LECTURE 27 SOLVING DES INVOLVING JUMPS

11/16/2011

Review.

One can use “unit step function”

0 t<0
u(®) '_{ 1¢>0
to represent functions with jumps.
(New: added Nov. 18) Translations of u(¢):

0 t<a
u(t—a)::{ 1 t>a

In many books u(t — a) is often denoted in the more compact form w,(t).

The representation of a function

gl(t) O<t<ty
gt)=9
: gr(t) te—1 <t <ty
is

g(t) = g1(t) + [g2(t) — g1 (1)) u(t —t1) + [g3(t) — g2(t)] u(t —t2) +--- + [gr(t) — gr—1(t)] u(t —tr—1).

Calculating L{g(t) u(t —a)}:

1. Obtain f(t)=g(t+a);

2. Compute F(s)=L{[}.

3. Multiply it by e~® to get L{g(t) u(t —a)} =e** F(s).
Calculating £={e™%% F(s)}:

1. Identify a;

2. Compute f(t)=L"YF}.

3. Replace every t by t —a in f(t) to get f(t —a).

4. Multiply it by u(t — a) to finally obtain

L He ¥ F(s)} = f(t —a)u(t —a).

Examples.
Now we solve equations.

Example 1. Solve

y"+y=u(t-3); y(0)=0, y'(0)=1.

Solution. We follow the same old three steps.

1. Transform the equation. Compute

L{y"}=5>Y —sy(0) —y'(0)=sY — 1.

Thus the equation is transformed into

6—35

(s2+1)Y = +1.

S

2. Solve the transformed equation.

e 38 1
Cs(s24+1) +52+1'
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3. Transform back. Compute

F(t—3)u(t —3) +sint.

Here

05 {iten}

1
s2+1

Now we compute the inverse transform of m via method of partial fraction:
1 A Bs+C_A(s’+1)+(Bs+C)s
s(s2+1) s 241 s(s2+1) '

So
A(s?+1)+(Bs+C)s=1
which leads to

A+B =0
cC =0
A =1
Therefore
A=1,B=-1,C=0
and
1 1 s
s(s2+1) s s2+1
So
1
_pr-1 —1—
f)=°L {5(52+1)} 1—cost.
This gives
f(t—3)=1—cos(t—3)
and finally

y=[1—cos(t—3)]u(t —3)+sint.

Example 2. Solve

y"+ 3y +2y=us(t); y(0)=0,y'(0)=1.

Solution.
First transform the equation:
L{y"} = $*Y —sy(0) —y'(0)=s*Y — 1;
L{y'} = sY —y(0)=sY
—2s
L{us(t)} = =
So the transformed equation is
6—28

which gives

—1 1
e L {s2+35+2}'

Factorize:

e
_52—|—3s+2+5(52—|—35+2)'

$24+3s+2=(s+2)(s+1)

}

(28)
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SO

1 A n B
243s+2 s+2 s+1

which leads to
1=A(s+1)+B(s+2)= A=-1,B=1.
So

1 1 1
1 __p-1 1 2t
£ {524—35—!—2} £ {s—|—2}+£ {s—l—l} ¢ e

—2s

o )

Due to the presence of e~2* we know that u(t — 2) is involved. In the formula

L Ye *F(s)} = f(t —a)u(t —a).

we have a =2, F(s) :m~

First we find f(t)=L~'{F}. The partial fraction formula should be:

1 :é+ B n C _A(s+1)(s+2)+Bs(s+2)+Cs(s+1)
s(s243s+2) s s+1 s+2 s(s+1)(s+2)
This gives
1=(A+B+C)s?+(3A+2B+C)s+2A4
therefore

A+B+C =0
3A+2B+C =0

2A =1
whose solutions are
1 1
A_i’ B=-1, C—§.
Therefore
1 _%_ 1 1/2
s(s24+3s+2) s s+1 s+2
and
1 1 1
HN=r-10 - = -ty = -2t
JH=£ {5(52+35—|—2)} 3¢ 3¢
This gives
1 1
_ - _ —(t—2) | = —2(t—2)
f(t—=2) 5 € tge .
So we have

—2s
S R R G [ ) S A1) ) B
L {s( } {2 e +2e u(t—2).

s2+3s+2)

