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NOETHER-LEFSCHETZ FOR K; OF A CERTAIN CLASS OF
SURFACES

XI CHEN AND JAMES D. LEWIS

ABSTRACT. We first give an elementary new proof of the vanishing of the
regulator on K1(Z) where Z C P3 be a general surface of degree d > 5,
using a Lefschetz pencil argument. By a similar argument we then show
the triviality of the regulator for K of a general product of two curves.

1. Statement of results.

Let Z be a smooth quasiprojective variety over C, and for given nonnegative
integers k,m, let CH®(Z, m) be the higher Chow group as introduced in [Blo1].
In [Blo2], Bloch constructs a cycle class map into any suitable cohomology theory.
In our setting, the corresponding map is:

clym: CHM(Z,m) — HZ™(Z,Q(k)),

where HZ'™™(Z,Q(k)) is Deligne-Beilinson cohomology, which fits in a short
exact sequence
H%*m*l(Z, (C)

"7 FEI(Z,C) A (Z,Q0)

— HZ™(Z,Q(k))

— FEE? o (2,0) (B (Z2.Q(k)) — 0.
Our primary interest is when Z is also complete, and m = 1. Thus one has the
corresponding map:
H-Qk72(Z7 (C)
— .
PRI (Z,0) + 2 (Z,Q(0)

Let Hg*"1(2) := H?*~2(Z,Q(k — 1)) N F*~1H?*~2(Z C) be the Hodge group.
Then one has an induced map

clg1: CHF(Z,1)

HQ]C—Q(Z7 C)
FEH?-2(Z,C) + Hg™ ' (2) 9 C + H¥2(Z,Q(k)
It is known that cl; ; is trivial for Z a sufficiently general complete intersection

and of sufficiently high multidegree. This is an consequence of the work of Nori
[No], together with a technique similar to that given in [G-S]. The argument is

cyq: CHY(Z,1) —
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presented in [MS]. Further, it is noted in [MS], based on an effective bound in
[Pal, that

H%(Z,C)
F2H?(Z,C) + Hg'(Z)® C+ H2(Z,Q(2))’

is trivial for sufficiently general surfaces Z C P2 of degree d > 5. The method of
Nori involves passing to the universal family of complete intersections of a given
multidegree, in a given projective space. A similar point of view appears in [Na).
In this paper, we give an elementary and direct proof of the triviality of cl, ;
for a general surface Z C P3 of degree > 5, by working with a Lefschetz pencil
of degree d > 5 surfaces in P3. Thus our first main result is an elementary new
proof of the following:

dyy: CH*(Z,1) —

THEOREM (1.1). For a sufficiently general surface Z C P3 of degree d > 5,
the map cl, | is trivial.

We remark that the theorem is trivially true, without the generic hypothesis,
if deg Z < 3, as H%(Z) is algebraic. From the works of Collino, Voisin, S. Miiller-
Stach, et al, and more recently the authors [C-L], it is false if deg Z = 4. Since
our method requires only a Lefschetz pencil as opposed to the universal family
of surfaces of degree d in P3, and that it provides a rather simple proof of a
counterexample of the Hodge-D-conjecture of Beilinson [Beil], we believe that
this approach has some merit. In particular, a variant of this argument leads to
our next result:

THEOREM (1.2). Let X = C1 x Cy be a product of two general curves (resp.
general hyperelliptic curves), where the genus g(C1) > 1 and g(C2) > 2. Then
cly 1 s trivial.

We remark that story is false if C; and Cy are general elliptic curves ([C-L]).

Question (1.3). Consider a smooth projective surface X and the correspond-

ing regulators
ro1: CHY(X,1;R) — HM(X,R(1)),

Hj(X,Q(1)
Hg'(X) ©C/Q(1)
Let x(X) be the Kodaira dimension. If k(X) = —1, then ry; is surjective. If
k(X) = 0, then 7o is surjective for “general” X (see [C-L]). If X is “general”
and if £(X) > 1, is it the case that cl, ; is trivial?

