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Please do not hesitate to interrupt me if you have a question.



Review



How does a Surface Curve

elL=0,,  N=—-N, -0, M=0,,-N=-N,-0,=—-N, -0y,
N=o, -N=-N, 0,.
e Normal curvature and geodesic curvature.

o |kn(p, w)|" is the smallest possible curvature at p € S of curves
passing p with its tangent at p parallel to w € T,S.

e When ||w| =1, ka(p,w) = Lw? + 2Mwyws + Nw?2.

o kN = knNs + kg(Ns x T), K2 = k5 + K2.

e Geodesic equations.

d 1
T EI+FY) = S(Bui® +2F,0v + Guv?) (1)
d 1

T Fi+GY) = S(Eyi +2F, 07 + Gyv?) (2)

when s is the arc length parameter of the curve v(s) = o(u(s), v(s)).

1Usually simply &, also note that k, could be negative.



The Second Fundamental Form
and Its Properties



The second fundamental form

’S co(u,v). po=o(ug, ) €S. ‘

e Definition. The second fundamental form of S at pg is a bilinear
form on T, S:

(v,w), s =Lvim + M(viwz + vow1) + Nwvows,.

Here v = vio, + wo,, w = wyo, + who,, and L, M, N are
calculated at (ug, vo).

e Classical notation.

Ldu? + 2Mdudv + Ndv?.



The Weingarten map.

e The Weingarten map. W, s: 7,5 — T,5.
Whp,s :=—D,G.

Beware of the minus sign!
e Calculation of the Weingarten map.

Wy s(aoy + bo,) = —alN, — bN,.
e Matrix representation of the Weingarten map.

W s(aoy + bo,) = do, + bo,,
_ 411 a1 a
a;p axn) \b
=il
dil a1 - E F L M
dip a2 n F G M N '

where

with



Relations between (-,-) and (-, ).

’ v,w € T,S: Arbitrary tangent vectors. ‘

There holds
(v,w), s = Wps(v),w)ps = (v, Wy s(W))p,s.
Proof.

1. We omit the subscripts p, S;
2. Suffices to prove for v =0,,0,, w = 0,,0y;

3. Prove in detail the case v = o, w = o,. Calculate

<W(UU)7UV> = <_Nu’0v>
a11{oy, 0v) + a{oy, o)
= aulF + anG
— M= (v, w).

4. Proofs for other cases are similar.



Examples




’ Keep in mind: Two formulas for each of L, N, N. ‘

Example
Consider the unit sphere parametrized as

1. o1(u,v) = (u, v, V1 — u2 — v2);
2. o3(u,v) = (cos ucos v, cos usin v,sin u).
We can easily calculate

vi—1 —uv -1

Ly=—0 =~
1—u2—v2’

and
L, =-1, M, =0, N, = — cos® u.



Other surfaces.

’ Keep in mind: Two formulas for each of L, N, N. ‘

Example

o(u,v) = (u, v, u?® + v?). We easily calculate

2 2
L= ———, M =0, N= ————.
1+ 4u? + 4v2 1+ 4u? + 4v2
Example

Ruled surface: o(u, v) = v(u) + vi(u). We see that

L = |louxoa | 2F+vi)- (3 x4+ vixl),
M = |o,xo, |74 (3 %)),
N = o0



Applications of (-,-)) s




{(+-),s =0 at every p € S = (part of )plane.

Proof.
1. Pick any surface patch o for S;
2. N,-0,=N,-0,=0;
3. N,-N=0;
4. N, =0;
5. Similarly N, = 0;
6. N is a constant vector = S is (part of )a plane.



{Nps = AP)(:)p,s at every p € S = (part of) a sphere.

Proof.

1. <<a '>>p,5 = )\(P)<7 '>P.,5 = 7Nu = )‘(Uv V)Uua 7NV = )‘(U7 V)UV;
2. Differentiate:

_Nuv = )\vgu + AO'uvy _Nvu = )\uav + )\Uvu-

3. Ayoy = Aoy, = Ay =X, =0. So AN(u,v) = r is a constant;

4. o+ AN is a constant.



Looking Back and Forward




e Definitions.
1. Second fundamental form.
v, W>>p75 =Lviws + M(viws + vowy) + Nvows.

2. The Weingarten map. W, s := —D,G
Wh,s(aou + ba,) = —aN, — bN,.
e Properties.
1. Relation between the first and second fundamental forms.

(viwh, s = Wos(v),w)ps = (v, Wp,s(w))p,s.
e Formulas.
1. Matrix representation of the Weingarten map.

Ws,s(acu + bo,) = dou + bo, ) = [ o a
b ap  ax b
with .
an an\ (E F L M
ain a2 B F G M N ’
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See you next Tuesday!

Curvatures for surfaces.

1. Curvatures: Gaussian, mean, principal;
2. Developable surfaces;

3. Minimal surfaces.
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