Math 348 Fall 2016

HOMEWORK 5: THE SECOND FUNDAMENTAL FORM
(Total 20 pts + bonus 5 pts; Due Oct. 14 12pm)

QUESTION 1. (5 PTS) Calculate the second fundamental form of the surface

o(u,v)=(u,v,uv). (1)
Solution. We have
O-U/:(]‘70’/U)’ O-'U:(O’ 1’“)’ (2)
ouu=1(0,0,0), 04,=1(0,0,1), 0,,=(0,0,0). (3)
Furthermore we have
N— GuXov _ (zv,u 1) (4)
lowxoul|  V1+uZ+0?
Therefore
1
L=N=0, M=s——kn— 5
NparEe ©)
dudv
and the second fundamental form reads Wi

QUESTION 2. (5 PTS) Let f:S1+— Sy be a local isometry. Let o1 be a surface patch for Sy
and let o= fooy. Prove or disprove: There hold o =1L, My=M;, Ny =N;.

Solution. This is clearly false. Consider oy(u,v)=(u,v,0) and f(z,y,0)= (cosz,sinz,y).
Then

L =M, =N; =0 (6)
but ]LQ: —1.

QUESTION 3. (10 pTS) Let z(s) = o(u(s), v(s)) be an arc length parametrized curve on a
surface patch o. Assume that at every s the curvature of x(s), k(s) = |kn(s)|, the absolute
value of the normal curvature of the surface.

a) (5 PTS) Prove that
d

B HF) = L (B )+ 2P v+ G (), )
%(Fu’+@v’) = %(IEU(u’)2—|—2]FUu’v’+GU(U’)2). (8)

b) (5 PTS) Let S be the cylinder o(u,v) = (cosu, sinu,v). Find all the curves x(s) on
S satisfying k(s) = |kn(8)| for every s. Note that to solve b) you don’t need to know
how to prove a).

Proof.
a) We recall that
k(s)=|u"(s) oy +v"(s) 0p+1u'(8)? Ouu +2u'(8) V'(8) Tyy + v'(8)? 00| 9)
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and
Kn(8) = (U (8)? 0uu+2u'(5) V'(8) Oup+0'(8)204y) - N. (10)

Thus if k(s) = |kn(s)|, necessarily

(u"(8) oy +0"(8) 00+ 1/ (8)? Oun +21/'(5) V'(8) Oup +0'(8)? 000) || N (11)
or equivalently
(w”(8) o0+ v"(8) 0y + 1/ (8)? Oun +20'(8) V'(8) Oup+0'(8)2 00) - 00 =0 (12)
and
(u"(8) o0+ v"(8) oy + 1/ (8)? Oun +2 0 (8) V'(8) Oup +0'(5)2 0u0) - 0, =0. (13)

Now we prove that (12) is equivalent to (7). The proof for (13) <= (8) is almost
identical and omitted.
Notice that

Ou-0y=EE, 0y 0y=TF, (14)
Uu'o-u o 1 . Uu'o-u . 1
N
and finally
0'm)~0'u:(UU'UU)U—UU%TUUZFU—%GU. (16)

Substituting these into (12) we obtain

Eu’+TFv”+ % E, (u)*+E,v'v' +F, (v)*— % G, (v")?=0. (17)
On the other hand, expanding the left hand side of (7) we have
) — SO0 ) A0
= E,(w)?*+E, v v'+Fyu'v'+F, (v)>+Eu"+Fov”. (18)

The conclusion now trivially follows.

b) For the cylinder we have o, = (—sin u, cos u, 0) and o, = (0, 0, 1). Consequently
E=G=1,F=0. Thus (7), (8) becomes

u”(s)=0, v”(s)=0. (19)
Therefore the curves satisfying x(s) = |k,(s)| are o-images of straight lines. O
CThe following are more abstract or technical questions. They carry bonus points. )

QUESTION 4. (BoNus, 5 PTS) A normal section of a surface S is the intersection between
S and a plane 11 that is perpendicular to the tangent plane of the surface at every point of
this intersection curve. Assume that at every p € S, for every w € T),S, the plane spanned by
the surface normal N and w intersects S along a normal section of S. Prove that S is part
of a sphere.
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Proof. Fix an arbitrary pe S. Let w:=w; 0, +wy0, € T,S also be arbitrary. Let II be the
plane passing p spanned by N and w. Let C be the curve IINS.

As at every p’ € C we have N, € II, the directional derivative %V must be a linear

combination of N and w. But N is a unit vector so %VJ_N . Consequently %V || w. In other
words, there holds

(w1 Ny +wy Ny) X (w1 0y + wo 0y). (20)

As (20) holds for every wy, we € R, in particular it holds for (wy, ws) = (1, 0), (0, 1), (1, 1).
Substituting the first into (20) we obtain N, || o, = N, = A0, for some ); substituting the
second into (20) we have N, = po,; then the third gives A = p.

Consequently we have L du® + 2 M du dv + N dv? = X (E du* 4+ 2 F du dv + G dv?)
everywhere on S. Therefore S must be part of a sphere. O
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