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REVIEW FOR MIDTERM 2: THEORY OF SURFACES
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Differential Geometry of Curves & Surfaces

This review only covers the basics. You should also go over the notes for lectures 8-15
as well as the sections in the textbook as listed on the course website.

Let S be a surface parametrized by o(u,v).

p=o0(ugp,v9) €S.

1. Measurement on surfaces

1.1.

1.2.

First fundamental form

First fundamental form: w,w € T,,S, then
(W, W)y s:=w-W (1)
where the inner product on the right hand side is the inner product in R?.

Restricted to T,S (forget about the ambient R?), w=a 0,+ S0, 0=& 0,+ oy, then

(w, @) 5 =TE(uo, vo) @+ F(ug, vo) (e 3 + @ B) + G(uo, vo) B3, (2)

Alternative notation of first fundamental form.

E(u,v) du?+2F(u,v) dudv + G(u, v) dv?. (3)
Calculation.
E(u,v) = |lou(u,v)]?* (4)
F(u,v) = ou(u,v)-oy(u,v), (5)
G(u,v) = |lov(u,v)| (6)

Measurement using the first fundamental form

Arc length for the curve z(t) :=o(u(t),v(t)) from t =a to t =».

/ VEGD) P+ 2F @) (0 V) + Gl (0 dt. (1)

Angle between z1(t) := o(u1(t), v1(t)) and xa(t) := o(us(t), vo(t)). Assume the two
curves intersect at p=o(ug, vo) = x1(t1) = x2(t2).

E ui(t1) ug(ta) + T (ui(ts) va(te) +us(t) vi(te)) + Goi(t) va(ta) (8)

cosf = .
VEu{(t1)2 4+ 2F uf(t) vi(t1) + G v{(t1)2 VE uj(t2)2 + 2 F ub(tz) vi(t) + G vj(ta)?

Here E=E(ug, vo), F =F(ug, v9), G = G(up, vo).

Area of o(U)

/\/IE o(u,v)) G(o(u,v)) —F(o(u,v))? dudwv. (9)



Math 348 Fall 2016

2. Curvatures

2.1. Second fundamental form

e Second fundamental form: w,w €T,S, w=ao,+ Bo,, =00, + B o, then we define

the second fundamental form as
((w,@))p,s =L(uo, vo) @ &+ 2 M(ug, vo) (043 + & ) + N(ug, vo) B2.
Alternative notation:
L(u,v) du?+ 2 M(u,v) dudv + N(u, v) dv.
e Geometric meaning.
o Gauss map.
p € S+ G(p) the unit normal at p.
Alternatively,
G(o(u,v))=N(u,v).
o  Weingarten map.
Wp7s = —DQ.
More specifically,
W(ao,+ fo,)=—a N, — BN,.
e (Calculation. Let N be the unit normal of S at p.
L = oyu-N=—0,-N,,
M = oy N=—0y - Ny=—0,- Ny,
N = o0y N=—0, N,.
e Relation to the first fundamental form.
o Abstract:
((w,@0))p.s=Wp,s(w), 0), 5= (w, W, s(10)) s
o Concrete:

—Nu:a110u+a120v, _Nv:a210-u+a220-v7

ay an \ (EF\'/ L M
12 29 n F G M N ’
o What is (Zi; Zi; > We have
Wp,S(QUu+ﬁO-U> = _OéNu_ﬁNv

= a(ay o+ aoy) + B (a1 04+ axnoy,)
(an o+ a9 ,6) o, + ((112& —+ Q99 ,6) Oy.

(10)

(19)

(20)

(21)

(22)
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« 11 G21 o
— . 23
(5)~Canen)(5) )
So ( Zi; Zz; > is the matrix representation of the Weingarten map with respect

to the basis {0y, 0, }.

Thus we see that

2.2. Curvatures
e Normal curvature. w € T),S.
o  Curvature of the intersection between S and the plane spanned by {w, N}.
o Calculation of the normal curvature of S at p along w is

<<w7w>>l’75 (24)

Kn(w) = W w)y s

e Principal curvatures.
o Kq: maximal normal curvature; x9: minimal normal curvature.
o Principal directions: t;1ts.

o (K1, t1), (K, t2): (Eigenvalue, eigenvector) of W, s.

IL—FLZ'E M—HiF .
det(M—mF N—mq;)_o’ (25)

(3 x)=(Fe))(5)- 20

ti=a;0,+ b;0y. (27)

o Calculation.

e Mean curvature.

o Average of k, over all directions. H = % i) 02 "rn(0) d6.

o Calculation.

EIN—I—]LG—2MIF a1 Q12
2(EG—F2) I'( 21 G22 ( 8)
e Gaussian curvature.
.. Areaof N(B,) LN-M?* ay as

K= rlino Areaofo(B,) EG-TF?2 det A (29)

e Relations between curvatures.