C_12,1: CH?nd(Xa LR) —

2. Some definitions

(1) Deligne cohomology. A good source for the definition of Deligne coho-
mology can be found in [EV]. For our narrow purposes, the following will suf-
fice. Let X be a projective algebraic manifold, and for a subring A C R, put
A(j) = A(2m/—1)7. Consider the Deligne complex

A()p:  A() = 0x — Qk — - — Q.

Definition (2.1). Deligne cohomology is given by Hi (X, A(j)) := H'(A(j)»)
(hypercohomology).
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One has a short exact sequence
H"(X,C)
— = :
FIH=H(X,C) + H'= (X, A(j))
— FIHY(X,C) (| H'(X,A(j)) — 0.

We are mainly interested in the cases where ¢ = 2j — 1 and where A = QQ and
A = R. In these cases we have

HyH(X,Q0)

0 — Hp (X, A(5))

B HY-2(X,C)
- FIHY(X,C) + H¥72(X,Q(j))
HE 7 X, R(G) ~ HZV U XR( - 1)),

(2) Higher Chow groups. For X given in (1), the following abridged definition
of CH*(Z,1) will suffice (see [La] or [MS]).

Definition (2.2). CH”(X, 1) is the homology of the middle term in the complex

[ meop™ [ meo)> ] KC€w,
cdxY=k—2 cdxY=k—1 cdx Y=k

where we recall that K;(F) = F* and Ky(IF) = Z, for a field F, and Tame, Div
are respectively the Tame symbol and divisor maps.

Thus classes in CH* (X, 1) can be represented by cycles of the form

N N
{g => (1:%)) ‘ fi €C(Z)%, cdx =k —1, > divg,(f;) = o}.
j=1 j=1

Note: For the most part, we will identify CHF(—,m) with CH*(—,m)®Q,
unless there is a specific reason to work with CH*(—,m) (and in which case the
interpretation will be clear).

(3) Regulators. There are cycle class maps
clp y: CHM(X, 1) — H 1 (X, A(k)).
In the case where A =R, we put r;; = clﬂ,f)l. Let n = dim X. The map
i1 CHY(X,1) — H2F2(X,R(k)) =~ H V1 X,R(k - 1))

~ H' R R (X R(n -k + 1))V,
is given explicitly as follows (see [Beil] or [Ja]):

1 N
k1 (§)(w) = m;/zj wlog|fj]-

(4) Horizontal displacement. Let h: W — S be a proper smooth morphism of
quasiprojective varieties over C, where say for simplicity dim S = 1, with smooth
projective fiber W; := h=1(t). Fix a reference point to € S and consider a disk
A centered at tg. It is well known that there is a diffeomorphism h=1(A) ~
A x Wy,. Thus for a cohomology class v := v, € H®*(W,,), one can talk
about its horizontal displacement v, € H®*(W,), for t € A and more generally
for t € S. Consider the Hodge decomposition H*(W;,C) = B, ,—e H?(W2),
V& = Bprq=e1"?. We say that the Hodge (p, ¢) components deform horizontally
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if yP7 = (yP?), for all ¢ € A. By analytic considerations of Hodge subbundles,
Pq _

this is equivalent to saying that ;"¢ = (v?9), for all t € S.

(5) The word “general” in this paper will have the following meaning. In the
notation of (0.1), a point ¢ € T is general if ¢ belongs to the complement of a
countable union of proper subvarieties of T governed by a certain property.

