Math 348 Fall 2017

LECTURE 3: CURVES IN CALCULUS

Disclaimer. As we have a textbook, this lecture note is for guidance and supplement only.
It should not be relied on when preparing for exams.

/

In this lecture we set up the “play ground” for the mathematical study\
of curves in the 2-dimensional plane and the 3-dimensional space. In par-
ticular, we will discuss appropriate mathematical representation of curves,
define their tangent vectors and arc lengths, and derive formulas for these
quantities.

The required textbook sections are §1.1, §1.2. The optional textbook
\sections are §1.3, §1.4, §1.5.

J
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Differential Geometry of Curves & Surfaces

1. Parametrization of Curves

The most convenient way (for application of calculus) to represent a spatial
curve mathematically is to treat it as the trajectory of a moving particle. This
leads to the so-called “parametrization” of the curves. There are infinitely

many possible parametrizations of the same curve.

1.1. Mathematical representations of a curve

e LEVEL CURVES. Before the advent of calculus, a curve is usually defined through level
sets:

i. (in the plane) as level sets: f(x,y)=0;

ii. (in the space) as intersection of surfaces (intersection of level sets):

fl(xvyVZ):Ov fQ(xvyVZ):O‘ (1>

Example 1. A circle in R? is represented as
fla,y)=(z—a)*+(y—b)*—r?=0. (2)
A straight line in IR? is represented as
a1 11+ ay o+ ag w3 —a=0, bix1+byxe+bszs—b=0. (3)

The basic idea is to replace the study of the curve by the study of one or more simple
surfaces.

e PARAMETRIZED CURVES. To apply calculus, the most convenient representation of a
curve is through parametrization.!

DEFINITION 2. (DEFINITION 1.1.1 IN TEXTBOOK) A parametrized curve in R" is
a map? v: (a, B) =R, for some a, f with —oo < a < < 00.

Note. Recall that (a,b) means the set of all numbers >a and <b, while [a, b] means
the set of all numbers >a and <b.

Exercise 1. Do you remember/Can you guess what (a,b] and [a,b) means?

Example 3. A circle in R? is represented as

0=(56 )= (5 ) e

for t € (o, B) with a <0, 8> 2.

1. The reason for such transition is that, without calculus, there is no way to study a curve directly. Instead
one has to look for simple functions that could “generate”’ the curve and turn the study of the curves to the study of
those functions.

2. Another name for “function”.
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Example 4. A straightline in IR? is represented as

x(t) Zo Ug
YO ={ =@ |=| v |+t| w (5)
x(t) 20 wo

for t € (—o0,0).

Example 5. (CycLOID) The trajectory of a unit circle rolling in the plane along a
line.

Figure 1. The cycloids

We take t = 6 as the parameter. We have (gmma)(t) = (t —sint, 1 — cos t) for
te[0,27].

Exercise 2. Write down a parametrized representation of a unit circle rolling outside (epicy-
cloid) or inside (hypocycloid) another circle with radius R centered at the origin (for the “inside”
case, assume R > 1). Plot the following two cases: Outside with R =1 (Cardioid); Inside with
R =4 (Astroid). 2 What happens if R — co?

Example 6. (VIVIANI'S CURVE) The intersection of a sphere 2%+ y?+ 22 = R? with
2?2+ y?>=Rx. It can be parametrized by

v(t) = (Rcos’t, Rcostsint, Rsint), tel0,2m) (6)

Exercise 3. Check Ex. 1.1.8 in the textbook for what it looks like. Compare (6) with the
formula there. Can you find a different parametrization?

Exercise 4. Consider a plane curve given by a graph: y = f(z). Is it a level curve or a parametrized
curve?

Exercise 5. Try to draw the parametrized curve ~(t) = (cost,sint,2t), t € (r,3 7).
Exercise 6. Try to draw ~(t) = (t3,t2) for t € (—00, 00).

Remark 7. It is clear that neither level set nor parametrized representations are unique.
e There are infinitely many pairs of planes that intersect along the same straight line;
e There are infinitely many (¢): (o, 5) — R™ such that their image set coincide.

