LECTURE 04 SIMPLEST NON-EXACT EQUATIONS

Sep. 14, 2011

Review.

e An equation
M(z,y)dx+ N(xz,y)dy=0
(Can also be written as
y'=f(z,y) or M(z,y)+ N(z,y)y'=0

The relation to the former can we seen from setting f(z,y)= —A—;) is said to be exact if
on_ow
oy O’

e An exact equation can be solved as follows

1. Find u(z, y) such that % =M; g—z = N through either one of the following approaches:

o Approach #1:
a. Evaluate
u(@,y)= /MdIJrg(y);
b. Determine g(y) using
ou
— = N(z,
o (z,y)
o Approach #2:
a. Evaluate
u(e,y)= [Ndy+g(a)
b. Determine g(x) using
@:M(:zr Y).
Or ’

2. Write down the general solution
u(z,y)=C.

3. (If an initial value problem). If the initial condition reads y(z¢) = yo, then necessarily
u(zo, yo) =C

and the solution for the initial value problem is
u(z, y) = u(xo, yo)-
e An example (§2.6 9)
(ye™Weos2x —2e"Ysin2x+2x)dx+ (xe*¥Ycos2x —3)dy =0, y(3)=".
Solution. This is an initial value problem. We solve it through the above three steps.
1. Find u. Since
M=ye®cos2x —2e"Ysin2x+2x, N=xe"Wcos2x—3

we have two choices:

uz/(ye”cos%c—Qewysin2x+2x)dx+g(y) oruz/(:Cemycos2x—3)dy+g(:v)
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The decision should be made basing on the relative difficulty of the two integrals. To make
things clear, we grey out the variable that will be treated as constant when integrating:

/( et cos2x —2e” sin2;v+2:1c)d:1cor/( e'Yecos2 —3)dy (14)

Now it’s very clear that the second integral would be much simpler to do.
We calculate

/(:Ee’”ycos2:1c—3)dy = xcos2x/e””ydy—3/dy

20 (<) 23
= XCOSzXT 7 —9oYy

= e"cos2z—3y. (15)
Thus all we need to do is to find g(z) such that
%:a—i(ewycos2x—3y—|—g(a:)):M(:1:,y):yemycos2x—2emysin2x+2x (16)

Calculating the partial derivative

0 0 0 0
Y (e*cos2x — 9 (e -9 i
p (e"¥cos2x —3y+ g(x)) 81:(6 cos2x) p (By)+ axg(:zr)

= % (e*Y) cos2x + e a—i(cos 22) = 0+g'(z)

= yeYcos2x —2eYsin2x + g'(x) (17)
and compare with M (z,y), we see that g'(z) =2z = g(z) =221
So

u(z,y)=e"Ycos2x —3y+ a2 (18)

2. The general solution is
e*Yeos2x —3y+a=C. (19)

3. y(3)=Tso0

C=e3*Tcos (2x3)—3xT7T+32=e?lcos6—12. (20)

Finally the solution to the initial value problem is
e™Wcos2x —3y+x2=e?! cos6 —12. (21)

Linear equations.
Fortunately there are many important equations that are exact, unfortunately there are many more that
are not.

e The simplest non-exact equation.

y' =y or equivalently —yda +dy=0. (22)
We easily check
oM ON
Ty = 1#0=g (23)

e But it can be easily solved!

o Approach 1: Remember that (e”)’ =e® itself. Then realize after a while that this is also true
for Ce” for any constant C. As we have one arbitrary constant now, the general solution is

y=Ce" (24)
o Approach 2: Write the equation as
y' —y=0. (25)

1. We only need one primitive here. So instead of writing g(x) =224 C we just use g(z) = z2.
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Then recall that

(e y)'=(")y+e "y =—Tyte Ty =" (y —y)

Therefore multiplying the equation by e~* makes the left hand side a total derivative:

(e7*y) =e (Y —y)=0= e Ty=C=y=Ce"
It is clear that the 2nd approach is much more systematic.

Indeed it can be generalized to solve all equations of the form (called “linear equations”).

y'+p(x) y=g(x).

o

Step 0: If the equation is given as

a(z) y' +b(x) y=c(z),

divide by a(z) to reach the above “standard” form (that is p(z) =b(x)/a(x), g(x) =c(x)/a(z)).

o Step 1: Compute the “integrating factor”:
pla) = el 7,
o Step 2: Multiplying the equation (the one in standard form!) by u(x) to get

(u(w) y)' = p(x) y'+ p(z) p(r) y = p(x) g(z).