3. Proof of Theorem (1.1)

Let {X;};ep be a Lefschetz pencil of surfaces of degree d > 5 in P3, i.e. the
general fiber X} is smooth, and each singular fiber has an ordinary double point
singularity. We will think of this pencil in the form X C P3? x P!, i.e. where X
is the blowup of P? along the base locus N;ecp1 X;. Suppose that for a general
t € P, the cycle class map cly;: CH*(Xy,1) — H3 (X, Q(2)) is nontrivial.
We can assume that X is defined over an algebraically closed field L of finite
transcendence degree over Q, i.e. X/¢ = X, x C. Let n be the generic point of
P! . For some finite algebraic extension K O L(n), and via a suitable embedding
K — C, there is a class {x € CHQ(XK = X,, x K,1) such that cly 1(x) # 0
in H3 (Xk(C),Q(2)). The situation here is not unlike than that found in ([Lew]
p. 191). There is a smooth projective curve I'y, with function field L(I') = K.
Then after a base change Y = X xp1 I', £i defines a cycle in &€ € CH*(Yy, 1),
where U C I is a Zariski open subset of I' and Yy = U;cpY:. This uses the fact
that

CH?*(Xk,1) = CH?*(Y3,1) = lim CH?(Yy, 1),

U
where Y is the generic fiber of Y over I'r. We want to spread £ to all of I
However, there is obstruction preventing us to do it; rather we can extend it after
a suitable modification of £&. That is, we will show that there exists ¢’ € CH*(Y, 1)
such that clp 1(&;) = cla,1(§}) for every ¢ € U. Our main tool is the localization
sequence. (Strictly speaking, we don’t really need the localization sequence in
this paper. Rather, it is used out of convenience).

(3.1)  CH*(Y,1) — CH*(Yy,1) — CH*(Y) — CH*(Y) — CH*(Yy) — 0
over Q, where B =T\U and Yp = UiepY:.

Note that the map CH'(Y3) — CH?*(Y) might not be injective if [B| > 1, so
there is obstruction to extend & directly.

Let H be a plane in P? and 7* H C Y be the pullback of H under the projection

7Y = P3. Let C, = n*HNY, for b€ B and Cp = UpepCy. Let us first extend
& to Y\Cp. We look at the localization sequence

(3.2) CH*(Y\Cp,1) — CH?*(Yy,1) — CH'(Y5\Cp) — CH?(Y'\Cp)
Note that
(3.3) CH'(YB\Cp) = 8 CH'(Y,\Cy)

We claim that CH'(Y;\C;) ® Q = 0 for every t € T

The classical Noether-Lefschetz theorem tells us that a general surface of
degree d > 4 in P3 has Picard rank 1. This statement was refined by Mark
Green [G] to the following. Let M = PY be the space parameterizing surfaces of
degree d in P2 and M, C M be the subset parameterizing surfaces with Picard
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rank > 2. Then codimy; Ms> = d — 3. So when d > 5, Ms has codimension at
least 2 in M and a general pencil will avoid this locus. Thus Pic(Y;) @ Q = Q
for every t € I'. Note that Y; might be singular, i.e., Y; has an ordinary double
point. Since an ordinary double point is a quotient singularity, every Weil divisor
of ¥; is Q-Cartier. Therefore, CH!(Y;) ® Q = Pic(Y;) ® Q. In any case, we have

(3.4) CH'(Y;) ® Q = Pic(V;) ®Q = Pic(P*) @ Q = Q.
Obviously, CH'(Y;) is generated by C; = 7*H N'Y; over Q. Consequently,
(3.5) CH!(Y\C,) ©Q = 0

and there is no obstruction to extend £ to Y\Cp. So we may regard £ as a class
in CH*(Y\Cjp, 1) from now on.

There might be obstruction to further extend £ to all of Y by the localization
sequence

(3.6) CH2(Y,1) — CH2(Y\Cp,1) % CHO(Cp) L CH2(Y)
where
(3.7) CH(Cp) = 8 CH’(C,) = Q%7
€
with 8 = |B].

Let & = Y (fa,Da) where D, is a divisor on Y\Cp and f, is a rational
function on D,. We have

(3.8) > div(fa) =0.

