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Math 317 Q1 Winter 2017 Quiz 3 Solutions
Feb. 17, 2017, 25 minutes

� The quiz has 3 problems. Total 10 + 1 points.

Question 1. (5 pts) Calculate the surface area of the torus

((a+ b cos�) cos '; (a+ b cos �) sin '; b sin �) (1)

where 0<a<b.

Solution. We have

A =

Z
0

2� Z
0

2�

k����'kd� d'

=

Z
0

2� Z
0

2�

b (a+ b cos �) d� d'

= 4�2 a b: (2)

Question 2. (5 pts) Let f(x; y; z) :=
0@ 3

2
1

1A and S be the portion of x2+ y2=z

with 16 z6 4, oriented so that the normal points upward. Calculate
R
S
f �dS

Solution. We parametrize S as

x=u; y= v; z=u2+ v2; (u; v)2D := f16u2+ v26 4g: (3)
Then

ru=

0B@ 1
0
2u

1CA;rv=
0B@ 0

1
2 v

1CA=) ru� rv=

0B@ ¡2u
¡2 v
1

1CA: (4)

As the 3rd component is 1> 0, ru� rv points upward. Thus we haveZ
S
f �dS =

Z
D

0B@ 3
2
1

1CA�
0B@ ¡2u
¡2 v
1

1CAd(u; v)
=

Z
D
[¡6u¡ 4 v+1] d(u; v)Z

[¡6u¡ 4 v] = 0 due to symmetry =

Z
D
d(u; v)= 3�: (5)



Question 3. (1 bonus pt) Let 
�R3 be the region bounded by x=0; y=0;
z=0 and x+ y+ z=1. Let @
 be its boundary. Let f ; g; h2C1. ProveZ

@

f dy ^ dz+ g dz ^ dx+h dx^ dy=

Z



�
@f

@x
+
@g

@y
+
@h

@z

�
dx dy dz; (6)

where the normal of @
 points outward.

Proof. We see that the boundary has four parts. We denote them by Sxy; Syz ;
Szx and S4 where Sxy is the part of @
 that is in the x-y plane, and so on. S4
is the �top� surface in x+ y+ z=1.

We calculate the left hand side as follows.

� Sxy. As the outer normal is (0; 0;¡1), we have

Z
Sxy

f dy ^ dz+ g dz ^dx+h dx^ dy =

Z
Sxy

0B@ f
g
h

1CA�
0B@ 0

0
¡1

1CAdS
= ¡

Z
D
h(u; v; 0) dx dy; (7)

where D := f(u; v)j u> 0; v> 0; u+ v6 1g.
� Syz. Similarly we haveZ

Syz

f dy ^ dz+ g dz ^ dx+h dx^ dy=¡
Z
D
f(0; u; v) du dv: (8)

� Szx. We haveZ
Szx

f dy ^dz+ g dz ^ dx+h dx^dy=¡
Z
D
g(u; 0; v) du dv: (9)

� S4. We parametrize S4 as

�(u; v)= (u; v; 1¡u¡ v); (u; v)2D: (10)

We have

@�

@u
=

0B@ 1
0
¡1

1CA; @�

@v
=

0B@ 0
1
¡1

1CA=) @�

@u
� @�

@v
=

0B@ 1
1
1

1CA: (11)



As this vector points upward we see that it is an outer normal. Therefore

Z
S4

h dx^ dy =

Z
D

0B@ 0
0
h

1CA�
0B@ 1

1
1

1CAdu dv
=

Z
D
h(u; v; 1¡u¡ v) du dv: (12)

Now we see that
R
S4
f dy ^ dz+

R
Sxy

f dy ^ dz+ g dz ^dx+hdx^ dy equalsZ
D
[h(u; v; 1¡u¡ v) du dv¡h(u; v; 0)] du dv =

Z
D

Z
0

1¡u¡v @h

@z
dz du dv

=

Z



@h

@z
dx dy dz: (13)

Similarly we have (it's convenient to parametrize S4 di�erently for each)Z
S4

f dy ^ dz+
Z
Syz

���=
Z



@f

@x
dx dy dz (14)

and Z
S4

g dz ^dx+
Z
Szx

���=
Z



@g

@y
dx dy dz (15)

and the conclusion follows. �
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