Math 348 Fall 2017
SOLUTIONS TO HOMEWORK 9
(TotAL 20 pTs; DUE DEC. 8 12pPM)

QUESTION 1. (5 PTS) Use the Gauss-Bonnet Theorem to prove that circles on the unit sphere
that are not big circles are not geodesics.

Proof. Assume the contrary. Let C be a non-big circle on the unit sphere that is a geodesic.
Then it divides the unit sphere into two regions 25 and €2g with different areas. Without
loss of generality assume |Qx|>27. Now by Gauss-Bonnet we have

|QN|:/ K+//<ag:27r. (1)
Qn C

Contradiction. O
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QUESTION 2. (5 PTS) Let Sy, ..., Sz be compact surfaces that look like A, B, ..., Z respectively.
How many values do the 26 integrals of Gaussian curvatures fSA K,.., fsz K take?

Solution. We classify

e No “hole™ S¢, Sg, Sr, Sa, 51,57, Sk, SL, Sm, Sn, Ss, S, Su, Sv, Sw, Sx, Sy, Sz. For
them [ K =4m;

e One “hole™ S4,Sp, So,Sp, Sg, Sg. For them [ K =0;
e Two “holes™ Sp. For them [ K =—4m.

Thus they take three values.
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QUESTION 3. Prove that geodesic curvature is invariant under isometries.

Proof. Let v(s)=o(u(s),v(s)). We show that k, can be calculated using E,F, G and u, v

only.
We have
T(s)=tuo,+00,, (2)
and
T = 10, + 10, + 0y U2+ 2 0y U0+ 0y 02
= Uo,+ V0,
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Now recall that
T =tin N+ iy (Ng x T). (4)
We have
tg=T(NsxT)=(T xT) Ng. (5)
We see that k4 can be represented by u,v and the Ffj’s, and the conclusion follows. O
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