Arc length and surface area

Example 1. Calculate the arc length of the space curve
x=cost,y=sint,z=t (1)

for ¢t from 0 to 2.
Solution. We have

L = \/x )2+ 2(t)2dt
0

- /W\/ﬁdt:2\/§ﬁ. (2)
0

Example 2. (CycLoiD) The trajectory of a unit circle rolling in the plane along a line.

Figure 1. The cycloids

We take t =6 as the parameter. We have z(t) = (t —sint, 1 — cost) for t € [0,2 7]. For its arc length, we have

2w
L = /(1 —cost)?+ (sint)? dt

V2 —2costdt
0

/Qﬂ\/z 2(1-2 Sln§)>dt
S

Y (3)

Example 3. Find the area of the part of z =z y that is inside 22+ y?>=1.

V1422420 d(z, y) = 2\/_—1) (4)

Example 4. Find the surface area of the sphere 224 y? + 22 = R2.

Solution. We calculate

r24y2<1

Solution. We use the parametrization

R cos¢ cosy
o(6,4)=| Rsinpeosy |, U={(s.0)l0<p<2m,-T<p<T}. (5)
Rsiny
Then calculate
—Rsing cosy —Rcos¢siny
ou=| Rcos¢pcosyy |, oy=| —Rsingsiny |, (6)
0 R cosy

llow x oy || = R? cos 1. (7)



This gives
S’z/ R2cosy d(¢, ) =47 R (8)
U

Line and surface integrals of the first kind

Line integral of the first kind

Let « be the trace of a regular curve z(t):[a,b] — RY. Let f:v+— R be a continuous function. Then we can
define the line integral of the first kind as

/fds—/ F(®) (1)) dt. (9)

Surface integral of the first kind

Let S be a C* surface parametrized through ®(u,v): U+ R3. Let f: S+ R be a continuous function. Then
we can define the surface integral of the first kind as

/Sde::/Uf(@ Ha_<pxa_q>Hd dv. (10)

Examples
Example 5. Calculate | 5 22ds where ~ is the unit circle.

Solution. We parametrize v as (cost,sint) for t € [0,27]. Then

27
/ x2d3:/ (cost)?dt =. (11)
o’ 0

L 22dS (12)

Example 6. Calculate

where S:={(z, y, 2)| 2® + y? + 22 = R?}.

Solution. We parametrize S:

R cos¢ cosy - -
r(@.0)=| Rsingeost |, D={(s,v)l0<p<2m ~T<u<}. (13)

. 2 2

Rsiny
Then we have
—sin ¢ costp —cos ¢sin Y
rg=R| cospcosy) |, ry=R| —sin ¢siny (14)
0 cos 1
nd

E=R%cos?yy, F=0, G=R*=—VEF —G?=R?|cost¢|=R?cos. (15)

Note that the last equality follows from the fact that —g <Y< %
Now we calculate

1 = /D(Rsmw) Zcos
= R* / (sinv))? cos ¢ dyp
D

/2
l/ (sin v))? cos 1 dw] de¢

Il
=
kS
c\w
3

—m/2
_ R4 g (Sinw)3:|7r/2 d
/O |: 3 —m/2 ¢

27 4
= R4/ §d¢>=4”R . (16)
0



Remark 7. The calculation can be much simplified through the following trick:

By symmetry we see that

/z2d5:l/ (:c2+y2+z2)dS:l/dS:4—7T.

Remark 8. For more examples, please see my lecture notes for 2014 Math 317.
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