Putting things together, we have

y:[é~—e—“—”-yée—2“—”]zmt—z)—e2t+et

Example 3. Solve
y"+5y"+6y=g(t), y(0)=0, y'(0)=2,
where
0 0<t«1

gt)=<4t 1<t<5.
1 5<t

(32)
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Solution.
1. Transform the equation.

a. Transform the LHS. Compute

L{y" =Y — sy(0) = y/(0) =2V — 2 (146)
L{y'}=sY —y(0)=sY. (47)

So
L{y"+5y +6y}=(s>+b5s+6)Y —2. (48)

b. Transform the RHS. We first need to represent g using unit step functions. There are two
discontinuities at t=1,5. So

g(t)=tu(t—1)+ (1 —t)u(t —5). (49)
Recalling
LL{g(t)u(t —a)}=e™ " L{g(t +a)}(s) (50)

We compute

L{tut—1)+ (1 —-t)ult—5)} = e *L{t+1}+e P L{-t—4}

(L1 a4
= e <S+S2> e <S2+s)' (51)

(52—|—55+6)Y—eS(§+i2>—e5s(i2+é>+2. (52)

Thus the transformed equation reads

2. Solve the transformed equation. We have

. s4+1  ss 4s+1 2
Y(s)=e F(7+5516) © S (245540) #5516 (%)

3. Transform back. We need to use the formula

L YHe v F(s)} = f(t—a)u(t —a). (54)
Thus we have to compute the inverse transforms of (528:513 o and (; i;i 5 Due to linearity
of the inverse transform, we only need to compute
cd 5 laapetd 1 (55)
s2(s2+55+6) s2(s24+55+6)
as
- +1 _ 5 _ 1
r-1 s —r-1 - ) 56
{52(524—55—!—6)} {52(52+5s+6)}+ {52(52—|—55+6)} (56)
and
_ 4s5+1 _ s _ 1
1) as+l | 1y 5 )y L+
£ {82(S2+58+6)} 1L {52(s2+5s+6)}+£ {52(32+5s+6)} (57)
1 s
e L {82(52-1-55-{-6)}'
Factorize
52 (s?+55+6)=s%(s+2) (s+3). (58)
So
S A B C D
s2(s24+55+6) s @ 82 s+2+s—|—3' (59)
This gives

s=As(s+2)(s+3)+B(s+2)(s+3)+Cs?(s+3)+Ds*(s+2). (60)
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The right hand side expands to

(A+C+D)s
Thus

The solutions are

So

S
which gives

34+ (5A+B+3C+2D)s*>+(6A+5B)s+6B.
A+C+D =0
5A+B+3C+2D = 0
6A+5B = 1
6B = 0
1 1 1
A—E, B—O, C—_i, D_§'
1/6 1/2 . 1/3
s _l6_ 12 1/

2(s2+5s4+6) s s+2 s+3

-1 S S S SN VEN S
£ {52(52+5s+6)}_6 ¢t

-1 1
e L {52(s2+5s+6)

s2(s2+55+6) s 2

which leads to

} . We write

1 A B C D
s teti2tis

1=(A+C+D)s3+(5A+B+3C+2D)s>+(6A+5B)s+6B

and consequently

A+C+D =0
5A+B+3C+2D =0
6A+5B = 0
6B =1
So
5 1 1 1
A——%, B—E, O—Z, D——§
Therefore
1 1 1 1 5
LW =\ Cp e 3t 2
{52(s2+55+6)} R S TS
Thus we have
-1 s+1 Lt 1 2 gy
£ {52(52+55+6)}_36+6 1Ty

which leads to

—1 —s S+1
£ {e s2(s24+55+6)

For the other term we have

4
-1
£ {52 (s2

+5546)

(19, t=5 T _op-5 11 305 _
}_(36+ e tge u(t —5).

which leads to

_1) 5 4s+4+1
L 1{6 5 2

s2+55+6)

Finally we quickly compute

}: ( 1 -1 _ 162<t1>+%es<t1>> w(t—1);

36 6 4

__+£__e—2t+11 3t

s+1 19 7 o
T3 6 4 9

6 4

2 1 1
—1 _ 9 -1 _ _9,—2t_ o, -3t
L {—52 s 6}—2£ {s 57313 3}—26 2e 0t



Summarizing, we reach

v = (55+

t—1
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L - 2 s _
1€ —|—9e u(t—1)

19 t-5

_ T ap—sy 11 35 _ 2t o -3¢
(36+ e +ge u(t—>5)+2e 2e 5t

6
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