
Example 1. Calculate Z
L
jx y j ds (1)

with L:
 

cos3t
sin3t

!
, t2 [0; 2�].

Solution. We haveZ
L
jx y j ds =

Z
0

2�

j(cos3 t) (sin3 t)j (¡3 cos2 t sin t)2+(3 sin2 t cos t)2
p

dt

=

Z
0
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p
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=

Z
0
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jcos t sin tj3 (3) jcos t sin tj

= 3

Z
0
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=
3
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Z
0
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(sin2 t)4 dt

=
3
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Z
0
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�
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�
2
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=
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32

+
3
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Z
0

2�

(cos4 t)2 dt

=
9�
64
: (2)

Example 2. Calculate Z
S
(x+ y+ z) dS (3)

with S the �rst octant part of the unit sphere: x2+ y2+ z2=1, x; y; z> 0.
Solution. We parametrize S:0@ cos' cos 

sin' cos 
a sin 

1A; '2
h
0;
�
2

i
;  2

h
0;
�
2

i
: (4)

Now calculate

@�
@'

=

0@ ¡sin' cos 
cos' cos 

0

1A; @�
@ 

=

0@ ¡cos' sin 
¡sin' sin 

cos 

1A; (5)

we have @�@' � @�
@ 

= jcos j= cos : (6)

Thus we haveZ
S
(x+ y+ z) dS =

Z
�
0;
�

2

�
2
[cos' cos + sin' cos + sin ] a2 cos d(';  )

=

Z
0

�/2
"Z

0

�/2

(cos'+ sin') (cos )2+ cos sin d 

#
d'

=

Z
0

�/2 �
4
(cos'+ sin')+

1
2
d'

=
3�
4
: (7)



Example 3. Calculate Z
L
y dx¡ z dy+ xdz (8)

where L is the intersection of (x2+ y2)/2+z2=1 and x= y, oriented counter-clockwise when viewed
from the positive x-axis.

Solution. We notice that on L, x= y= t, t2+ z2=1. Thus we parametrize L as

(cos�; cos�; sin �); �2 [0; 2�]: (9)

Note that � is the angle from the x-y plane to the point on L, therefore the orientation 0¡! 2� is
consistent with the speci�ed orientation.

Thus we haveZ
L
y dx¡ z dy+x dz =

Z
0

2�

[cos� (a cos �)0¡ sin�) (cos�)0+(cos�) (sin�)0] d�

=

Z
0

2�

[¡cos� sin�+(sin�)2+(cos�)2] d�

= 2�: (10)

Example 4. Calculate Z
S

0B@ x2

¡y2
z2

1CA� dS (11)

where S = @V where V = fx2+ y2+ z26 3g \ fz> 0g \
n
z> x2+ y2¡ 1

p o
, oriented by the outer

normal.

Solution. S=Sbottom+Sside+Stop with

� Bottom: x2+ y26 1; z=0;

� Side: 16 x2+ y26 2; z= x2+ y2¡ 1
p

;

� Top: x2+ y26 2; z= 3¡x2¡ y2
p

.

We calculate the integral on each one by one.

� Bottom.

The natural parametrization is

0@ u
v
0

1A; the outer normal is nbottom=

0@ 0
0
¡1

1A. Thus
Z
Sbottom

=

Z
u2+v261

0B@ u2

¡v2
0

1CA�
0@ 0

0
¡1

1AdS=0: (12)

� Side. We parametrize the side as

0B@ u
v

u2+ v2¡ 1
p

1CAwith D= f16u2+ v26 2g. Then calculate

ru=

0B@ 1
0
u

u2+ v2¡ 1
p

1CA; rv=

0B@ 0
1
v

u2+ v2¡ 1
p

1CA=) ru� rv=

0BB@
¡ u

u2+ v2¡ 1
p

¡ v

u2+ v2¡ 1
p

1

1CCA: (13)



Note that the outer normal should point down therefore we should use ¡ru� rv and have

Z
Sside

=

Z
D

0B@ u2

¡v2
u2+ v2¡ 1

1CA�
0BB@

u

u2+ v2¡ 1
p

v

u2+ v2¡ 1
p

¡1

1CCAd(u; v): (14)

Noticing D is symmetric in u; v we see thatZ
Sside

=

Z
D

u3

u2+ v2¡ 1
p d(u; v)

¡
Z
D

v2

u2+ v2¡ 1
p d(u; v)

+

Z
D
(1¡ u2¡ v2)d(u; v)

= 0¡ 0+2 �

Z
1

2
p

(1¡ r2) r dr

= ¡�
2
; (15)

� Top. We parametrize

0B@ u
v

3¡u2¡ v2
p

1CAwith D= fu2+ v26 2g. Then calculate

ru=

0B@ 1
0

¡ u

3¡u2¡ v2
p

1CA; rv=

0B@ 0
1

¡ v

3¡u2¡ v2
p

1CA=) ru� rv=

0BB@
u

3¡u2¡ v2
p

v

3¡u2¡ v2
p

1

1CCA: (16)

This time it is consistent with the outer normal. Again noticing the symmetry, we haveZ
Stop

=

Z
D
(3¡u2¡ v2) d(u; v)

= 2�

Z
0

2
p

(3¡ r2) r dr

= 4�: (17)

Adding things up we have 7�/2.


