MIDTERM REVIEW II: LINEAR 2ND ORDER PDESs

We consider a general linear 2nd order PDE:
Az, y) ugz+ Bz, y) uzy + C(z, y) Uyy + D(z,y) ug + E(z,y) uy + F(z,y) u=G(x, y). (1)
There are two types of problems we may be asked to solve:

1. Reduce the equation to its canonical form, that is one of the following three:
Ugn ="+, Upyy=r, UE£+unn:"'- (2)

One thing to keep in mind is that the variables in canonical forms are all real (otherwise there is no
difference between the hyperbolic case and the elliptic case anymore).

2. Find the general solutions.
The procedures of solution are slightly different.
1. Reduction to canonical forms.

1. Determine its type (which may vary at different points):

>0 hyperbolic (= ugp=--)
B2—4AC{ =0 parabolic (= uy,="--) . (3)
<0 elliptic (= Unatugsg=-")

2. Write down the characteristics equation

Az, y) (dy)* = B(x, y) (dz) (dy) + C(z, ) (dz)* =0. (4)

Factorize:

hyperbolic = (m(z,y)dy+n(z,y)dz) (m/'(z,y)dy+n'(z,y)dz)=0 = d&(z,y)=dn(z,y)=0

parabolic — (m(z,y)dy+n(z,y) da:)2 =0 = dé(z,y)=0

elliptic = (m(z,y)dy+n(z,y)dz) (m'(z,y)dy+n'(z,y)dz) =0 = d&(z,y)=dn(z,y)=0
Note that in the elliptic case, £, n are complex.

3. Determine new varaibles
hyperbolic just use &, 7

parabolic use &, and pick any 7 such that det( f}m f}y )% 0 First choices are n=x or y
z Ty
§—n

St _&+n 5
elliptic use o =-=—, 8= =

4. Do the change of variables. Replace (use «, § instead of £, n in the elliptic case)
u by u
Ug Dby uelo+unme
Uy by ugy+unny
Uze DY Uge 5% +2 u&ngm Nz + Uy 773 + ue oot Un Nz
Uzy Dy Uge&a &yt uen (Sany+ Ey ) + Uy Ny + e Loy + Un Ty
Uyy by uee 512/ +2ugn§y 1y + Uy 7712/ FugEyy =+ unnyy
in the equation. Finally invert £ = £(z, y), n = n(x, y) to represent z, y by £, n, thus obtain a
new equation with &, 7 («, 8 in the elliptic case). This new equation is the desired canonical form.

2. Finding general solutions.

For hyperbolic and parabolic equations, reduction to canonical form is the first step of finding general
solutions. On the other hand, for elliptic equations, there is no need to reduce to canonical form first.
What we do is the following.

1. Determine the complex new variables &, 7.

2. Do the change of variables, reduce the equation to the form

ugy = o)



3. Examples.

Example 1. (§4.6, 7) Reduce the Tricomi equation

Ug g+ T Uyy =0

to the canonical form.

Solution.

(6)

1. We have A=1,B=0,C =z, and B2 —4 AC = — 4. Thus the equation is hyperbolic when z < 0
and elliptic when > 0.

2. The characteristics equation reads

(dy)* + z (dz)*=0

which gives

(dy —v—=dz) (dy+v—zdz) =0

when x <0 and

(dy—iyvzde) (dy+iyzdz)=0

when z > 0. Correspondingly, we have

3. & 4.

3/2 3/2

f(ﬂﬁay):y-i-%(—x) ,nzy—%(—x) when z <0, and

5(36,y):y—iéﬂcg/z’,n:yjtz%x?’/? when z > 0.

Hyperbolic case (z <0): We use &, n as the new variables, we compute
1

51?:_ V=T, §’y:15 gzzzmv §I’y:Oa gyyzo’
1
Ne=V—Z, ﬁyzl, nmz:_ma nzy:Oa Wyy:O-
Thus
1 1
Umzuﬁﬁ(—$)+2$U£n+uvm(—$)+U£m+“n 3=/
Uyy =Uge + 2 Ugy + Upy.
We have
Upr+ T U Tuse+2xuU TUpp+ U —1 +u( 1 )
T yy — 133 &n nn £ n{ —
2vV—x 2V —x
F XU+ 2T Ugy + T Uy
1
= dxugy+ ——= (U — Uy).
én 2\/—_:E( 3 77)
Thus
n *;(u — Up)
&n 8(—&[:)3/2 3 nl-

Finally solving

gives

- Ue — U
uiﬁ_G(g_n)( 13 77)'

Elliptic case (z > 0): We introduce new variables

fg"'_nf 75—777_2 3/2
e TR LA

(18)



(Note that if we are trying to find general solutions, we would use &, 7). We compute

0y, =0, ay=1, agp=0zy=0y,=0,

1 _
ﬂm:_xl/Qa ﬂy:O, ﬂzm:_ix 1/2a ﬂﬂcy:ﬁyy:()'

Consequently

Thus

and the equation

becomes

Finally

which leads to

Upye = ,TUQB-FuB(—%CL‘l/Q)

uyy - uO[Ot
L 1y
Ugg + T Uyy =T UBB+ UB —53: + T Uqo
Uggy + T Uyy =0

Uaa'i‘uﬁﬁ:%fliig/Q ug-.

_ __ 2 3 L s 1
a=y, (= 390 :>2x =733
i
uaa"‘uﬁﬁz_ﬁ-

(24)

(25)

(26)

(27)

(Note: In the book the above equation is further simplified. But that’s out of our scope

here.)



