
Integration on RN

Please read �4.1, �4.2, �4.4 of Dr. Runde's notes.1

Content theory (Jordan measure).

� A �measure� on RN is a function with a collection of subsets of RN as its domain, and with R as its
target space. We denote this function by �.

� �Axioms�.

1. �> 0.
2. �([0; 1]N)= 1.

3. �(A+x0)= �(A) for any x02RN .

4. �(rA)= rN�(A) for any r 2R.

5. �(A)6 �(B) if A�B.

6. �(A[B) = �(A)+ �(B) if A\B=?.

� The measure of N -dimensional intervals and their �nite unions.

� �((0; 1)N) = 1.

� �([a1; b1]� ��� � [aN ; bN])= �((a1; b1)� ��� � (aN ; bN))=
Q

j=1
N

(bj¡ aj).

� The measure of any �nite union of N -dimensional intervals can be uniquely determined from
the axioms, through dividing them into disjoint intervals.

� Outer and inner measures.

� Let S := fsubsets of RN that is a �nite union of intervalsg. We de�ne the Jordan outer measure

�out(A) := inf
B2S ;B�A

�(B); (1)

and the Jordan inner measure

�in(A) := sup
B2S ;B�A

�(B): (2)

� Jordan measurable sets.

� We say A �RN is Jordan measurable if �out(A) = �in(A), and denote this common value by
�(A).

� If a set A satis�es �out(A)= 0, then it is Jordan measurable with �(A)= 0.

Exercise 1. Prove that the Cantor set is Jordan measurable with �(A)= 0.

Exercise 2. Let A1; :::; Am be such that �(Ai) = 0, i = 1; 2; :::; m. Prove that A := [i=1m Ai is Jordan
measurable and furthermore �(A) = 0.

Exercise 3. Find a sequence of sets A1; A2; ::: such that �(Ai) = 0 for every i but for A := [i=11 Ai there
cannot hold �(A) = 0.

� We have, for every A�RN,

�out(A)= �out(A�); �in(A)= �in(A
o): (3)

� We have

A is Jordan measurable()�(@A)= 0: (4)

Exercise 4. Prove that Q\ [0; 1] is not Jordan measurable.

� If A1; A2 are Jordan measurable, so are A1\A2, A1[A2, A1nA2, A2nA1.

1. We will review �4.3, �4.5 later during the semester when the materials there are needed.



Integration of functions.
� Axioms.

�Integration� is a function from the M � F to R: I(
; f) 2 R. Here M is the collection of all
measurable sets, and F is the collection of all functions.

1. I(
;1A) = �(
\A);
2. I is linear in f ;

3. I(
1[
2; f)= I(
1; f)+ I(
2; f) if 
1\
2=?;
4. I(
; f1)6 I(
; f2) if f16 f2.

� Simple functions.
f :RN 7!R is simple if

f(x)=
X
i=1

m

ai1Ai (5)

where A1; :::; Am are Jordan measurable, and ai2R.

Exercise 5. Prove that simple functions are integrable with I(
; f) =
P
i=1
m ai�(
\Ai).

� Upper and lower integrals.
Let S be the set of all simple functions. For an arbitrary f :RN 7!R we can de�ne its upper integral

Iup(
; f) := inf
g2S ;g>f

I(
; g) (6)

and lower integral

Ilo(
; f) := sup
g2S ;g6f

I(
; g): (7)

� Integrable functions.
f is integrable on 
 if

Iup(
; f)= Ilo(
; f): (8)

� Checking integrability.

� f > 0 is integrable if and only if

A := f(x; y)2RN+1j 06 y6 f(x); x2
g (9)

is Jordan measurable in RN+1. Furthermore

I(
; f) = �N+1(A): (10)

� f is integrable if its graph has zero Jordan measure (content) in RN+1.

� In particular, continuous functions are integrable.

Some theoretical issues

Fundamental theorem of calculus

� Recall that there are now two de�nition of �integration� for N =1.

� Inde�nite integral: The solutions to the equation y 0(x)= f(x);

� Riemann integral: The measure to the set A := f(x; y)j 06 y6 f(x); x2
g.
� They are related through the fundamental theorem of calculus:

Theorem. Let f : [a; b] 7!R be �nice�. ThenZ
a

b

f(x) dx=F (b)¡F (a) (11)

where the left hand side is Riemann integral, and F (x) is one of the inde�nite integrals of f.



Remark 1. Continuous functios are �nice�.

Remark 2. The situation becomes complicated when f is not continuous. For example one can �nd
a function f that is not Riemann integrable but has an anti-derivative F . For (much) more on such
issues, see the book �The Calculus Integral� by Brian S. Thomson, freely available at http://classi-
calrealanalysis.info/documents/T-CalculusIntegral-AllChapters-Portrait.pdf.

Fubini

� Fubini-type result:

Theorem. (Generic Fubini-type) If f(x; y) is �nice�, thenZ

1�
2

f(x; y) d(x; y) =

Z

1

�Z

2

f(x; y) dy

�
dx=

Z

2

�Z

1

f(x; y) dx

�
dy: (12)

� Be sure to understand the issues involved in a Fubini-type result:

i. Existence of the �ve integrals involved;

ii. Equalities of the integrals.

Remark 3. Continuous functions are �nice�.

Remark 4. If f satis�es the following, then it is �nice�:

1. f(x; y) is integrable on 
1�
2;
2. For every x, f(x; y) is integrable on 
2;

3. For every y, f(x; y) is integrable on 
1.

� Understanding Fubini through upper and lower integrals.

Iup(
1; Iup(
2; f(�; y)))6 Iup(
1�
2; f(x; y)); (13)

Ilo(
1; Ilo(
2; f(�; y)))> Ilo(
1�
2; f(x; y)): (14)

� Cavalieri's principle (Zu Geng principle).

If every slice of the two volumes has the same area, then the two volumes are equal.

Example 5. Archimedes' and Liu Hui/Zu Chongzhi/Zu Geng's proofs of the volume of the ball.2

2. See http://www.wlsh.tyc.edu.tw/ez�les/2/1002/img/31/05OrCM_sphere.pdf. The article is in Chinese but the pictures
should be quite self-explanatory.


	Integration on â—š^N
	Content theory (Jordan measure). 
	Integration of functions. 
	Some theoretical issues
	Fundamental theorem of calculus
	Fubini



