Math 348 Fall 2017

LECTURES 13: CURVATURES FOR SURFACES 1

Disclaimer. As we have a textbook, this lecture note is for guidance and supplement only.
It should not be relied on when preparing for exams.

In this lecture we introduce several quantities that characterize the
curving of a surface patch.
The required textbook sections are §8.1-8.2. The optional sections are

§8.3-8.6.
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1. Gaussian and mean curvatures

One can show that the first and second fundamental forms completely determines the
surface.

However these are complicated quantities. It turns out that there are more compact
ways to understand the curving of surfaces.

Mean curvature. Consider the normal curvatures x, at one point. Pick an arbitrary
direction wy € T,,S and let 6 be the counterclockwise angle from wy to the tangent
direction w along which &, is calculated. Then we have k,, = k,(0). We will define
the mean curvature as the average of all the x,,’s:

H: :%A ’ Kn(6) do. (1)

Remark 1. It is important to realize that H is independent of the choice of wy. That
is, if we take another w; € T),S and let 6, be the angle from w; to w, we have

1 27 1 27

Fn(01) A =— | kn(6)d0=H. (2)

ﬂo 21 Jo

Exercise 1. Prove this.

Gaussian curvature. Consider the Gauss map G: S+ $% and the corresponding Wein-
garten map V. Recall that

W(ou) =—Ny=a110,+ a120,, W(oy,) = —N,=a21 0y + 220y, (3)

where ayy, ..., azs can be calculated through

a11 Aa21 . E F -t L M <4>
12 A29 - F G M NN ’
Now let U be a region in the u-v plane. Then N: U — $2 is a surface patch for $2.
We calculate

Nu X Nv: (&11 Qa22 — CL21(L12) Oy X Oy. (5)
Therefore
[Nu X No|| = lar1aze — azias||[low X o0 |- (6)
Consequently
AreaofN(U):/ (11 @2a — g1 agal |[[ow x 0 || duu v (7)
U

and if we take U, to be a small disc D,((uo, v9)) centering at (ug, vo) with radius r,
we would have
Areaof N(U)

TE}OW: |a11a22—a21a12|. (8>
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Exercise 2. Prove this.
We will call the number
K = ay1a22— az a1z (9)

the Gaussian curvature of S at py.

2. Principal curvatures

We try to understand the mean curvature H. To do this we need a formula for «,(0).

Recall that if we take ||w(0)| =1,

pon(8) = 0O 0OD) _ 0y (o)), (10)

Now let €1, e2 be an orthonormal basis for the tangent plane 7,5, we can set w(f) =
cos @ ey +sin ey, Substituting into (10) we have

kn(0) = ((e1, e1))cos?0 + 2 ({e1, €2)) cos O sin  + ((ea, €2)) sin?f. (11)

Integrating we get

[{{e1, €1)) + ((e2, €2)) |- (12)

Il
)=
O\_'
o
3
=N
3
YaS
>
N—
[oN
>
Il
N —

Taking derivative
Kn(0) = (((e2, €2)) —((e1,€1))) cos 20+ 2 ({e1, e2)) sin 2 6. (13)

We see that £, (6) =0 has four solutions in [0,27]: 0y, 00+ 7 /2,00 + 7,00+ 37 /2. As
clearly k(04 m)=r,(0), and k,(0) must achieve both maximum and minimum, there
are 01,0, such that 0o =6, 4+ 7 /2 and k1 = k(61) =maxk(0), ko= r(62) =mink(f). Now
we can take €1 := w(6;) and é3:= w(f2) and re-do the calculation above using é;, é;
as the orthonomal basis and conclude that

K1+ K2

H= 5

. (14)

We call ki, ko the principal curvatures, and the corresponding directions t; := w(6,),
to:=w(0y) the principal vectors corresponding to k1 and k.

3. How to calculate H, K, k1, K2, t1, ta.

The calculation of Gaussian curvature is easy. Recall that

(e )-(58) (%N) .

