MATH 334 A1 HOMEWORK 5 (DUE DEC. 8 5PM)

e No “Advanced” or “Challenge” problems will appear in homeworks.

BAsic PROBLEMS

Problem 1. (6.3 1) Sketch for ¢t >0
g(t)=u(t —1)+2u(t—3) —6u(t—4).

0 t<1
. )1 1<t<3
Solution. We see that g(t) = 3 3<t<d’
-3 t>4
Problem 2. (6.3 12) Express
t 0<t<?
)2 2<t<s
f® T—t 5Kt
0 t>7

in terms of the unit step function.
Solution. We have

fA=t+2—-)ut—2)+[(7T—¢) —2ut—5)+[0—(T—t)]ult—T71)
which after simplification becomes
fOy=t+2-t)ut—-2)+G—-t)ut—5)+({t—-7)ult—7).

Problem 3. (6.3 13) Find the Laplace transform for

0 t<2
f(t):{ (t—2)? t>2°

Solution. First we write
F#&)=(t=2)*u(t -2).
To find its Laplace transform we use the formula
L{g() ult — )} =~ L{g(t + a)}.
Here g(t) = (t —2)? and a =2, thus g(t + a) = g(t + 2) = ((t + 2) — 2)> =¢2. Therefore

2s

Lify=err{ry =25

Problem 4. (6.3 21) Find the inverse Laplace transform of

2(s—1)e 23
PO =252

2s

Solution. Spotting e™“® we know that the step function is involved. We use the formula

LY e F(s)} = f(t—a)u(t —a).

Here a=2, F(s) :(322£527;1+)2). We compute
_ _ 2(s—1) _ s
—r-1 —r-1 —9et -1 — 9t )
fA)=L~H{F}=L {(5—1)2-1—1} 2e' L {32—4—1} 2elcost
Therefore
f(t—2)=2e*"2cos(t —2).
Finally

L7HFY=2e!'"2cos(t — 2) u(t —2).
Problem 5. (6.3 24) Find the inverse Laplace transform of

—s —2s _ ,—3s —4s
F(s):e +e e

1)

)

®3)

(4)

(5)

(6)

)

(®)

9)

(10)

(14)
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Solution. We have

e~ s 6723 6733 6743
L7YFY :L*l{?} +£*1{T} - Ul{T} - Ul{T} =u(t—1)+u(t —2) —u(t —3) —u(t —4). (15)
INTERMEDIATE PROBLEMS
Problem 6. (6.3 33) Find the Laplace transform of
F® =143 (=D u(t k). (16)
k=1

(You can assume that term-by-term integration is permissible)
Solution. We have

o0
L{fy = L{3+ Y (~D L{ut - k)}
. o k=1
= §+Z (=D c{u(t—k)-1}
ko:ol
1 b efks
= S+ (=)'
k=1
_ 1 k _—ks
=< > (=D
k=0
1| & k
_ _ ,—s
- 4% -]
k=0
1 1
= = . 17
sl+e™* (17)
Problem 7. (6.4 9) Solve
" _ [ t/2 0<t<6 _ e
vau=a0={ IS0 wo=0 vo-1. (18)
Solution. First write
g(t)=t/2+ (3—1t/2) u(t —6). (19)
Now compute
£{y"}=52Y —sy(0) — y/(0) =s?Y — 1. (20)
- _ Cepm L e-6spfg tH6] _ 1 e
L{yg}=L{t/2}+L{(B—t/2)u(t 6)}—2s2+e £{3 5 }_232 5.2 (21)
The transformed equation is then
1 e 6 1 e 6s 1
2y 4y=—1-% _41—V= - . 22
ST 252 2s2 1T 2s2(s2+1) 282(82+1)+82+1 (22)
To compute y, we compute the inverse Laplace transform of the right hand side one by one.
o L1 %} We use partial fraction.! Write
1 _1/2 _é+§+Cs+D_AS(82+1)+B(32+1)+(Cs+D)32 (23)
252 (s2+1)  s2(s2+1) s 2 s2+1 s2(s241). '
Thus we have
1
5=As(s®+1)+B(s?+1)+(Cs+D)s* (24)
Setting s =0 we have
B=1/2. (25)
Setting s =414 we have?
S=-(D+Ci);  S=—(D-Ci))=C=0,D=-1/2 (26)
Finally comparing the coefficients of the highest order term s3:
0=A+C= A=0. (27)

1. In this problem it is possible to skip the following calculation by realizing 1/s% —1/(s*+ 1) =1/[s?(s?+1)].

2. s =4 i makes s2 + 1 = 0. The disadvantage of setting s to be complex number is that the calculation is usually much
more complicated than the real case. However, our case here is among the simplest so it doesn’t cause much trouble.



