We evaluate the integral

Consider the function

We claim that:

e g(y) is defined for all y > 0.
Let y > 0 be arbitrary. We first prove
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Z1 <1 for all z€10,00). We apply MVT:
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Thus we have
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Next we prove e~*¥ is improperly integrable on (0, 00). As e~ is integrable on [0, d] for all
d >0, we calculate
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The conclusion now follows.

o limy ,g(y)=0.
From the previous calculation we have
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Thus limy .+ g(y) =0 follows from Squeeze Theorem.
e g¢(y) is differentiable on (0, 00) with ¢'(y) = _%342.
Let yo € (0, 00) be arbitrary. Denote A:= —/ e Wosing dx = —;2.
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o Let he(0,yo). We have
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By MVT we have
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for some c € (0, z h) which means
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for all x > 0.
Next by Taylor expansion with Lagrange form of remainder we have
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for some ¢ € (0,2 h). Therefore
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Define h(x):=

for all x > 0. Now we estiamte
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On the other hand, we have

It is clear that
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Therefore
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Consequently
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Let h e (—%,O). We have
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Similar to the A >0 case, we have
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Furthermore we have

e~ (Woth) < o—ayo/2,
Now the proof proceeds similar to the case h >0 and we conclude
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Finally,
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Denote I := / Sin v dx. We consider
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First notice that lim,_,oh(z) =0 as © — co. Furthermore we calculate

—rye Al —e T oY
——rye x_gl ¢ :6x2 e —1—zy]>0 for all z,y>0. (24)

h'(x)

Thus h(z) increases from —y to 0 as z runs from 0 to co.
We calculate

lg(y) —I|=

/ h(zx)sinz dx
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= ‘—h(m)cosx|8°+/ h'(x) cosx dx
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Now it is obvious that lim [¢(y)—I]=0.
y—0+

g (y)= _%yQ together with lim, . ¢(y) =0 gives g(y) = g —arctan y. Therefore we have
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