
Math 317 Winter 2017 Homework 5 Solutions
Due Thursday Apr. 6, 2017 5pm

� The total points of this homework is 20.

� You need to fully justify your answer � for example, prove that your function indeed has the speci�ed
property � for each problem.

Question 1. (8 pts) Calculate the explicit formulas of

a) (4 pts) f(x) :=
P

n=0
1 x2n+1

2n+1
,

b) (4 pts) f(x) :=
P

n=1
1 xn

n (n+1)
.

Justify your calculation.

Proof.

a) The radius of convergence is

R :=

�
limsup
n!1

�
1

2n+1

�
1/(2n+1)

�¡1
=1: (1)

Thus f(x) is de�ned on (¡1; 1). Further we notice that
P

n=0
1 x2n+1

2n+1
diverges at �1. So the domain

of f(x) is (¡1; 1).
To calculate f(x), we notice that for x2 (¡1; 1), due to properties of power series,

f 0(x) =
X
n=0

1 �
x2n+1

2n+1

�0
=

X
n=0

1

x2n=
1

1¡x2 =
1
2

�
1

1¡x +
1

1+x

�
: (2)

Therefore

f(x) =C +
1
2
ln
����x+1
x¡ 1

����: (3)

Setting x=0 in the power series we see that f(0)=0. Consequently C =0 and f(x)=
1

2
ln
��� x+1

x¡ 1

���.
b) The radius of convergence is

R :=

�
limsup
n!1

�
1

n (n+1)

�
1/n

�¡1
=1: (4)

Thus f(x) is de�ned on (¡1;1). Further we notice that
P

n=1
1 1

n (n+1)
and

P
n=1
1 (¡1)n

n (n+1)
also converge

so the domain of f(x) is [¡1; 1].
We �rst calculate f(x) on (¡1; 1). We have

x f(x)=
X
n=1

1
xn+1

n (n+1)
(5)

and consequently

(x f (x))00=
X
n=0

1

xn=
1

(1¡x) : (6)

Therefore

(x f(x))0=C ¡ ln(1¡x): (7)

Note that as x2 (¡1; 1) we do not need absolute value. Noticing that

(x f(x))0(0)=
X
n=1

1
xn

n
jx=0=0; (8)

we have C =0 and (x f(x))0=¡ln(1¡x).
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Integrating again we have

x f(x) = (1¡x) ln(1¡x)+x+C: (9)

As x f(x)= 0 at x=0, we have C =0. Consequently

f(x)=
1¡x
x

ln(1¡x)+ 1: (10) �

Question 2. (8 pts) Let f(x)=
�
0 ¡� <x< 0
x 06x6 � and be 2�-periodic.

a) (4 pts) Calculate the Fourier series expansion of f(x);

b) (4 pts) Use this expansion to prove X
n odd

1
n2

=
�
8
: (11)

Solution.

a) We have L=�. Calculate:

a0=
1

�

Z
¡�

�

f(x) dx=
1

�

Z
0

�

x dx=
�

2
: (12)

an =
1
�

Z
¡�

�

f(x) cos(nx) dx

=
1
�

Z
0

�

x cosnxdx

=
1
�

Z
0

�

xd

�
sinnx
n

�
= ¡1

�

Z
0

� sinnx
n

dx

=
(¡1)n¡ 1
�n2

: (13)

bn =
1
�

Z
¡�

�

f(x) sinnxdx

=
1

�

Z
0

�

x sinnxdx

=
1
�

Z
0

�

x d
�
¡cosnx

n

�
=

1
�

�
¡� (¡1)

n

n
+

Z
0

� cosnx
n

dx

�
=

(¡1)n+1
n

: (14)

Therefore the Fourier series expansion is

f(x)� �
4
+

X
n=1

1 �
(¡1)n¡ 1
�n2

cosnx+
(¡1)n+1

n
sinnx

�
: (15)

b) The function this series converges to is a 2 �-periodic function

f~(x)=

8>><>>:
0 ¡� <x< 0
x 0<x<�
�
2

x=�
: (16)

At x=�, we have
�
2
=
�
4
+

X
n=1

1
(¡1)n¡ 1
�n2

(¡1)n= �
4
+

X
k=1

1
2

� (2 k+1)2
(17)

2 Math 317 Winter 2017 Homework 5 Solutions



and the conclusion follows.

Question 3. (4 pts) Let DN(t) be the Dirichlet kernel. Prove

lim
N¡!1

Z
¡�

�

jDN(t)j dt=1: (18)

Proof. We have

DN(x)=
sin2N +1

2
x

2 � sinx
2

: (19)

Therefore we have

�

Z
¡�

�

jDN(x)j dx =

Z
0

�

���sin2N +1

2
x
���

sinx
2

dx

>

Z
0

2�/(2N+1)

���sin2N +1

2
x
���

sinx
2

dx+

Z
2�

2N+1

4�

2N+1

���sin2N +1

2
x
���

sinx
2

dx

+���+
Z
2(N¡1)�
2N+1

2N�

2N+1

���sin2N +1

2
x
���

sinx
2

dx

>

Z
0

2�

2N+1

���sin2N +1

2
x
���

�

2N +1

dx+ ���+
Z
2(N¡1)�
2N+1

2N�

2N+1

���sin2N +1

2
x
���

N�

2N +1

dx

=
2N +1

�

�
1+

1
2
+ ���+ 1

N

�Z
0

2�

2N+1

����sin2N +1
2

x

���� dx
=

2

�

�
1+

1

2
+ ���+ 1

N

�Z
0

�

jsinxj dx

=
4
�

�
1+

1
2
+ ���+ 1

N

�
: (20)

In the above we have used the fact that
���sin2N +1

2
x
��� is periodic with period 2�

2N +1
. Now it's clear that

lim
N!1

Z
¡�

�

jDN(x)j dx=1: (21) �
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