
Solutions to Homework 2

(Total 20 pts; Due Sept. 29 12pm)

Question 1. (5 pts) Let S be given by �(u; v)= (u; v; u v), (u; v)2R2. Calculate TpS, its
tangent plane at p=(1; 2; 2).

Solution.

We have p= �(1; 2). Thus

�u = (1; 0; v)=) �u(1; 2)= (1; 0; 2);

�v = (0; 1; u)=) �v(1; 2)= (0; 1; 1):

Then

TpS= fa �u+ b �vj a; b2Rg= f(a; b; 2 a+ b)j a; b2Rg: (1)
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Question 2. (5 pts) For the same S be given by �(u; v)=(u; v; u v), (u; v)2R2. Calculate
G(1; 2; 2) where G is the Gauss Map.

Solution. We have

�u(1; 2)= (1; 0; 2); �v(1; 2)= (0; 1; 1): (2)

Thus

G(1; 1; 2)=N(1; 2)=
(1; 0; 2)� (0; 1; 1)
k(1; 0; 2)� (0; 1; 1)k =

1

6
p (¡2;¡1; 1): (3)
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Question 3. (5 pts) For the same S be given by �(u; v)= (u; v; u v), (u; v)2R2. Let G be
the Gauss map. Calculate D(1;2;2)G(1; 1; 3).

Solution. We have (1; 2; 2)= �(1; 2) and (1; 1; 3)= (1; 0; 2)+ (0; 1; 1)= �u(1; 2)+ �v(1; 2).

Next we calculate

N(u; v) =
�u��v
k�u��vk

=
(1; 0; v)� (0; 1; u)
k(1; 0; v)� (0; 1; u)k

=
(¡v;¡u; 1)
1+u2+ v2

p

and

Nu=
(0;¡1; 0)
1+ u2+ v2

p +
(u v; u2;¡u)
1+ u2+ v2

p 3 ; Nv=
(¡1; 0; 0)
1+ u2+ v2

p +
(v2; u v;¡v)
1+ u2+ v2

p 3 (4)

which gives

Nu(1; 2)=
(2;¡5;¡1)

6 6
p ; Nv(1; 2)=

(¡2; 2;¡2)
6 6
p : (5)

Consequently

D(1;2;2)G(1; 1; 3)=Nu(1; 2)+Nv(1; 2)=
(0;¡1;¡1)

2 6
p : (6)
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Question 4. (5 pts) Let �:R2 7!S be a surface patch that is also an isometry. Prove that
�u and �v are perpendicular.

Proof. Let 
(t)= (u(t); v(t)), t2 (�; �) be an arbitrary curve in U . Then its image in S is
¡(t)=�(u(t); v(t)). As � is an isometry, we must haveZ

a

b

k
_(t)kdt=
Z
a

b 

¡_ (t)

 dt (7)

for all �<a< b< �. Consequently

k
_(t)k=


¡_ (t)

; 8t2 (�; �): (8)

Next we calculate

k
_(t)k2= u_(t)2+ v_(t)2; (9)

¡_ (t)

2 = ku_ (t)�u+ v_(t) �vk2

= u_ (t)2 k�uk2+2u_(t) v_(t)�u ��v+ v_(t)2 k�vk2:

Consequently

u_(t)2+ v_(t)2=u_(t)2 k�uk2+2u_(t) v_(t) �u ��v+ v_(t)2 k�vk2 (10)

for all (u(t); v(t)).
Now without loss of generality, let p=�(0; 0). We prove that �u(0; 0) � �v(0; 0)= 0.
Taking u(t)= t; v(t)=0 gives k�u(0; 0)k=1; Taking u(t)=0; v(t)= t gives k�v(0; 0)k=1.

Finally, taking u(t)= v(t)= t gives �u(0; 0) ��v(0; 0)= 0. �
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