We emphasize that this non-uniqueness is in fact a good thing as it allows us to choose the
most convenient of them. We will see how this works later.

3. ((%+ 1) cos(%) f%cos(%+t), (%+ 1) sin(%) f%sin(%+t)).
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In 348 we will only consider smooth curves, that is parametrized curves y(t) = (x1(t),
xa(t), ..., xn(t)), t € (o, B), with each x,(t) infinitely differentiable for all ¢ € («, 3).

Exercise 7. Show through examples that the image of a smooth curve may not look smooth.

2. Tangent Vectors and Arc Length

When a curve is viewed as the trajectory of a moving particle, its velocities
are represented mathematically as “tangent vectors”, and the length of the
trajectory is the “arc length”.

2.1. From possible velocities to angent vectors
e FROM POSSIBLE VELOCITIES TO TANGENT VECTORS.
o Let v(t) € R"™ be the trajectory of a particle. Then its velocity at t is given by

ofto) = tim M=)t )

o For a parametrized curve 7(t), we will view it as a mathematical model of a
trajectory of a particle and define its velocity at v(¢y) to be one tangent vector

at y(to).

DEFINITION 8. (TANGENT VECTOR) Let C be a curve in R". Let xo€ C. Then
veR™ is a tangent vector of C at xo if and only if there is a parametrization

v(t): (o, B) = R"™ of C such that
i. there is to € (a, B) with v(to) = xo;
n. ﬁ(to) =.
Exercise 8. Let C' be a curve in R™. Let g€ C. Let v be a tangent vector of C at x.

i. Prove that —v is also a tangent vector of C at x;

i. Prove that 2v is also a tangent vector of C at xg;

[

iii. Convince yourself that for arbitrary c € R, cv is a tangent vector of C' at x;

iv. (optional) Prove that for arbitrary ¢ € R, cv is a tangent vector of C at x.

e REGULAR CURVES.

o A parametrized curve v(t): (o, §) — R™ is regular if and only if it is smooth
and J(t) #0 for all t € (a, ).

t
Example 9. The parametrized curve 7(t) = ( 2 ) is regular. To see this we

t3
check

i. t,t2,¢3 are all smooth;
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1 0
i, () :( 2t )# ( 0 ) no matter what ¢ is.

3t2 0

(From now on “‘curve” means “regular curve”. j

2.2. Arc length of a parametrized curve

e 'THE ARC LENGTH FORMULA.

e}

Let v(): (o, B) — R™ be a parametrized curve. Let [a,b] C («, ). We try to
obtain its arc length L through the following: Pick a=t;<--- <t;=b. Consider

the straight line segments ~y(to)y(t1), Y(t1)7(t2), v(t2)v(ts3), ..y Y(tr—1)7(tr).
Then intuitively we have L > the sum of the lengths of these line segments.

Inspired by the above, one defines
k—1
L:= sup Z |v(t:) = v(ti-)|| (8)
a=to<-<tp=b_(

where we emphasize that the supreme is taken over all possible partitions
a=1tyg<--<tp,=0>. In particular, kK € N is not fixed.

The formula.

THEOREM 10. Let y(t) be a smooth parametrized curve. Then its arc length
from y(a) to () is given by

L= / 15(0)] dt. (9)

Proof. (OPTIONAL; YOU MAY WANT TO READ THE BOX AFTER THE PROOF
FIRST) We prove it in two steps.

by .
LL< [
By fundamental theorem of calculus, we have

() =2t = [ S0 (10)
Thus we have fim
> I =l = | $()di

k=1
<y / 150 dt
t=0 Yti-1

i

b
_ / 150 dt. (11)
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2 L> [} 5]

Let £ € N and define ¢; := a + % (b — a). Then we have a =ty <
ty < <tp=b.
By fundamental theorem of calculus, we have

W) =2 = [ AOd=i) -t R (2)

where

Ri= [fl [7(8) = 3(ti-1)] dt:l;il [Zjl y(s) dS] dt. (13)

