UNIRATIONALITY OF FANO VARIETIES

XI CHEN

1. INTRODUCTION

This note is an extension of the paper [HMP]. The main theorem of
[HMP] states that a relatively smooth hypersurface (i.e. a hypersurface
whose singular locus has sufficient large codimension with respect to
its degree) is unirational. A mild modification can generalize this to
complete intersections. As an application, we will show the Fano va-
riety of a relatively smooth hypersurface is also unirational. Precisely,
we have

Theorem 1.1 (Uniratonality of Fano Varieties). Let X be a degree d
hypersurface over an algebraically closed field. The Fano variety Fi(X)
of X 1s unirational if the codimension of singular locus of X s suffi-
ciently large with respect to both d and k. Here by “sufficiently large”,
we mean for any integers d and k, there exists a number N(d, k) such
that Fi,(X) is unirational if the codimension of singular locus of X 1is
greater than N(d, k).

Remarks.

(1) Throughout the note, we will work exclusively on the fields of
characteristics 0.

(2) The Fano variety Fi(X) of a projective variety X C P" is de-
fined to be the subvariety of the grassmannian G(k,n) consist-
ing of k-planes contained in X.

Theorem 1.1 will be proved in the next section and followed by the
discussion of some of its implications. As we will see, in the course of
the proof we will obtain the results of [HMP] on Fano varieties via a
different approach.

[ would like to thank J. Harris for suggesting this problem and proof-
reading the paper. Moreover, I have benefited greatly from the discus-
sions with him.

It has come to my attention that these results were also obtained
independently by Debarre and Manivel.

Date: Dec. 10, 1995.
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2. UNIRATIONALITY OF FANO VARIETIES

With the setup in Theorem 1.1, we have X a hypersurface of degree
d in P" and Fj(X) its Fano variety. Let M(k + 1,n + 1) be the linear
space of (k+1) x (n+1) matrices and My(k+1,n+1) C M(k+1,n+1)
be the determinantal variety of (k+ 1) x (n+ 1) matrices of rank < k.
There is a natural smooth surjective morphism

o :PM(k+1,n+ 1)\M(k+1,n+1) — G(k,n).
Take W = o }(Fi(X)). It is not hard to see

d+k

L ) degree d hypersurfaces in

Proposition 2.1. W is cut out by (
PM (k4 1,n+ 1)\M(k+1,n +1).

Proof. The proof is straightforward by explicitly writing down the
defining equations of W in the following way.

Fix r = (dzk) points pi, ..., pr € P¥ in general position which impose
independent conditions on H°(P*, O(d)). Let A be a k-plane in P"

represented by the (k4 1) x (n + 1) matrix

Yoo You ... You
(2.1) y— |0 T Y
Yio Yer . Y

Let f: P* — A be the linear map which sends

(1a0707 aO) - (%07%17 “‘7}/071)7
(07 ]-707 70> - (Y107}/117 '”73/177,)7

(0,0, ...,0, 1) — (Yk07Yk’1; aYkn)

Obviously, X contains A if and only if X passes through f(p1), f(p2), ..., f(pr)-
Speciﬁcally, let X be defined by G(Xo, Xl, ey Xn> = O, Di = (uig, Uily «eey uzk)
fori =1,2,...,r, and W be the variety in PM (k+1, n+1) = Pr+D(k+1)-1

cut out by r degree d hypersurfaces

k k k
(22) GZ(Y) = G <Z Uin}O, Z Uin;'l, ceey Z Uij}/v]'n) = 0
7=0 j=0 7=0

for i =1,2,...,r. Our previous argument shows that

WNPMk+1,n+1D\My(k+1,n+1) =W.
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Let ® C W be the locus of the points at which the r degree d
hypersurfaces defined by (2.2) fail to intersect transversely, i.e., the
points where the Jacobian

(2.3)
UloaaTG(Pl) ulk:aaTG(Pl> ulO;TGn(Pl) ulkf?TGn(Pl)
u208870(P2) qug—XO(Pg) u20%(p2) u%aa)i (Py)
UTO%(PT) Urkaa_)?o(Pr) UTO%(PT) urk%(Pr)

has rank less than r, where

k k k
Pi = (Zuijy}(% Zuin}l, ceey ZUUY}n> for i = 1,2, T
7=0 j=0 j=0

Geometrically, ® consists of the singular locus of W and irreducible
components of W whose codimensions are less than r. Let ¥ = (PN
W). Then ¥ consists of the singular locus of Fj(X) and irreducible
components of Fj(X) whose dimensions are greater than the expected
dimension.

