f~L: W=V is a C* function.

We have already proved the existence of open sets V', W such that f:V +— W is injective and surjective. Thus
the inverse function f~': W=V is well-defined. In the following we present two proofs of its differentiability.

Proof 1: Direct proof of total differentiability.
Let yo € W be arbitrary. Let x¢:= f (o). The goal is to show

£~ (y) = £~ (o) — I (o) (y — wo) |

lim =0. (1)
Y—Y0,YF Yo 1y — yoll
Setting z:= f~1(y) we can re-write this as
P | =20 =I5 (wo) (f(x) = f(w0))| _ @)
Y—Y0,YF Yo ||y_y0|| ||$—.’L’0||
(2) clearly follows from the following.
(77 oy S22l L0 = fGa0) = Tyta) @ =) 5
Y—Y0,YF Yo ! 1y — woll | — ol
As Jf_l(xo) is a constant matrix, independent of y, we only need to show
o el 1) — Fla) — Iya0) @ -] W
y—yo,u#v0 ||Y — Yoll |z — ol
where keep in mind that z:= f~1(y) and x¢:= f (o).
Since
b @) = F@0) = Jyan) (w—z0)] _ 5
T—T,TF T ||ZC _ZCOH
it suffices to prove the following:
Je>0,C>0 |z = zoll _ [l = 2o < C for all y € Be(yo), ¥ # o (6)

ly —woll — [1f(x) = f (o)
We now prove (6). Notice that

lz = @oll = [T (x0) ~* T (o) (2 = wo)l| < [T (x0) [ [|T¢(wo) (z — xo)|- (7)
Setting C:=2 ||J ¢(x) ||, we have

C
[l = ol < 5 | T4 (o) (2 = o). (8)
We note that

[75(wo) (z —xo)ll < [If(2) = f@o)| + [ f(z) = f(0) = T 5(x0) (z — o)l
= [y = wol +[1f(x) = f(xo) = J (o) (x — zo)|- 9)

Now thanks to (5), there is r > 0 such that whenever & € B,(z), there holds
- - 1~
1/ (@) = f (o) = Jy(w0) (& —@o)l| < 7 [1Z = ol|- (10)

Recalling that f(B,(xo)) is open, there is € > 0 such that B.(yo) C f(B,(z0)). For every y € B:(yo), y F Yo,
following (8-10), we conclude

1
|z —zo| < Hy—yOH‘*‘ng—on

| Q w[Q

1£@) = o)l + 5 lle = o, (11)
and (6) follows.

Proof 2: Detour proof through partial derivatives.



We have shown that there are bounded open sets V, W such that f:V ~ W has an inverse function f~—1:
We=V.

Now let yo€ W. Take € >0 such that B.(yo) CW. In the following we denote z = f ~1(y) and xo= f (o).
Then we have

f@) = f(zo)=f(f~H(y) = F(f (o)) =¥y — %o (12)
Application of mean value theorem to every f;, we see that
J-(F7H ) = wo) =y —wo (13)
where
_(9fi,.
i-(2e) (1)

with every &; lying on the line segment connecting z = f~*(y) and zo= f~(yo).
As f € C!, by taking e small enough we can guarantee the existence of a constant C' > 0 such that
||j_1H < C independent of the points &1, ..., £n. Consequently

y—yo=f"1(y) — [ (yo) = J — Jg(x0). (15)
Now take y =10+ de; and let § — 0, we see that all the partial derivatives exist for f~! and furthermore
Jp-1(yo) = Jy(zo) 1. (16)
By arbitrariness of yo we have
Tr-(y) =T (7)™} (17)
for all ye W. As Jy and f~! are both continuous, J,4(y) is continuous. Consequently g is differentiable.

Exercise 1. Prove the following.

a) Let @# U CRRY be open, let M > N, and let f € C1(U, RM) be such that rank J¢(z) = N for all z € U. Then f is
locally injective on U.

b) If “rank Jy(xz) = N for all x € U” is replaced by rankJs(xo) = N, then there is V' Dz such that f is injective on V.
c) Let @+ U CRY be open, let M < N, and let f € CH(U,RM) with rankJ¢(z) = M for all z €U. Then f(U) is open.
Exercise 2. Prove that if f € CF for some k > 1, then f~! e C* for the same k.

Proof of the implicit function theorem.

Let @ # U C RM*N be open, let f € CHU, RY), and let (zo, yo) € U be such that f(xo, yo) = 0 and
of

deta—y(xo, yo) #0.

We define
F:RM xU—RM+N,  F(z,y) :_< f(j ) ) (18)
Simple calculation gives
I 0
Jr(xo, = s P 19
. | F(o, yo) < a_i(w()? Yo) 6_5(‘%0’ o) ) (19)
which gives
0
det Jp(xo, yo) = det %f(aco, Yo)- (20)

It is clear that FF € CY(RM x U, RM+N),

Thus by Theorem 7 there is an open set S C RM x U such that (xq, yo) €S, T := F(S) is open, and F
has a C'! inverse function G: T — S. Checking the proof of Theorem ? we see that S can be taken as V x W
where VCRM W CRY are open sets with zg eV ,yoe W.

Now denote

G(z)= : where z € RM+N (21)



and define

gym+1(x,0)
() = : . (22)

gm+n(x,0)

Note that as (z9,0) = F(zo, yo) € T, the set {x € V| (z,0) €T} is open. We now replace V' by this set to make
¢ well-defined on V. )
It is clear that ¢ € C'(V, W) and furthermore Jy(z) = —(8f>7 (ﬁ> All we need to show now is

We have

( f(fL',fb($)) ) :F(x7 ¢($)) ZF(.”L'l, ooy TM g]\/[+1($7 0), ceey g]VI+N(w; 0)) (23)

All we need to show now is that g;(x,0)=1;, i=1,2,..., M. Let G(z,0) = ( ;j: > Then we have

(s )-Fatn=rewo=( ¢ ) (29)

We see that necessarily ' =xz. Consequently

F(@1, ooy 201, grr41(2, 0), .oy gar4 v (@, 0)):F(G(x70)):< 0 ) (25)

and it follows from (23) that f(x, ¢(z))=0.
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