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Review of Midterm 1



Review of Midterm 1

[ High: 15 (100%); Low: 3 (20%); Average: 11.6 (77%); Median: 12 (80%)

Problem 1. Average: 4.8; Median: 5;
Problem 2. Average: 3.8; Median: 4;
Problem 3. Average: 31; Median: 3;
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Problem 4. Average: 0; Median: 0.



Problem 2

[o(u,v) = (U, v, 02 = ); DpG(w), p = (2,1,3),w = (1,2,0).|

1. Find o(uo,vo) = p; Ug =2,vo = 1.

2. Calculate oy (uo, vo), ov(Uo, vo); (1,0, 4), (0,1, —2).
3. Find a,b, w = aoy(Uo, Vo) + boy(Uo,vp); a=1,b = 2.
4. Calculate N(u,v) = 2x2 = (;ffufil)vz
5. Calculate
Ny(uo, Vo) = 2173/2(=10, =16, —8), N, (Uo, Vo) = 2173/2(16, 34, —4).;
6.

DpG(aoy + bay) = aN, + bN, = 2173/2(22,52, —16).



Problem 2: Alternative solution

a(u,v) = (u,v,u* = v?); DyG(w), p = (2,1,3),w = (1,2,0).

1. Find ug, vo such that a(uo, Vo) = p: Ug =2,V =1.
2. Calculate oy (ug, vo) = (1,0,4),0,(uo, vo) = (0,1, =2);
3. Find a, b such that w = ao(uo, vo) + boy(ug,vo): a=1,b=2.
4. Calculate DF(ug, Vo) for F=(6)""oGoo;

41 G(p) =21~ W( 4,2,1) = &(0,V) = (0,7, V1 — 02 — );

4.2 F(u,v) = (5)""(N(u,v)) = (1+ 4u? +4v) V2(=2u,2v);

3, [—10 16
4.3 DF(ug, V) = 217%/ 6w

5. Calculate (g) = DF(uo, Vo) > =2173/2 < )

6. Find g, Vo such that &(& G(p): Ug = —4/v/21,V = 2/3/21.
7. Calculate G, (0o, Vo) = ( ), v(Uo, o) = (0,1, =2);

Qe

Dpf(W) = @6({o, Vo) + b5 ({o, Vo) = 2173/2(22,52, —16).



Problem 3

’ﬂ/(t) = (acost,asint,bt) has k(t) =1,7(t) = —2. ‘

- Note that «(t) is not arc length parametrized.

- Either parametrize by arc length first, or use the correct general
formula!



Problem 4

’n(t) = 27(t). Find constant vector forming fixed angle with B(t).‘

- Need wy be a constant vector!
- ~ can be reparametrized by arc length.
- Guess. 4(T+2B)=0.
- More deductive.
1. L(wo-B)=0;
= Wwy-N=0;
= —k(Wo - T) +7(wo - B) = 0;
. =2Wo - T) =wp - B;
. =>Wo || T+25;
. Check wp = 0.

o U W N



The First Fundamental Form




Measurement on Surfaces

S:o(u,v).

Distance, Angle, Area?

- Analogy. Scale on a map;
- The First Fundamental Form.

- Three "scale” factors E,F, G at every point on the map;
- Bilinear form on T,S: E(u, v)du? + 2F(u, v)dudv + G(u, v)dv*.
- Alternative notation.

(v, W)p,s.

- For all measurements, only need to know E(u, v),F(u,v), G(u, v).
Does not need to know o(u, v).



Arc Length

(1) = o (u(t), v(1)).

- Arc length.
b
L = /«/"y-ﬁdt (1)
a
b
= [VIol i s 20, it ofra 0
a
- Define
E(u,v) =lloul’,  Fuv)=oy-a,  Gu,v) = o’
then

b
L= / VEG2 4 2F0V + Gv2dt
a



Angle and Area

v,w e T,S. cos Z(v,w)? ‘

V= Vioy + Voou, W= Wio, + Wroy,

CVeW = ||auH2 VaWq + ay - oy (Vaws + vawy) + Hav||2 VoWy;

- Thus

Evawy + F(viw, + vowq) + Gvow,

cos Z(v,w) =
v.w) VEVZ + 2Fviv; + GV3/EWZ + 2Fwiw; + Gw3

Area of o(U)?

A = /||au « || dudv (3)
U

/ VEG — F2dudv. (4)
U



The First Fundamental Form

’ V= Vioy + Vaoy, W = Wioy + Waoy. ‘

- Definition.
(v, W)p.s = Eviwy + F(vawy + vowq) + Gvaw,

AV, W)ps=V- W,
- Measurements.
- Arclength: L = [7(%,4),/2dt;

. . _ (viW)p s .
Angle: cos Z(v,w) = 7<V?V>;{§<W’W>;{§,
- Area: A= [, VEG — F?dudv.

- Significance.
- E,TF,G only depend on the surface.
- (Will see) E,F, G contains information on how the surface is
curved.



Examples




Calculation of E,F,G

Example
1. Plane. o(u,v) = (u,v, 1+ 2u + 3v);
Cylinder. o(u,v) = (cosu,sinu,v);
Sphere. a(u,v) = (U, v, V1 —u? — v?);
Torus. o(u,v) = ((a+ bcosu)cosv, (a+ bcosu)sinv,bsinu);

_ 2u 2v uPvi—1
J(u7 V) - (1+u2+v2’ THu2+v20 14u2+v2 ) -

i g @

1



Measurements

’E:4u2,F:uv,G:v2‘

<y o(u(t), v(t)), u(t) = v(t) =t Arc length fromt=1to t = 2.

/ 1 VEU(D)202 + 2u(OV(D)IV + v(D2v2dt = 3v7/2;

- Angle between v : uq1(t) = t,v4(t) = 1and 4, : Uy(t) = 1, wa(t) =t
1. Intersection: u =1,v=1;
2. Atintersection E=4F=G =71,
3. Atintersection th =1,v;, =0, 0, =0,v, = 1.
4. cos of the angle is
hx1Ix04+1x(1x1T+0x0)+1x0x1 1

\/4x1x1+1><1><O+1><O><O\/4><O><O+1><O><1+1><1><1:2'
- Area of o(U) where U = [0, 1] x [0,1].

'/Um:ﬁ/q.




Looking Back and Forward




’ Required: §61; Optional: §6.2 - 6.5‘

- Definitions.
- The first fundamental form.

(v, W)ps = Evawq + F(vawz + vaws) + Gvaw,

- Formulas.

E(u,v) = |lou|®, F(u,v) = oy - ov, G(u,v) = |lov|*.

- Arc length: L = f %, v)g/édt;

- Angle: cos £ (v, w) = %

- Area: A= [, VEG — F?dudv.



See you this Thursday!

Understanding and Applying (-, -)p.s. ‘

1. Re-parametriztion;
Isometries;
Conformal mappings;
Equiareal mappings;

U

Developable surfaces.
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