Multiplying the Jacobian matrix (2.3) on the right by the ((k+1)(n+
1)) X (n + 1) matrix

Y
Y

Y

where Y is the matrix given by (2.1), we have

GO()(Pl) GnO(Pl) GOn(Pl) G,m(Pl)
Goo(PQ) Gno(PQ) Gon(Pg) Gnn(Pg)

Goo(P) ... Guo(P) ... Gon(P) ... Guu(P)

where Gij(Xo, Xl, 7Xn) = Xzaa—)cg; Hence
the Jacobian matrix (2.3) has rank r if and only if H°(A, O(d))

is spanned by {X; 2| 10 <4,j <n}. (x)
il

Our main theorem is

Theorem 2.1. For any integers k and d, there exists a number N =
N(d, k) such that
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V(d, k) = max { (k Z d),N(d, k)} .

Then codim X,y < V(d—1,codim V+k). (We take N(0,k) =
0.)

(2) If X is any degree d hypersurface in projective space P™ and
Xsing has codimension at least N(d, k), then

dim Fy(X) = ¢(d, n, k),

(1) Let

where
S(d,n k) = (k+1)(n—k) — <dzk>

is the expected dimension of Fy(X).
(3) For any n > N(d, k) and any degree d hypersurface X C P",

dim Fi(X) < max{¢(d,n, k), ¢(d,n, k) + dim X, — 1}.

(4) Let {Dy}xepm be a base-point-free linear series of degree d hy-
persurfaces in P forn > N(d, k). The the Fano correspondence
{\T): T C Dy} C P xG(k,n) has dimension m+ ¢(d, n, k)
and each of its irreducible component dominates P™.

(5) If n > N(d,k), a general k-plane I' C P™ imposes indepen-
dent conditions on any base-point-free linear series of degree d
hypersurfaces in P".

Part (2)-(5) simply recover [HMP, Theorem 3.1], [HMP, Corollary
3.2] and [HMP, Corollary 3.3]. The key to the proof is part (1), which
measures the dimension of the singular locus of Fj(X).

First, we need to recall some facts about Schubert calculus on grass-
mannians.

Our notation will follow that of [G-H| except that G(k,n) there
should be read as G(k — 1,n — 1) here. Let Vo C Vi C ... C V.1 C P
be a flag of P", i.e., V; is an i-plane of P". Let n—k > ag > a; > ... > ay
be a sequence of integers. A Schubert class associated to (ag, a1, ..., ax)
is an element in the cohomology ring (or Chow ring) of G(k, n) repre-
sented by the subvariety

Gagar e = (A € Gk, 1) - dim(A N Vi_ppia)) > 1,Y0 < i < k).

It is well known that the m-th integral cohomology (or m-th graded
part of Chow ring) of G(k,n) is freely generated by Schubert classes
Tap.ar....a, With > a; =m for m = 0,1,...,2n (see, for example, [G-H,
Chap. 1, Sec. 5]).
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Lemma 2.1. Let n > 1 > k. Then for any Schubert class oy, p,.. p, N
G(k,n) with > b; <1 —k,

On—ln—1,..n—1 * Obo.by.by 7 05
which implies that any subvariety of G(k,n) with codimension | —k or
less must have nonempty intersection with any cycle of type op_1pn—i,.. n—i-
Proof. By the reduction formula for Schubert classes [G-H, p. 202],

On—In—1,...n—1 " Obg,b1,ba,...bg_1,b5 * Ol—k—by l—k—bj_1,....|—k—ba,l—k—by ,l—k—bg
(O'nfl,nfl,.‘.,nfl * Oby,bs,....bgp—1,bp ° Ulfkfbk,lfkfbk,l,...,lfkrfbg,lfkfbl)G(k—l,n—l)

= (On—t—tyn—l " Obg by 1.~ Tl—l—bppd—k—bg_1,.eni—k—bs )G (k—2,n—2)

U

Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. We will prove it by induction on d. If d =1, we
may simply take N(1,k) = 0.

