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Math 317 Q1 Winter 2017 Quiz 6 Solutions

Apr. 7, 2017, 25 minutes

� The quiz has 3 problems. Total 10 + 1 points.

Question 1. (5 pts) Let f(x) :=
P

n=0
1 (¡1)n x2n+1

2n+1
. Determine the domain

of f and obtain an explicit formula for f. Justify your calculation.

Solution. First we can calucate its radius of convergence:

R=

�
limsup
n!1

���� (¡1)n2n+1

����1/(2n+1)�¡1=1: (1)

Therefore f(x) is de�ned on (¡1;1) but not de�ned on [¡1;1]c. At the two end
points we check

f(1) :=
X
n=0

1

(¡1)n 1

2n+1
converges, and (2)

f(¡1) :=
X
n=0

1

(¡1)n (¡1)
2n+1

2n+1
also converges. (3)

Therefore the domain of f is [¡1; 1].
To �nd the explicit formula, we calculate, for x2 (¡1; 1),

f 0(x)=
X
n=0

1

(¡1)nx2n= 1

1+x2
: (4)

Consequently

f(x)= f(0)+

Z
0

x dt

1+ t2
= f(0)+ arctanx: (5)

As f(0)= 0 we conclude that f(x)= arctanx on (¡1; 1).
Finally, by Abel's theorem we know that

P
n=0
1 (¡1)n x2n+1

2n+1
converges uni-

formly on [¡1; 1]. As it is a power series, f(x) is a continuous function on
[¡1; 1]. On the other hand, arctan x is also a continuous function on [¡1; 1].
Consequently there must hold

f(x)= arctanx; x2 [¡1; 1]: (6)



Question 2. (5 pts) Calculate the Fourier series for the function f(x) =�
¡� ¡� <x< 0
x 0<x<�

.

Solution. We have

a0=
1

�

�Z
¡�

0

¡� dx+
Z
0

�

x dx

�
=¡�

2
; (7)

an =
1

�

Z
¡�

�

f(x) cos(nx) dx

=
1

�

�Z
¡�

0

(¡�) cos(nx) dx+
Z
0

�

x cos(nx) dx
�

=
1

n2�
[(¡1)n¡ 1]: (8)

bn =
1

�

Z
¡�

�

f(x) sin(nx) dx

=
1

�

�Z
¡�

0

(¡�) sin(nx) dx+
Z
0

�

x sin(nx) dx
�

=
1

n
[1¡ 2 (¡1)n]

f(x)�¡�
4
+

X
k=1

1 �
1

n2�
[(¡1)n¡ 1] cosnx+ 1

n
[1¡ 2 (¡1)n] sinnx

�
(9)

Question 3. (1 bonus pt) Find the sum
P

n=1
1 1

n2+1
by considering the

Fourier series of e¡x.

Solution. We calculate

a0=
1

�

Z
¡�

�

e¡x dx=
e�¡ e¡�

�
; (10)

an=
1

�

Z
¡�

�

e¡x cosnxdx=
(¡1)n
n2+1

e�¡ e¡�
�

; (11)

and

bn=
1

�

Z
¡�

�

e¡x sinnx dx=
(¡1)nn
n2+1

e�¡ e¡�
�

: (12)



Now by Parseval's identity we have

e2�¡ e¡2�
2

=

Z
¡�

�

(e¡x)2 dx = �

"
a0
2

2
+

X
n=1

1

(an
2 + bn

2)

#

=
1

2

(e�¡ e¡�)2
�

+
X
n=1

1
1

n2+1

(e�¡ e¡�)2
�

: (13)

Consequently X
n=1

1
1

n2+1
=
�

2

e�+ e¡�

e�¡ e¡� ¡
1

2
: (14)
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