Oct. 14, 2011

MATH 334 FALL 2011 HOMEWORK 5 SOLUTIONS

Basic

INTERMEDIATE

Problem 1. Solve the following equations.

a) y"+y=csc’

b) y//_2y/+y:x71€:c.

x.

Solution.

a) We use variation of parameters.

1
(sinz)3”

e Write the equation in standard form (already done). Identify g=csc®z =
e Find yq,y2. Solve
y'+y=0
we get
Yy =cosx, Yz=sinzx.
e Find y,.

First compute the Wronskian:

Wlys, Yol = y19y3 — y1 y2 = 1.
Then compute

—9Y2
w

1
= — d
/ sin?z 0

COos T

sinx
gy
w

/ COS T
= [ G
/

Uy =

dsinz

(sinx)3
1 1

2 sin?z’

So
cos?x 1
. inx=-— -
2 sin?z sinz 2sinz

n cos T
=U1Y1 T U2Y2=7——-COST —
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Check solution: To do this we first see whether y, can be simplified:

_ cos’x 1 1 1 1

Yp= —sinx —

—sinzx.

sinx 2sinx sinz 2sinx  2sinz

1

As sin z solves the homogeneous equation, we only need to make sure that ——

solution. Compute
1 " 1 cosx
2sinz /] 2 sin2z’

1" . . .
( 1 ) 1 /cosz\’_ 1 —sinzsin?x—2sinzcoszcosz 1 cos?x
) T2

2sinz sin 2z sintz 2sinz  sin3z’

(5)

(6)

(7)

is a particular

(8)

(9)
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Now
1" .
1 1 1 cos?r _ sin%z + cos?z 1 3
- - =— +=a-= — =——5-=cscow.
2sinx 2sinx sinxz  sin’x sin’x sin’x
e Write down solution.
cos’x 1

y=C1cosx + Cosinx +

sinx 2sinx
or equivalently

y=Crcosx+ Cosinx + ———.
2sinx

1,z

b) The equation is already in standard form, with g=xz""'e".
e First solve
y' =2y +y=0
to get
Yyr=¢€7, Ya=2x€E".
e Now compute the Wronskian:
Wy, ya2] = e (e + x e%) — e® (z ) = e2®.
We have

—9Y2
w

—rleT e
= fdx
e x

:/_d:,;

= —X.

g
w

e e
= fdx
6 T

= In|x|.

Uy =

So
yp=—ze*+In|z|ze”
As —x e” solves the homogeneous equation, we can write
yp=ze ln|z|.
To save time in checking the solution, we write
yp=1Inlz|yo.
Now
yp=(n|z|) yo+ 2" yo;

yp=(n|z|) ys +227 yo — 2z 2y

Now using the fact that y5 —2y5+ y2=0, and ya =z €” so y5=ya+ €*, we have

1,z

Yp —2Yp+yp=x ' €*.

e Write down the general solution:

y=Cre*+Coze®+ze*In|z|.

ADVANCED

Problem 2. Solve the following equations.

a) y//l+4y//+y/_6y:()

(13)

(14)

(15)

(16)

(19)

(20)

(21)

(22)

(23)

(24)



b) y® —13y@ +36y=0.

c) y® —y=0.
d) Yy —3y®) 4 4y0B) —4¢® £ 346) _ 2,
Solution.

a) The characteristic equation is

r3+4r24+r—6=0. (25)

Notice that r; =1 is a solution. So we factorize
rP4+4r24+r—6=(r—1)(r?+57+6). (26)

So the other two solutions are ro =—2,r3=—3.

The general solution is then given by

y=Cret+Cre 2+ Cze 53t (27)
b) Characteristic equation
r*—137r24+36=0. (28)
Notice that only even powers appear. Let u=1r2. We have
u?—13u+36=0 (29)
whose solutions are
u1 =9, us =4. (30)
Now as u =12, we have
r1,0=13,734==%2. (31)
Thus
y=Cre3+Cre 3+ Cse?t +Cye 2t (32)
c) Characteristic equation:
r"—1=0. (33)
To solve it we need to write 1 into the form Re*®. We have
R=|1]=1. (34)
0 is determined through
1=1(cosf+isinf)=0=2km (35)
for all integers k.
Therefore
r= ()5 =115 = o7 (36)
Taking 5 consecutive k’s, say 0,1, —1,2, —2, we have
r1=e®=cos0+isin0=1; (37)
rgzei%:cosz?ﬁ—kisin 2%; (38)
r3:ei%”:cosz?ﬁ—isin 2%; (39)
r4:cos4?7r+isin 4%; (40)

47 . . 4w
5 = COS — — 1 SIn ——

. - (41)

So the general solution is given by
_ T (cosgfr)t . 2T (cos?‘rr)t . . 27 (coséfr)t . 47
y=Cre" + Cye 5"/ cos sm?t + C3 e\"5 sin sm?t + C4 e\"°5"" cos sm?t +

Cs e(os5™)t gin (sin%t). (42)
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d) Characteristic equation:

rT—3r844r5 —4rt43r3 —1r2=0.
First notice that 7, =ry=0. Factor out 2, we get

r®—3r444r3—47r24+3r—1=0.
Now notice that r3=1 is a root. Factorize:

P —3rt4+4rd—4r24+3r—1=(r—-1)(r*=2r3427r2-2r+1).
Next notice that r4 =1 again solves
rd—2r342r2-27r4+1=0
so factorize
=273 427227 +1=(r—-1)(r*—r2+r—1).
Now it is clear that
P—r2tr—1=(r—-1)(r>+1)
SO
rs=1,r¢=1,r7=—1.

Summarize: We have 0 repeated twice, 1 repeated 3 times, then +i. So

y=C1+Csot+Czet +Cytet +Cst?et + Cscost + Crsint.

CHALLENGE

(43)

(50)