2 _

H:m—gmz’ K =y oo, KJLQ:H:l:\/lZ 4K' (30)
Kn((cosB) ty + (sin @) ty) = k1 cos?0 + ko sin6. (31)

2.3. Geodesics

e A parametrized curve x(t) on the surface S is called a geodesic if V.,z'(t) =0.
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e Geodesic equations: z(t) =o(u(t), v(t)).

(Eu'4+TFv) =(x'(t)-04)
(Fu' 4+ Go') = (2'(t) - 0,)

Alternative formulation.

and

e  Christoffel symbols.

1
'

1
I'ip

2
F11

2
F12

Ouyu = F%lau‘l’r%lav_l'lLNa
Ouv = F%ZUU_I_F%QUU_I_MN?
Oyy = F%QUU_I'F%QO-v_I'NN-

e Make sure you know how to solve (35) to obtain

GE,-2FF,+FE,

F%lz )
2(EG-TF?)

PT2(EG-TF?)’

1 QG]FU_GGu_FGU

1_\22:

2(EG - F?)

2.4. Parallel transport

e Covariant derivative.

2
Fll_
2
F12—

2 __
9 1—122_

2(EG—
EG,—-FE,

I2)

2(EG - F2)’

Y

SEG—

Vaw=w—(w-N)N.

Projection of w’ onto T),S.

o w(t)=a(t)o,+ B(t)o, is parallel along z(t):

(T4 1,
o'+ < [l
I 12 22

(12, T2
/_|_ 11 12
’ ( I T

3. An Example.

I
)

/

,U/

ul

,U/

)
:

T2)

(32)

(35)

(36)

Consider the surface patch o(u,v):=(ucosv,usinv,u) defined on u >0, 0 <v <2m. We try

to understand as much of this surface as possible.

a) What does this surface look like?
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Cone.

b) First fundamental form.
We calculate

ou= (cosv,sinv, 1), oy = (—usinv,ucosv,0).

Therefore

c) Measurements.
e Arc length of the curve u=1, v € (0,27).
1. First parametrize: u(t) =1, v(t) =t.
2. Calculate

2
L :/ VE W)+ 2Fu/ v + G (v') dt
0

27
= vV2-0242.0-0-1+12-12dt=2m.
0

e Angle between u=1 and v=rr.
1. First parametrize:
o xz(t): u=1: u(t)=1,v(t)
o F(t):v=mi(t)=t,5(t)=mr.

t;

2. Find intersection point.
o The point isu=1,v=m.
o On z(t) it is at to=;
o On () itis at to=1.

3. Calculate first fundamental form.
Atu=1,v=m, we have E=2,F=0,G=1.

4. Calculate the angle.

u'(tg) =0, v'(to) = 1; a'(tg) =1, 0'(to) =1.

C089:0:>9:g.
e Arcafor U={0<u<1,0<v<27}.
A = /U\/mdudv
= /U\/§|u|dudv

_ /02W[/01\/§udu}dv:\/§7r.

(40)

(41)

(42)

(45)
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d) Second fundamental form.

e Calculate N(u,v).

OuX 0oy  (—cosv,—sinw,1)

N(u,v)= =
() =5 o] 7

e Calculate oy, Ouy, Ope.

ouu=1(0,0,0); ouy=(=sinv,cosv,0); 0,,=(—ucosv,—usinv,0).

e Therefore

e) Normal curvature along w= a0, + B0,.

K(w)_ILoF%—ZIMaﬁ—i-INﬁz_ 1 u 3?
T E?+2Faf+G R 2 2a+u 52

f) Principal curvatures and principal directions.

det L—slk M—xF —ok| u2r—L
M—xkF N—xG ] V2 )

1

V2u

® K2l

Therefore

K1 = I{QZO.

e 19 Solving

we obtain

Thus

We can solve

t1=(—sinwv,cosv,0), to=

5=

g) Mean and Gaussian curvatures.

e Mean curvature.

e Gaussian curvature.

(50)

(51)

(53)

(54)

(55)

(56)

(57)
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h) Christoffel symbols. Recall

Ouyu = F%lau‘l'r%lav‘l'ILNa
Ouv = F%ZUU_I_F%QUU_I_MN?
Oyy = F%QUU_I'F%QO-v_I'NN-

e I1,,T'%. We have

Ozauu'au = EF%1+FF%1:2F%1,
FF%l—FGF%l:’Lﬂ F%l

0=0uu- 0oy

Thus I't; =13, =0.
e Similarly, solve the other four.

1 U

F%QZO, F%Zzaa F%2:_§a F%ZZO

i) Geodesics. Recall the geodesics equations:

i, i u’
" / / 11 12 o
u" 4+ (u U)(F%2 F%2><v’>_0’
and
rz, 17 u’
" / / 11 12
=0
v+ (u U><F%2 F§2>(U'>
They become
n_Uoona_ w 2u'v
u 2(11)—0, v+ " =0.

We see that v =constant are geodesics but u = constant are not.

(59)

(60)

(61)

(62)

(63)

Exercise 1. If we substitute u = v =t into (63), we see that the equations are not satisfied.
Does this mean u=v is not a geodesic? If not, how should we check whether u=7v is a geodesic?
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