Math 348 Fall 2017

LECTURE 9: THE FIRST FUNDAMENTAL FORM

Disclaimer. As we have a textbook, this lecture note is for guidance and supplement only.
It should not be relied on when preparing for exams.

[In this lecture we study how to measure distance on a surface patch. j

The required textbook sections are §6.1. The optional sections are §6.2-5
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1. Measurements on a surface patch

1.1. Motivation

Our goal is to measure length, angle, and area on a surface patch without having to
re-write everything in the ambient space R?.

Recall that in IR?, we do measurements through “inner product” of vectors: Let w, w
be vectors in IR3, then we can compute their inner product as

w - W =Wy W1 + Wa Wa + w3 Ws. (1)
Using this we can compute length:

[l = vw-w, (2)

angle: )
- w-w
O O = ¥
area of the parallelogram formed by w, w:
A=lw x| = /lwlP @] - (w-@)*. (4)

Exercise 1. Prove that ||w x @| =+/||w]]?|@ > — (w-©)2.

Note. Keep in mind that when we are talking about vectors in R we are talking
about the R? that is the “velocity overlay” space of the location space IR3. In other
words, the R? here is in fact T,R®. When we need to measure in the location space,
we integrate:

b
t= [ 1iwlde A= [ ouxodude. )
a U

Now we ask the following natural question:

(How to measure on surfaces?)

Consider a point p € S, a surface patch given by o: U — IR3. How should measurements

be done within the tangent plane 7,57

Let w,w € T,S. Let p=o0(up,vp). Then we have
w = w1 0y,(Uo, Vo) + wa 0,(Uo, Vo), W =11 0y (Ug, Vo) + W2 0y(ug, Vo). (6)

It now follows

wW-W= ]E(UQ, UQ) w1 1])1 + ]F(UO, UQ) (wg U~)1 —+ w1y U~)2> + G(UQ, UQ) Wao U~)2 (7)
where
E(u,v) = [lou(u, )| (8)
F(u,v) = ou(u,v)-o,(u,v), 9)
G(u,v) = |lou(u,v)|> (10)
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e The point here is that, once we know [E, F, G, we can do all the measurements
without leaving the surface.

1.2. The first fundamental form

DEFINITION 1. (DEFINITION 6.1.1 OF THE TEXTBOOK) Let p be a point of a surface S.
The first fundamental form of S at p is the bilinear form

(W, W)p g:=w- 0. (11)

THEOREM 2. Let (-,-), s be the first fundamental form of S at p. Let o be a surface patch
of S covering p. Let w=w; o, +ws0,, W=1W;0,+ W20, be two vectors in T,S. Then

(w, 'J))p,S = E(UQ, U(]) w1 ’LZJl + IF(UO, U(]) (U)Q 12)1 +wq 12)2) + G(Uo, U(]) Wao 12)2 (12)

where B, I, G are given by (8-10), and p=oc(up, vy)-

Remark 3. There is now the natural question: What happens if we take a different first
fundamental form? It can be shown that (-, -), ¢ remains the same if we choose a different
surface patch for S.

Exercise 2. Try to make sense of the above statement.

THEOREM 4. (MEASUREMENTS ON S) Let S be a surface patch with first fundamental form
E,F,G. Then,

i. if o(u(t),v(t)) is a curve on S, its arc length from t =a to t =05 is given by

b
/ VE(@(t) w'(t)* + F(o(t) u'(t) v'(t) + Gl (t)) v'(t)*. (13)

ii. if o(u(t),v(t)) and o(u(t),o(t)) are two curves on S intersecting at o(ug, vo), then the

do(u(t),o(t) 00 o do(aft). 5(0)

i i 15 given by

angle between the two tangent vectors w:=

cosf =

<'LU lz)>p75 (14)

)
1/2 / ~  ~
(w,w) s (W, )5

1. the area of the surface patch is given by
A:/ VEG — F? dudv. (15)
U

2. Examples

Example 5. Consider the plane
o(u,v)=(u,v,14+2u+3v). (16)

We easily calculate
o.=(1,0,2), o,=(0,1,3) (17)
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which gives
E=5, F=6, G =10.
Thus the first fundament form is

5du?+12dudv + 10 dv?.

Example 6. Consider the cylinder
o(u,v)=(cosu,sinu,v).
We have
o= (—sinu, cosu, 0), 0,=1(0,0,1).
This gives
E=1, F

0, G=1.
Thus the first fundamental form is

du? + dv>.

Example 7. Consider the unit sphere

o(u,v)=(u,v,vV1—u?—0?).

We have
—u
Oy = 1707 )
< \/1—u2—v2>
—v
o, = (0,1, ——Y ).
< \/1—u2—v2>
This gives
1—2? uv 1 —u?
]E:— F:— e —
1—u2—v?’ 1 —u2—v?’ G 1—u2—02

which gives the first fundamental form as

1—? ) uv 1—u )
—1—u2—v2du +2—1—u2—v2dUdv+—1—u2—v2dv .

Example 8. Consider the torus
o(u,v)=((a+bcosu)cosv, (a+bcosu)sinv,bsinu).
We have
ou = ((a—bsinu)cosv,(a—bsinu)sinv,bcosu)
o, = (—(a+bcosu)sinv, (a+bcosu)cosv,0).

Therefore

E=a?>+0>—2abcosu, F=0, G=a®>+b*cos’u+2abcosu.

(18)

(19)

(24)

(25)

(26)



Math 348 Fall 2017

The first fundamental form is then given by
(a®>+b*—2abcosu) du®+ (a® 4+ b? cos*u+ 2 a b cos u) dv?
We notice that E, I, G are all independent of v.

Example 9. Consider the surface patch

o, v) = 2u 20 u?+0vr—1
We L O\ w2+ U w2+ U w2021 )
e have
S 2 (v —u?+1) —4duwv du
(@024 1)2 (w02 + 1) (w202 +1)2 )
S —4uv  2(u—0v?+41) 4v
S\ (@02 +1)? (@02 +1)2 (w04 1) )
Consequently we have
4
E - *
(u?4+v2+1)%
F = 0,
4
G = W+ o2+ 1)
Thus we see that the first fundamental form is
4
(R 1)2[du2+dv2].

(40)

In particular, we notice that the curves o(u,vy) and o(ug, v) are always orthogonal at their

intersection.
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