Math 348 Fall 2017

SOLUTIONS TO HOMEWORK 6

(TorAL 20 pTs; DUE OcCT. 27 12PM)

QUESTION 1. (10 p1S) Consider the surface patch o(u,v) = (u,2v,uv). Calculate H, K,
K1, K2, tl, ty at p= (1, 2, 1)

Solution. p=(1,2,1)=0(1,1).

1. We calculate the first fundamental form

o= (1,0,0) === (1,0,1), 0y =(0,2,u) === (0,2, 1) (1)
2 du?+ 2 dudv + 5 dv?. (2)
2. We calculate the second fundamental form
N GuXov Lo 49 (3)
lowx oy 3
Ouu = Oy L] 0, Tup = Opy —— (0,0, 1). (4)
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Thus the second fundamental form is

%dudv. (5)
3. Principal curvatures solve
0 2 1
3 — —
det 2 )\( 15 ) 0 (6)
3
This becomes
2\? 2
0N —(A—= ] =0= ko= —————. 7
(h-3) = ST ™)
4. H and K.
We have
_kKitke 2 _ _ 4
H=—=—=97 [K=mm=—g. (®)

5. t1 and ty. Solve
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We have
(Zi):q(g) (Z§>:C2<_¢?>' (10)

Requiring [|t1]| =||t2]| = 1 we see that ¢; = (20+2+/10) "2 and ¢, = (20 —2/10) /%
Thus

V5
t1=(204+2v10)"? (V5 ou++v20,)=(20+2y10) /2 2v2 |, (11
V5422
5 \
ta=(20—2+/10)""/2 242 : (12)
k—\/5+2\/§)
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QUESTION 2. (5 PTS) Let v be a curve in a surface S. Assume that at every p €
i. v(p) is parallel to the principal vector ty;
it. the angle between the osculating plane and T,S is fized;
it1. the normal curvature k,# 0.

Prove that v is a plane curve. (Hint: Prove that Ng|| T, then calculate %(Ny B).)

Proof. Let v(s) =0o(u(s), v(s)) and let s be the arc length parameter. As 7 is parallel to

t1, we have
(an 021)(1%):&1(1%) (13)
12 Q292 v v
which leads to (let Ng(s) be the surface normal along ~)

—Ns=(a1104+ a120,) 1o+ (a21 04 + a220,)0 = k1 (0, 1+ 0 D) = Ky 7. (14)
Thus
Ng=—r T. (15)
On the other hand, by assumption we have Ng- B = constant. Therefore

d

T ds

0 (Ng-B)=—k1T-B—7TNg-N=—7Ng-N. (16)
Now recall that
KN=r,Ng+ky(NgxT)=k,=rN-Ng. (17)

Thus k,#0=k#0, N - Ng#0. Consequently 7=0 and + is therefore a plane curve. [
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QUESTION 3. (5 PTS) Let S1, S be two surfaces. Let the curve y be their intersection. Let
p €. Let the normal curvatures at p of S; along v be mﬁf), 1=1,2. Let 0 be the angle between
the surface normals at p. Prove that

k2sin’0 = (k)2 + (k2)2 = 268 K1) cos 6. (18)

n n

(Hint: Prove that k' =k cos6;)

Proof. Let N;, i=1,2, be the surface normals. Let ; be the counter-clockwise angle from
the curve normal N to N;. We have

RN:HS)Ni—I—H;i)(NiXT):>/<LS):/<LN~Ni:/<LCOSt9i. (19)

As N1, No, N LT, the three normal vectors lies in the same plane.

Now let # be the counter-clockwise angle from N; to Ns. Therefore by assumption 6, +
0 — 0y =2 km for some integer k.! Letting 0’ := 2 k7 — 0 = 0, — 05, we calculate (note that
cos 0’ =cos )

(k)24 (K2)2 =2k kP cos @ = K [cos?0; + cos?0a — 2 cosb; cosla cost]
= K2 [cosb; (cos(f2+ 6") — cosby cost’)]
+k2 [cosbty (cos(6y — 6") — cosbhy cosf’)]
= k% [—cosf; sinfy + cosby sind; | sinb’

= k?sin)’ = k% sin?0. (20)

In the last equality we have used sin ' = —sin 6. O

1. From N to N is 6y, from Nj to Nz is 6, and from N to N is —6s. As we are back to N, the total angle must
be an integer multiple of 2.
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