So the partial fraction representation is

1 1 1
252(s24+1) 252 2(s24+1)
Consequently
1 1 1
L {7252 (82+1)}—§—§smt.
° E’l{i}. Recall the formula
252(s241)

LY e F(s)} = f(t —a)u(t —a).

1

Here a =6, F:m.

As we have just computed

1 t 1
_r-1 _t_ 1
f=£ {232(52+1)} 5 ot
We can immediately write down

e V[t s Lgii—6)|uie—6)
2s2(s2+1) ) |2 2 ’
e The last term is standard:
1
71 ot
L {82+1}—51nt.

y=£+lsint—{3—3—%Sin(t—6)}u(t—6).

Putting everything together we have

2 2 2
Problem 8. (6.5 10) Solve

2y"+y' +4y=45(t —n/6)sint; y(0)=0, ¥’(0)=0.
Solution. We compute

L{y"}=52Y —sy(0) —y'(0)=52Y; L{y'}=sY —y(0)=sY;

E{(S(t—ﬂ/G)sint}:/ e’“sint&(t—7r/6)dt:ei§ssin%: —5e
0

N —

The transformed equation is then
(282+8+4) Y:%eigs
leading to
1 _zg 1
Y=-e¢ ¢ ——.
2° 2s2+s+4
To performe the inverse transform, we use the formula
LY e F(s)} = f(t—a)u(t —a).
. _ _ 1
with a=7/6 and F(s) P s
First compute

_ 1 11 1 1 4 . V31/4 2y
‘ 1{7}:£ N5 =y =L\ s (== t/4sm
252+ s+4 2 (s+1/4)2+32 (231 (s+1/2)2+ 3 [ V31

16

Now we have

y:%cﬂ{a%s . — } =L ~(t=m/0)/4 sin(\/fi (t - n/y)> u(t —/6).

2524+ s+4 V31

Problem 9. (6.6 4) Find the Laplace transform of

t
f@) :/ (t— T)QCOS2TdT.
0
Solution. Recognize that
f(t) =t%xcos(2t).

Consequently
2 s 2

L{fy=L{t?} Lleos2t}= 5 3= w T

Problem 10. (6.6 8) Find the inverse Laplace transform using the convolution theorem

F(S)zm'

e ¢,

(31)

(32)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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Solution. We have
1 1
-1 _ p-1) 1 -1
cory = e {rpee )
= %t?’*sint

1 [t 3 .
= = (t—7)7sinTdr
6 Jo

- %{ - /Ot (t— T)3dc037'}

t
= é{—(t—r)gcosﬂé-‘r/ COSTd(t—T)3:|
0

t
= l{1&3—3/ (t—T)QCOSTdT:|
6 0

31 [ 2, .
= g—g/o (t —7)%dsinT
B3 1

t
2. t . 2
= ——_—|(t—7)"sinT |§ — sintd(t — 7
. 2[( ) \0/0 ( )}

1 ¢
= F_E{z/o (t—T)SianT:|

3 t
= ——l—/ (t — 7) dcost
6 0

3 t
= %-{-(t—r)cosr\é—/ cosTd(t —T)
0
3 t
= ——t—l—/ cosT dT
6 0
3
= g—t—l—sint. (47)

Problem 11. (7.1 6) Transform the given initial value problem into an initial value problem of two first order equa-
tions:

w'+pt)u'+q(t)u=g(t),  u0)=uo, u'(0)=up (48)
Solution. Let v=u’. We have
w'=—p)u —qt)u+g(t)=v'=—pt)v—q(t) utg(?). (49)
Thus the two first order equations are
v = v (50)
v = —p(t)v—q(t)u+tg(t) (51)
with initial values

u(0) =wuo, v(0) = up. (52)