As z(t) is a regular curve, there is M > 0 such that

|¥(s)| <M foralls€|a,b]. (14)
Consequently
o M (b—a)?
i—1 1—1

Thus we have

S It =20l = X [t (6t + R

i=0

=0
> Z 7(ti1) (= tiz) || = [ R[]

> inv(u)u( Ly MO0 g

On the other hand, we have

[ wnae = [T i@l - e
‘7(% 1)”( z 1) .
il =t + [ 13060 = 3(to)

= [l (& = tien) +

+/ / 14(s) ds
ti—1 t

< -l (= tioa) + M (8 = ti1)?
(

= |t 1>||<tz—t2 1>+M<f;€_;a>,

N
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From this we conclude

k—1 b 2
. 2M (b—a
> () =0l = [ Iwnae>-22E=E 0
=0 a
as k — 0o. This implies
k-1 b
L sw S -awolz [ lold 9

a=to<t1<--<tp=b i=0

and ends the proof. O

( Technical Aside A
In the above proof we have used the following results from calculus.

— SUPREME. Let A be a collection (set) of numbers. Then its supreme
sup A is the smallest number that is greater than or equal to A. As a
consequence,

e to prove that sup A <b, all we need to do is to show that for
every a € A, there holds a <b;
e to prove that sup A > b, all we need to do is to find one
particular sequence of a, € A such that lim,_, (a, —b) > 0.
Exercise 9. What do we need to do to prove sup A >b or sup A < b?
— TRIANGLE INEQUALITY.
e (lassical triangle inequality:
]|+ Iyl = [l +yl- (20)
e Variant:
izl =Tyl <llz =yl (21)
e Generalization:
[zl 4+ Nzl = [+ + ] (22)
e Integral: Together with the definite of Riemann integrals, (22)
yields the following inequality for vector functions:
b b
/ ()| dt > / (1) dt]). (23)
- ¢ ¢ J
Examples.

Example 11. Calculate the circumference of the unit circle 22+ y?=1.
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Solution.

o Method 1. We calculate the curve length [ of the graph y=+v'1 — 2%, —
Then the circumference is L =21.

I = /\/1+ Vi) da

—d:B
/—1 V1— 22
r=sint /2
/ dt = (24)

—7/2

So the circumference is L=27.
o Method 2. We parametrize z(t) =cost, y(t) =sint,0 <t <2m. Then

= [ Ty di=2 (25)

0

Example 12. Calculate the arc length of the space curve

x=cost,y=sint,z=t (26)

for t from 0 to 2.
Solution. We have

L = [) " V') 4y ()2 + 2/(t)2 dt
= 2W\/§dt:2\/§7r. (27)

0

Example 13. Calculate the arc length of the cycloid (f —sint, 1 —cost) from ¢t =0
to 2.

Solution. We have

27
L = / V(1 —cost)?+ (sint)? dt
0
27
:/ V2 —2costdt
0

:/%\/2 2(1-2 sm;))dt
e

Y (28)

Example 14. Calculate the arc length of the Limacon of Pascal ((1+ 2 cost) cost,
(1+2cost)sint), t€(0,27).
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Solution. We have (t) = (cost + 2 cos®t, sint +sin 2t).

2T
L = / V/(—sint —2sin2¢)? + (cost + 2 cos 2t)? dt
0

2m
= Vb5 +4costdt. (29)

0

It turns out that this integral cannot be calculated explicitly.

Exercise 10. Calculate the arc length of z=cos3t,y =sin®,t € [0,27).

Exercise 11. (OpPTIONAL) It is clear that arc length should be independent of parametrization. Prove
this.

3. Arc Length Parametrization

Among the infinitely many possible parametrizations of the same curve, one
particular parametrization, called “arc length parametrization” stands out as
the most convenient due to its ability to simplify calculations.

e MOTIVATION. For a general parametrized curve (t): (o, ) — R", in general we
have ||7(t)|| varying with ¢. As we will see later, many calculations could be greatly
simplified if ||§(¢)|| =1 for all ¢ € (a, b). Such a parametrization is called the “arc
length” parametrization of the curve.

