Math 348 Fall 2017

SOLUTIONS TO HOMEWORK 2
(Total 20 pts; Due Sept. 29 12pm)

QUESTION 1. (5 PTS) Let S be given by o(u,v)=(u,v,uv), (u,v) €R? Calculate T,S, its
tangent plane at p=(1,2,2).

Solution.

We have p=o0(1,2). Thus

o = (1,0,v) = 0,(1,2)=(1,0,2);

o, = (0,1,u)=0,(1,2)=(0,1,1).

Then

T,S={ao,+bo,a,be R} ={(a,b,2a+0b)|a,beR}. (1)



Differential Geometry of Curves & Surfaces

QUESTION 2. (5 PTS) For the same S be given by o(u,v)= (u,v,uv), (u,v) €R? Calculate
G(1,2,2) where G is the Gauss Map.

Solution. We have

ou(1,2)=(1,0,2), 0,(1,2)=1(0,1,1). (2)
Thus
- ~(1,0,2) x(0,1,1) _ 1o
G(1,1,2)=N(1,2)= 002 <0 L] 7 (—2,—1,1). (3)
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QUESTION 3. (5 PTS) For the same S be given by o(u,v) = (u,v,uv), (u,v) ER? Let G be

the Gauss map. Calculate D1 22G(1,1,3).

Solution. We have (1,2,2)=0(1,2) and (1,1,3)=(1,0,2) 4+ (0,1,1) =0,(1,2) + 0,(1, 2).

Next we calculate

_ OuX 0Oy
|ow X oy ||

_ (1,0,v) x (0,

—1(1,0,0) x (0,

(—v, —u,1)

V1+u?+0?

N(u,v)

1, u)
Lu)ll

and

_ 2 _ 2 _
N (0’ 1’0) (uv7u ) u) N _ ( 1’0’0) _I_ (’U 7u/U7 U)

CVIFE+? VIra e CVIF@ 0 ItuRror

which gives
(27 _57 _1)
6v6

(-2,2,-2)

No(1,2) = No(1,2) == 2

Consequently

0,—1,—1
D(1,2,2)g(17173>:Nu(172>+Nv(1’2): ( 2\/6 )
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QUESTION 4. (5 PTS) Let 0:R*— S be a surface patch that is also an isometry. Prove that
0. and o, are perpendicular.

Proof. Let v(t) = (u(t),v(t)), t € (o, 8) be an arbitrary curve in U. Then its image in S is
['(t)=o(u(t),v(t)). As o is an isometry, we must have

| rena= [eo)a ™)
for all @ <a <b< . Consequently
@I =[T®)),  vte(a,p). (8)
Next we calculate
19()[| = u(t)* +0(t)?, (9)

T = [lat) ou+0(t) oo
= a(t)? ||low|]? 4+ 2u(t) 0(t) oy - 0y +0(t)? |0 ||

Consequently
W(t)? +0(t)? = a(t)? |loul* + 20(t) 0(t) ou- 0w + 0(2)* [|ow |* (10)

for all (u(t),v(t)).
Now without loss of generality, let p=c(0,0). We prove that ¢,(0,0) - ,(0,0)=0.
Taking u(t) =t,v(t) =0 gives ||0,(0,0)|| = 1; Taking u(t) =0, v(t) =t gives ||o,,(0,0)|| = 1.
Finally, taking u(t) =v(t) =t gives ¢,(0,0) - 0,(0,0) =0. O
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