(30)

(31)

Note. It’s a good idea to check the red “=" to make sure that they really equal! In other

words, we should check whether our calculation of p is correct or not!

o Step 3: Integrate:

p()y= [ulz) gla)+C.

o Step 4: Divide:

L) /u(x) o)+

p(x

' ulz)

o Step 5: If there is an initial condition y(xg) = yo, substitute into the solution

Yo =

L ) / " () o(@) +

M(To (o)

to determine C.

Example. Solve
22y +4xy=e"
Solution. First write it into “standard form™:
4 er
! - =,
vt /T2

o
z2’

We see that p(z) = %, g(x) =
Now compute that integrating factor:

N(ib)zefpzexp[/%dx} =exp [4In|z|] =exp [In2?] = 2%

Multiply the standard form equation by z* we get

I4y/+4x3y:x2em
which should be just

(IA y)/:$2 ez.
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We check that indeed

(xty) =2ty +423y (40)
So our calculation of the integrating factor was correct.
We have
oty = /xQewdx—i—C
(u=1a2v=e"%)
= /u dv+C
= uv— /v du+C

= $26I—/emd(x2)+0
= 3:269”—2/:1:ezd:1:+0
= xQem—2/:Edem+C (We omitted the setting of u=z,v=¢e")

= xQeI—2$e$+2/ewdx+C
= (22 -22+2)e"+C. (41)

So finally the general solution is
Y= 22 =2z 42 C

o e*+ ot (42)
The road not taken.
Back to the example
(ye™Wcos2x —2e"¥sin2x +2z)de + (xe*Ycos2z —3)dy =0, y(3)=T. (43)

After looking down as far as we could, we choose to do write u = [ N dy + g(z). What if we choose the
other one? Let’s see.

Note. Anyone who’s not curious about this should stop here. The following has no direct relation to the
exams.

We first integrate [ M da. We have

/(ye””ycos2x—Qe”sin2x+2x)dx = /yemycos2:1cdx—2/e”sin2:1c+2/xdx. (44)

To compute the first term we need to evaluate

/ewycos2xdx = %/e”dsin%v

% {emysin2x — / sin2xdewy}

= %{ewsin%c—y /ewysin2xdx]

= —emySiHQI—% /ezysin2:1:d:1:

mysinQ:zH—% /emydcos2x

emysin2x+%[ezycos2x — / cos2;vde”“v‘}

[T Y I O [ O =

Ty 2
e’”ysin2:1c+yezﬂ—y?/e”cos2xdx. (45)
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Highlighting the first and the last:

/e""y cos2xdr = % e*¥sin2zx + w - yIQ /PT” cos2xdx (46)
we get
(1—}—%2) /ewycos2xdx:%e”sin2x+w (47)
which gives
/ewycos2:tdx=2ewySin2x+yewyCOS2x (48)
(4+y?)
Therefore the first integral is
/yef”y cos2zdr = 2ye’sin ?f:—yyzjemy cos2z (49)

The second integral can be evaluated similarly, but we take a short cut by noticing that [ e®¥sin 2 z dx
already appears in line 3 of the above calculation of the first integral. So we have

/ewycos2xdx=%[ewysin2x—y/ewysin2xdx] (50)

which gives

4esin2x+2ye*Ycos2x  ye®Vsin2x —2e"Ycos2x

y(4+9?) B 44 y? (51

/emysin2xdx=§e”sin2x -
So finally we can write

/(ye””ycos2:t—2ewysin2;v+2:t)dx = /ye”cosQ:Ed:E—2/emysin2x+2/xd;v

2ye®¥sin2x +y2e®Vcos2x 2ye VYsin2x —4e®Vcos2zx 9
- +x
(4497 4+y?
= e™cos2x+ 2.

Therefore
u(x,y)=e"Ycos2x + 22+ g(y). (52)
To determine g(y) we calculate
@:xemyCOSZZE—I— g'(y) (53)
and compare with %
N(z,y)=xe*Ycos2x —3 (54)
to obtaine
9'(y)==3=9(y)=-3y. (55)
So
u(x,y)=e"Ycos2x+a2—3y. (56)

We have obtained the same result!