Exercise 12. In this case we have the arc length between x(¢9) and x(t1) to be t1 — to.
e LEXISTENCE OF ARC LENGTH PARAMETRIZATION.
THEOREM 15. Let ~(

t
increasing function T (
trized by its arc length.

, B) — R"™ be a regular curve. Then there is a strictly

): (a
a,b)— (a, B) such that the curve T'(s):=~(T(s)) is parame-

NOTATION. The convention is that, when the parametrization is arc length param-
etrization, we use s as the variable. That is, when we write a curve as x(s), we
assume it is already parametrized by arc length.

Proof. (OPTIONAL) See Proposition 1.3.6 in the textbook. O
e Examples.

Example 16. Consider the circle (2cost,2sint) in the plane. We have
1@l = | (~2sint, 2cos )] =2. (30)
Thus the arc length parametrization is (2 cos(s/2),2sin(s/2)).

Example 17. Consider the space curve

x=cost,y=sint,z=t. (31)
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The arc length parametrization is (cos(s/v2),sin(s/v2),s/v2).

4. Properties of curves from its derivatives
Example 18. ||v(t)|| = constant if and only if §(¢) - y(¢) =0 for all ¢.

Proof. We have

SO = SO0 1) =25(0) - (). (32

The conclusion now follows. O

Example 19. Let v(¢) be a curve in R3. Then the following two are equivalent.

a) There is a nonzero constant vector b such that ~(¢) = f(¢) b for some scalar function
f(t) #0.
b) (t) x v(t)=0 for all ¢.

Proof.
° a):>b).
We have
J(t)xA(t) = (FHbx f(1)D)
= f{) f(t) (bxb)=0. (33)
e b)=a).
Let b(t) := % with f(t):=||7(¢)|. Then we have
0 = () x~(t)
= SO0 b)) x (F(1)b(1)
= (@b + f(£)b(1)) x (F()0(2)
= (f@ b)) > (fOB1) + (f(1)b(1)) x (F(t) b(t)
= J(&) F(£) (b(2) x b()) + f2(t) (b(t) x b(1))
= f2() (b(t) x b(t)). (34)
As f(t) 40, we have b(t) x b(t) =0, or b(t) is parallel to b(t). On the other hand, as

16()]] = ‘ H::Egl\ ’ = H:Eg” =1, by Example 18 there holds b(t) - b(t) = 0 or b(t)Lb(t).
Consequently b(t) =0, or b(t) =b is a constant vector. O

Exercise 13. What happens if we drop the assumption f(t)# 07

Example 20. Let v(¢) be a curve in R®. Then the following are equivalent.

a) There is a nonzero constant vector b such that b_L~(t) for all ¢;

b) (v(t) x F(t)) - 5(£) = 0 for all t.

10
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Proof.
o a)=h).
We have
b =02 () =0, bty = S (b (1) =0, (3)
dt dt
Thus if we set the 3 x 3 matrix '=(~ 5 %), then I" b=0. Conseqeuently, recalling b0,
(7% )5 =det D=0, (36)
e b)=a).
o Case 1. v(t) x 9(t) =0 for all t. Then by Example 19 () = f(¢) a for some

11

constant vector a. Take b_La and the conclusion follows.

Case 2. y(t) x 7(t) # 0 for any t.

Let a(t) := ~(t) x Y(t). As (v x 7) - 4 =0, § is contained in the plane
spanned by v and . Consequently v x 4 is perpendicular to the same plane,
and

at) xa(t) = (vx7)x(yx79)
= 0. (37)
. _a®)
Now let b(t) := FGIR
Exercise 14. Prove that b(t) x b(t) =0.

By similar argument as in Example 19, we conclude that b(t) =0, that is
b is a constant vector. Now the conclusion follows from b-~(t) =0 for all t. O



	Lecture 3: Curves in Calculus
	1. Parametrization of Curves
	1.1. Mathematical representations of a curve

	2. Tangent Vectors and Arc Length
	2.1. From possible velocities to angent vectors
	2.2. Arc length of a parametrized curve

	3. Arc Length Parametrization
	4. Properties of curves from its derivatives