Let us first show part (1). The rest will follow easily. Let [ be the
number satisfying V(d —1,1) < codim Xy, < V(d—1,1+1). If | <k,
it follows immediately that

codim Xy < V(d—1,1+1) <V(d—1,codim V¥ + k).
So we may assume [ > k.

Since codim Xy > V(d — 1,1), there exists a V(d — 1,)-plane O
disjoint from the singular locus of X and hence the linear series spanned
by {g—)i : 0 < i < n} is base point free when restricted to ©, where
G(Xo, X1, ..., X;,) = 0 is the defining equation of X as used before.

By the induction hypothesis of (5), a general [-plane in P" imposes
independent conditions on any base point free linear series of degree
d — 1 hypersurfaces in P" if n > N(d —1,1). And since dim© = V' (d —
1,1) > N(d—1,1), there exists an [-plane I C © imposing independent

conditions on the linear series spanned by {%‘ :0<i<mn} And
ile

n>dime > (d_ll+l),

g_)i N 0 < i < n} actually spans H°(I', O(d — 1)). Consequently,
{Gij| : 0 <, j < n} spans HO(T',O(d)), where Gyj(Xo, X1, ..., X)) =
Xiaa—)%. Hence {Gij‘A : 0 <i,j < n} also spans H°(A, O(d)) for any
k-plane A contained in I'.

since
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So by our previous observation (x), the r degree d hypersurfaces
given by (2.2) intersect transversely at any k-plane contained in T', i.e.,

{A e G(k,n): ACT}NT = 0.

Since the variety {A € G(k,n) : A C I'} has type on_in1.. n—i,
codimVW¥ >[4+ 1 — k by Lemma 2.1. Hence

codim Xing < V(d—1,1+1) <V(d—1,codim ¥ + k).
(1) = (2). Take

N:V(d—l,(dzk)Jrk—l)Jrl.

d+k
If codim X;,, > N, by part (1), we must have codim ¥ > ( —/: )

Hence Fi(X) has the expected dimension.
(2) = (3) = (4) = (5) follows the arguments in [HMP, Sec. 3]. O

If Fi.(X) has the expected dimension, W is the complete intersection
of the r degree d hypersurfaces given by (2.2) in PM (k+1, n+1)\ My (k+
1,n+1). If we further let n — k + 1 > r, since PM(k + 1,n+ 1) has
codimension n — k + 1 in PM(k + 1,n + 1), W agrees with W, the
closure of W in PM (k4 1,n+1), and consequently W is the complete
intersection of the r degree d hypersurfaces. And in this case

O = Wiing = (PMy(k + Lin+1) N W) Up (V).
Therefore o
codim W g,y > min{n — k + 1, codim ¥}.
In summary, we have

Corollary 2.1. When the codimension of the singular locus of X is suf-
ficiently large with respect to both d and k, W is the complete intersec-
tion of (d:k) degree d hypersurfaces in PM (k-+1,n+1) = Pr+D(kE+1)-1
and its singular locus consists of the boundary PM(k 4+ 1,n+1)NW
and o~ (V). Hence codimWsmg — 00 when codim Xy;,, — oo with d

and k fixed.