We easily obtain

L M
K:det< a11 a9 ):det(ﬂ\/{ N):lLlN—IM2 (16)
aiz a2 det(g g) EG-1TF?"
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e For the principal and mean curvatures, we try to calculate ki, ko in a different way.
Let w:=ao,+bo,. We try to find the maximum and minimum of

k(w)=La*+2Mab+ Nb? (17)

under the constraint |w|| =1, that is Ea*?+2Fab+ Gb*=1. To do this we apply
the method of Lagrange multiplier:

L(a,b):=[La*+2Mab+Nb*| = A[Ea*+2Fab+ Gb*—1]. (18)
Thus
oL
5o = 2[LatMb—AEa+Fb), (19)
% — 2 [Ma+Nb—A(Fa+Gb). (20)

a
b

(v )= (5 )]0 ) o

This means A solves

Setting them to zero we see that A and ( ) solves

L-)E M-)\F
det(M—)\IF IN—)\G>_O (22)

which simplifies to the quadratic equation
(EG-TF)N—(EN+LG-2MF)\+ (LN - M?)=0. (23)

e What is \?
We see that there are two solutions to (23). Denote them by Ay, Ao. Let ( i ) with
Ea?+2F a;b;+ G b? =1 solve

(v ) = (E )l ) oy

We see that k,(a; o0y +b; 0y,), for i=1,2, are the maximum and minimum of the normal
curvatures. Thus

ty=ay0,+ b1 0y, to=as0,+ byo, (25)

are the principal vectors.
Now we notice that (24) leads to

o (N )(5) gt .
Cowe(EE

Thus the Lagrange multipliers are exactly the principal curvatures.
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e Summarizing, we see that

 EN+LG-2MF
H=—Ea-F) (27)

e An interesting consequence of the above calculation is that K = k1 ks.

e Alternative characterization of k1, Ka.
Multiplying (24) from left by ( F o ) " we see that

K]l?g)_l(ﬂ%d 1%1\\14)_&'( )K )0 (28)
Thus we have se)=(58)7 (5 %)

)y
i=n(F ) (wx)l w=e(Fe) (WX} e
: (il v, e o, Gansn et \

e Principal curvatures and principal vectors.

IL—I@IE M—/{ZIF o
det(M_mlF N_mG>_o, (30)

As )\, =k, k1,2 are eigenvalues of the matrix ( le az1 ):(

ZF‘

22

L M E F a; \ _
GO-GDIE- e
ti:ai0u+biav, ||tl||:1 (32)
e Mean curvature.
B 1 27 ~ EN+LG-2MF
B = 57 /0 Fa(0) - d6 = 2(EG - I?) -
1 EF\'(L M
(5 6) (3 V)] &
e Gaussian curvature.
_ i Areaof N(B;) LN-M* _ EF\'/L M
K= r1—>0 Areaofo(B,) EG-—TF? —det{( F G ) M N /| (34)
e Relations.
JVIZ_ 1k
H:KJ;KQ, K:/‘ill‘ig, lﬁJLQ:H:l: Z 4K (35)
L kin((cos 0) t1 + (sin ) ta) = k1 cosd + ko sinf. (36)/

Remark 2. We have seen last time that if kK; = ko everywhere, then S is part of plane or
sphere.
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4. Examples

Example 3. Let o(u, v) = (u, v, f(u, v)) be the graph of some smooth function f(z, y):

U— R. Then

woo Jodw= S QSR few =2 e fy b+ (4 2) fu

RS ES e 2(1+ f2+ f)*?

Proof. We calculate

(_f:v,—fyal)
Oy = 1707fx7 Oy = 0717f ) N:—7
Oyu = (07 07 fxx)u Oyv = (07 07 fxy)a Oyv = (07 07 fyy)-
Therefore
Ezl—i—f%, ]F:fxfyu GIl"‘fﬁa
Consequently
K:]LN_M2: fm"fyy_fa?y
EG-F> (1+ f2+ f2)?
and
g _ENALG-2MF _ (1+f)) foe—2fo fy oy + 1+ f2) fuy
2(EG-F?) 2(1+ f2+ f2)%2 ’
as desired.

(37)

(42)

(43)
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