LECTURE 10 UNDETERMINED COEFFICIENTS

SEP. 26, 2011

The method.
e Target equations:
ay”+by'+cy=g(t) (1)
with a, b, ¢ constants, and g(¢) of one of the following two types
1. g(t)=e* (apg+ - +ant™);
2. g(t)=ecos Bt (ag+ -+ a,t") or g(t)=e“tsin Bt (ap+ -+ a,t").
e Procedure.
o Step 1: Solve the homogeneous equation
ay”+by' +cy=0. (2)
Get y1, y2 and also a list of roots for the characteristic equation ar?+b7 +c=0.
o Step 2: Guess a “particular solution” y, using the following rules:
— If g(t)=e (ap+-- + ant™), guess
yp=1t5e (Ag+ -+ A, t"). (3)
with s determined as follows:
e s=0if a is not a root to the characteristic equation.
e s=1if « is a single root;
e s=2Iif a is a repeated root (double root).
Here Ay, ..., A, are the “undetermined coefficients” that need to be fixed.
— If g(t)=e%cos Bt (ag+ - + ant™) or g(t)=e* sin Bt (ag+ - + a, t"), guess
yp=t*e cos Bt (Ag+ -+ Apt") +t5e* sin ft (Bo+ -+ + Bp t™). (4)
with s determined as follows:
e s=0if a+1i3 is not a root to the characteristic equation.
e s=1if 41703 is aroot to the characteristic equation.
Here Ao, ..., Ay, By, ..., By, are the “undetermined coefficients” that need to be fixed.
Then substitute y, into the equation ay” +by’+ cy = g(t) to find the coefficients.
o Step 3: Write down the solution.
y=Cry1+Cay2+ yp. (5)

Examples.

Example 1. Solve
y"' =2y’ —3y=3e". (6)
Solution.
e Step 1. Solve y” — 2y’ — 3y =0. Characteristic equation: r? — 27 —3 =0 gives 711 = 3,72 = —1. So
o3t g ot
Yyp=e€e ,Yy2=¢€¢ .
e Step 2. We have
g(t)=3e*=e* (ag+ - +a,t") (7)
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with a =2,n=0,a9=3. So guess

yp =152t Ay. (8)
We further notice that & =2 is not a root to the characteristic equation, so s=0. Thus our final guess is
yp=Ag . (9)
Substitute into equation
(Age®t)" —2(Age??) — 3 (Age®t) =3 e (10)
Simplify:
4 Ape? —4 Ape?t —3 Age?t =3 et (11)
So Ag=—1, which means
yp=—e". (12)

Note. It’s a good idea to check solution at this stage (sorry didn’t do this in lecture!):

(—e2))" —2 (—e?t) — 3 (—e?) = —4e?t +4e?t + 32t =32t (13)
e Step 3. Write
y=Cre3t 4+ Cret — e, (14)
Example 2. Solve
2y"+3y'+y=1t>+3sint. (15)

Solution.

e Step 0. Notice that g(t) = t? + 3 sin t satisfies neither g(t) = e (ag + --- + a, t") nor g(t) =
e cos Bt (ag+ -+ ant") or g(t)=e* sin Bt (ag+ -+ + a, t"). However, we can break g into a sum of
two functions g; + g2 with

g1=t2, g2=3sint. (16)
Now it is clear that
o gi=e“(ag+-+a,t") with a=0,n=2, and
o ga=e“sint(ag+---+a,t") with a=0,8=1,n=0.

It turns out that we can find the general solution for (note that the homogeneous part 2 4" +3 y'+y=
0 is the same for both equations and therefore they share y1, yo.

2y"+3y' +y=’=y=Cry1+ Cayo+ ypm (17)
and
2y"+3y' +y=3sint=y=Cry1+ Csy2+ yp2 (18)
and then add them up to get the solution for
2y"+3y'+y=1t>+3sint. (19)
as
y=(C1+C1) y1+(C2+C3) Y2+ yp1 + Ypo- (20)

But C1, Cs, C{, C4 are just arbitrary constants, so the above is the same as
y=Cry1+C2y2+ (Yp1 + Yp2)- (21)
Effectively, we are saying y, = yp1 + Yp2.
e Step 1. Solve homogeneous equation 2 y” +3 y’ 4+ y=0. Characteristic equation: 272 +3r+1=0. So
r=-1/2, ro=—1, y=e"t? ya=e L (22)
e Step 2a. Find yp;.
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As gr=e* (ag+ -+ a, t") with a=0,n=2 we guess
yp1 =1 (Ag+ -+ Ant") (23)

with @ =0, n =2. Furthermore as &« =0 is not a root of the characteristic equation, we set s =0 and
consequently

yp=Ao+ A1t + Ast?. (24)
Substitute into the equation:
2(Ag+Art+ Ast?)"+3 (Ag+ A1t + Ao t?) + (Ao + At + Axt?) =12 (25)
This is simply
4 A5+ 3(A1+2A2t) 4+ (Ao + A1t + Axt?) =12 (26)
which in turn can be written as
(4A3+3A1+ Ag)+ (6 Aa+ A1) t+ Ast?=t2=0+0-t+1-t% (27)

We know that if two polynomials are equal:
ag+ -+ apt" =bo4 -+ b, t" (28)

then necessarily ag=bg, a1 =b1, ..., @y, =by.
Therefore the “undetermined coefficients” must satisfy

4As+3A1+A) = 0 (29)
6As+A; = 0 (30)
Ay = 1 (31)
This can be solved in the order As — A7 — Ag to get
Ay=1, A;=-6, Ay=14. (32)
Thus
ypr =t>— 61+ 14. (33)

Note that y,1 should be checked when there is time to do so.
Step 2b. Find yps.
As ga=e*'sint (ag+ - +ant™) with a=0, 3=1,n=0 we guess
yp2 =t e cost (Ag+ -+ Ant") + 1% e sint (By+ -+ + B, t") (34)

with =0, 6=1,n=0. Further notice that o+ 3=+ is not a root to the characteristic equation. So
s=0.

Therefore
Yp2 = Apcost+ Bysint. (35)
Substitute into the equation:
2(Agcost+ Bosint)” + 3 (Agcost+ Bysint)' + (Agcost+ Bysint) = 3sint. (36)
This simplifies to
(=Ap+3By)cost+ (—By—3Ap)sint=3sint=0-cost+ 3sint. (37)
Therefore
—Ap+3By = 0 (38)
—Bo—34 = 3. (39)

Take the 2nd equation, multiply by 3 and add to the 1st:
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This then gives

3
B=—. (41)
So
9 3 .
Yp2 = —1—0 COSt—l—Oslnt. (42)

Again yp2 should be substituted back into the equation to check whether we have done everything
correctly.

Step 2. Write

9 3 .
yp:ypl+yp2:t2—6t+14—mcost—mSlnt. (43)

Step 3. The solution to the original problem is

y:C'le_t/2+C267t+t2—6t+14—1—90cost—%sint. (44)