Then Theorem 1.1 follows immediately from [HMP, Theorem 4.1]
and Corollary 2.1. Also notice that if X contains an [-plane I' and we
let

Q={AeG(k,n): ACT},
then ¢~1(Q) is a plane in PM (k+1,n+1) of dimension (I+1)(k+1)—1.
Furthermore, if T represents a nonsingular point of Fj(X), ¢~ 1() is
contained in the smooth locus of W. It is not hard to see from the proof
of Theorem 2.1 that for any number [ there exists a number I’ > [ such
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that if I is an !’-plane contained in X and disjoint from the singular
locus of X, I'' must contain at least one [-plane which represents a
nonsingular point of F;(X). In summary, we have a “relative” version
for Theorem 1.1 over number fields as the same for [HMP, Theorem
4.1].

Theorem 2.2. Let X be a degree d hypersurface. Then for any integers
d and k, there ezists a number l(d, k) such that the Fano variety Fj,(X)
of X 1s unirational if X contains a plane which is disjoint from the
singular locus of X and has dimension greater than I(d, k).

One consequence of Theorem 1.1 is that the generic fiber of the uni-
rational morphism constructed in [HMP, Theorem 4.1] is geometrically
unirational. Let us recall the construction in [HMP].

Let X be a hypersurface of degree d in P" and A = P an m-plane
contained in X and disjoint from the singular locus of X. Let

O=mi<ma<..<mg_1=m

be an increasing sequence of integers, starting from 0 and running up
to m, and let

F= Fm1,m2,...,md71(A>
be the variety of flags
AN CA,C...CAj_1=A

in A. Let
G - Fm1+1,m2+1,...,md,1+1 (Pn)

be the variety of flags in the ambient projective space, and finally let
HCFxG
be the closure of the locus of pairs (A, Ay, ..., Ay_1;T1, T, ..., 'y_1) such
that
multy, (X NAjq) =d —i
A; is a general m;-plane in A;,
and
['; is a general m;-plane containing A; and contained in A;yq

fori=1,...d— 1.

It is shown in [HMP, Theorem 4.1] that H — X is a unirational
parameterization if m, > N(a,mqy_1) for a =1,2,...,d — 1.

Let p be a general point on X, H, be the fiber of H — X over p, I'
be the (m + 1)-plane spanned by A and p, and

XﬂF:A—l—Xp,XpﬂA:YF
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Obviously, on H,, I'y_1 = I' and A4_2 runs over all my_o-planes con-
tained in Yr. Hence there is a dominant map H, — F,,, ,(Yr), whose
generic fiber is the closure of the locus of pairs

(Ah A27 ceey Ad—?; F17 F27 sy Fd—2)
such that

muItAZ(X N Ai+1> =d—1—1

A; is a general m;-plane in A;

and
['; is a general m;-plane containing A; and contained in A;
fori=1,...,d—2 with A;_» the generic point of F,,, ,(Yr). By [HMP,
Theorem 4.1}, the generic fiber of H, — F,,, ,(Yr) is rational. And
since F,,, ,(Yr) is geometrically unirational when mg,_; is sufficiently
large with respect to mg_o and d, H, is geometrically unirational when
m >>d.
Using the circle method, Birch showed that a hypersurface over a

number field satisfies the nonsingular Hasse principle [Lan, Chap. X] if
the codimension of the singular locus of the hypersurface is sufficiently

large with respect to the degree of the hypersurface [Bir]. Combining
this with Corollary 2.1, we have

Theorem 2.3. Let X be a degree d hypersurface over a number field.
Then the nonsingular Hasse principle holds for the Fano variety Fy(X)
of X if the codimension of singular locus of X s sufficiently large with
respect to both d and k.

Hence we may combine Theorem 2.3 with [HMP, Theorem 4.1] to
give a local criterion for a hypersurface over a number field to be uni-
rational.

Theorem 2.4. For any number d, there exist two numbers n(d) and
k(d) such that any degree d hypersurface X over a number field K is
unarational if codim Xy, > n(d) and there exists a number k > k(d)
such that the Fano variety Fi.(X) has a simple rational point over any
completion of K.

Theorem 2.3 answers a question raised by Mazur. He also suggested
Theorem 2.4 assuming Theorem 2.3 holds.
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