Math 317 Winter 2017 Homework 5 Solutions

DUE THURSDAY APR. 6, 2017 5PM

The total points of this homework is 20.

You need to fully justify your answer — for example, prove that your function indeed has the specified
property — for each problem.

QUESTION 1. (8 pTS) Calculate the explicit formulas of

a)

o g2ntl
(4 PTS) f(x) = Zn:O TH,

n

b) (4 PTS) f(il:') = anl m
Justify your calculation.
Proof.
a) The radius of convergence is
. 1 1/(2n+1)\ -1
e (e (7)) Y
2n+1

Thus f(z) is defined on (—1,1). Further we notice that > °°
of f(z)is (—1,1).

To calculate f(z), we notice that for x € (—1,1), due to properties of power series,

n=0 InF1 diverges at +1. So the domain

> 2n+1 \/ X
oo x 1] 1 1
F0=3 (5a71) =2 * = 12w =3 155 1) @
Therefore " B
. 1. jz+1
f(x)—C+§1 m‘ (3)
Setting =0 in the power series we see that f(0)=0. Consequently C'=0 and f(z) zéln ifﬂ
The radius of convergence is
. 1 1/n 1
= (e () ) - Y
Thus f(z) is.deﬁned on (—1,1). Further we notice that > FYCE) and > o0 nl_i 5 also converge
so the domain of f(z) is [-1

1.
n (—1,1). We have

22: (n+1) (5)
X:: ) (6)

(z f(2))'=C = In(1l - ). (7)

Note that as x € (—1,1) we do not need absolute value. Noticing that

We first calculate f(z) o

and consequently

Therefore

o0

(2 1@)©0) = g =0, )

n=1

we have C'=0 and (z f(z)) = —In(1 — z).
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Integrating again we have
zfz)=1-z)ln(l-z)+x+C.
As z f(x)=0 at x=0, we have C' =0. Consequently

flz)= xln(l—:z:)—kl.

0 —7m<z<0

r 0<z<n and be 2 m-periodic.

QUESTION 2. (8 PTS) Let f(:c):{

a) (4 pTs) Calculate the Fourier series expansion of f(x);

b) (4 pTS) Use this expansion to prove

n odd
Solution.
a) We have L =m. Calculate:
a1 [ fa@ae=2 ["aar=3
i —r i 0
FRE
an = — ) cos(nz)da
T
= —/ rcosnzdx
T
_ l/ xd(smnw)
T 0 n
_ _l/“ sinn:cdx
T Jo n
_ (1ot
o mn?
1 (™ .
b, = ;/ f(x)sinnzdx
1/“ .
= = rsinnxdx
™ Jo
_ l/ xd(_cosnzzz>
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T n 0 n
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Therefore the Fourier series expansion is

o 1\ _1\n+1
x)~%+z {(}T)Tlcosnx—i-%sinnx}.
n=1

b) The function this series converges to is a 2 m-periodic function

0 —7m<x<0
flz)=4 2 O<x<m

| N

=T

At z =, we have

T (—1)"—1 n_ﬂ' =
I e (VST Y s

(12)



Due THURSDAY APR. 6, 2017 5PMm

3
and the conclusion follows.
QUESTION 3. (4 PTS) Let Dn(t) be the Dirichlet kernel. Prove
Nli_r}nOO | Dy (t)] dt = 0. (18)
Proof. We have
. 2N+1
sin
Dy(z) =——2—5— (19)
2 Tsing
Therefore we have
™ ™ sin2N2+ ! x)
7T/ |Dy(z)|dz = / — e dz
—n 0 sin
. /27r/(2N+1) sin% :1:‘ . +/2;”+1 simQN;r1 :1:) 1
o sing o 21511 sing v
. AN 41
) +/22NN+1 ‘sm . 2w SL" de
2(N—-1)m S1n—
2N
ser [sin 2+1 m‘ . S sin2N;r1 :1:) 1
> ; = T+ + SN 1ym N x
2N+1 INF1 2N +1
27
2N +1 1 1 aNFL |, 2N +1
= %(1—1—%4— +J_V>/o |sin z | dx
4 1 1
= —(1—1—5—1— +N>. (20)
In the above we have used the fact that sin2N2+ Lol is periodic with period 5 13: - Now it’s clear that
lim |Dn(2)] do = oo. (21) O
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