kk + K3.
e Geodesic equations.



Curvatures



Mean curvature.

’p €S. wp € T,S, unit vector. ‘

w € T,S, unit vector;

e Normal curvature x,(p, w) can be seen as a function of the angle ¢
from wp to w. Kk, = Kk(0).

e Taking average = "mean” curvature:

1 2w
] = =— n(0)do.
e )

H is independent of the choice of wy.

e H is a property of S at the point p.



Gaussian curvature.

’p € S. G: Gauss map. ‘

e Let o be a surface patch for S;
e N =Goo is asurface patch for S?;
Let Q = o(U) be a region in S. Then

Area of Q = / loy x o,||dudv,
U

Area of G(Q) = / [IN, x N, | dudv.
U

. . M2
Define the Gaussian curvature K = H=25 Then

[Ny x Ny|| = |K|l[low x o

. Area of G(Q)
K = | —_——
K@= i A of 0



Principal curvatures and principal vectors.

’p € S. kp(0): normal curvatures of p. ‘

e Let er, & be an orthonormal basis for T,S5;
e Can assume 0 = angle from ey;

e Formula for normal curvatures.

kn(0) = Knp(cosber + sinfey)
= (1, e1) cos® 0 + 2((er, &) cosOsin O + (e, &) sin 0.

e Four critical points: 6o, 00 + 7/2,00 + 7,00 + 37/2.

e Two (equal) maxima k; and two (equal) minima rp. Call them the
" principal curvatures”.

e Two "principal directions”: x(+t;) = k1, k(£t) = Ka.

e t1,t; are orthogonal. Thus H = fFr2,



Calculation of curvatures.

_ LN—M?
K= EG—F? -

e Mean curvature and principal curvatures.

e Gaussian curvature.

1. Alternative calculation of the principal curvatures.
max(or min)x(w) = ]LW12—|—2MW1W2—|—NW22 s. t. IEW12—|—2]FW1W2—|—GW22 = 1l
2. Apply the theory of Lagrange multipliers.

L(a,b) = [wa + 2Mwyws + wa] A [wa + 2Fwiws + Guw? — 1] .

G %) ) -6)

3. A= {wm) = K1, K2, corresponding wio, + wao, are ti, t.

(w,w)

We have




Calculation of H, K, k1, kp, t1, to.

Fundamental forms: Edu? + 2Fdudv + Gdv?, Ldu? + 2Mdudv + Ndv2. |

1. Mean curvature and Gaussian curvature.

-1 -1
H:lTr E F L M K = det E F L M
2 F G M N F G M N

2. Principal curvatures and principal vectors. Solve

6 %) 9 0)-C)

Solutions are k1, a1, b1, K2, a», by. Principal vectors are
t; = ajo, + bjo,.

3. H= KH_KZ K = KR1Kk2.




Examples




’ o(u,v) = (u, v, f(u,v)). ‘

_ ﬂxf;/ _f;s/ _ (l+@2)&x_2ﬁ<fyfxy+(l+ﬂ<2)fyy
(1+ f;(Z_’_ fy2)2’ 2(1+ f;<2 + @2)3/2 :



Looking Back and Forward




’Required: §8.1,8.2; Optional: §8.3—8.6.‘

e Properties.
1. Gaussian curvature: Limiting ratio of areas;
2. Mean curvature: angular average of normal curvatures;
3. Principal curvatures: maximum and minimum of normal curvatures.
4. Principal vectors: Directions along which the normal curvature
equals principal curvatures.
e Formulas and procedures.
L—H,‘E M—H,‘]F —0
M — kiF N-— kG '

L M E F a; 0
— K = .
M N F G b; 0
ti = ajou + bio,. .
3. Mean curvature. H = =152 = 17y EoF LM
F G M N

=il
4. Gaussian curvature. K = k1ky = det EF LM . 9
F G M N

1. Principal curvatures: det

2. Principal vectors:




See you this Thursday!

Understanding surfaces through curvatures.

1. More examples.
2. Minimal surfaces.

3. Developable surfaces;
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