Eet ﬁa_be the cl_osure of Pa 31 Y and f, naturally extends to a rational function
faonDy. Let £ =3 (fq,Da). We no longer have (3.8). Instead,

(3.9) D div(f,) =Y mCh
e} beB

for some my, € Z. Actually, the RHS of (3.9) is exactly the image of £ under the
map ¢: CH*(Y\Cp,1) — CH’(C3) in (3.6), i.c.,

(3.10) ?(&) = Z mpCp.

beB

Note that ¢(¢) lies in the kernel of v: CH’(Cp) — CH?*(Y) and there is a natural
map CH’(Cp) — CH'(T) via

(3.11) CH’(Cp) & CH*(Y) — CH3(P® x ') — CHY(I).

Note that the map CH*(P? x I') — [P']®@ CH*(T') = CHY(T), comes from the
projective bundle formula. Of course, the map CH"(Cz) — CH'(I") simply sends
Cy to Nb, where N = d. Thus ¢(£) maps to zero under this map, i.e. the divisor
S"myb is N-torsion in CH'(T') = Pic(T).

Note that 7*H is a fibration of curves over I'. So the fact Y myb is torsion
in CH(I") implies that 3" m;C} is N-torsion in CH' (7* H). Consequently, there
exists a rational function fy on 7*H such that

(3.12) div(fu) = N Y mpC.

beB
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So we may simply modify & as follows

(3.13) 5/23_%(][H77T*H)'

Now ¢ € CH*(Y,1) and cly 1 (&) = cly 1 (&) for all t € U, where we recall that
H3 (Y, Q(2))

Hg'(Y;) © (C/Q(1))

is the induced map. This is due to the fact that the restrictions fy to Y; are
obviously constants. Thus we can now replace £ by &’. Next observe that even
though Y is complete, it may be singular. It is worthwhile pointing out that we
can further pull back ¢ to a desingularization Y of Y. More precisely,

cyy: CH*(Y;, 1) —

Claim (3.14). There exists Ee CHz(?, 1) such that gand £ agree on the open
set where Y and Y are isomorphic.

The usefulness of this claim is as follows. The (cohomological) cycle class
map cly;: CH*(Y,1) — H3(Y,Q(2)) is only defined if Y is smooth. Granting
the existence of this cycle class map, the remaining argument only requires the
completeness of Y. There is a short exact sequence:

H(Y,C)

0~ F2H2(Y,C) + H2(Y,Q(2))

— H3(Y,Q(2)) — F?n H*(Y,Q(2)) — 0.

But since Y is complete, a weight argument gives F? N H3(Y,Q(2)) = 0. Thus
for t € U, cly (&) is given by the restriction C—12’1(§)|Yt’ i.e. induced by the
restriction
H%(Y,C) ~ H%(Y;,C)
FH(Y.0) + B2(Y,Q@)  FPH(Y,,C) + B (v, Q2))’

Thus as ¢t € U varies, the class cl, ; (&§;) varies by horizontal displacement; further,
the restriction H?(Y) — H?(Y;) is a morphism of mixed Hodge structures. Thus
cly 1 (&) is induced by a class in H?(Y;), whose Hodge (p, q) components displace
horizontally, i.e. preserving the given Hodge type. But over the set where I' — P!
ramifies, one can find open sets Ap € U C I, A C P!, in the strong topology,
such that Ar ~ A. Thus cly ; (&) = 0, by virtue of:

LEMMA (3.15). Consider a Lefschetz pencil {Z}iepr of surfaces in P3 of de-
gree d > 1, and let Uy C P! be the smooth set. Further, let A C Uy be a disk, and
assume given vy € H?(Z;,C), a horizontal displacement of a class vy for t € A.
If the (p,q) components of v; also horizontally displace, then ~; € Hg'(Z;).

Proof. This follows from a standard monodromy argument, together with the
analyticity of Hodge subbundles. O

Finally, we attend to:
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Proof of claim. It turns out that the singularities of Y are quite mild. Note
that the singularities of Y are introduced during the base change I' — P!; YV
becomes singular when the map I' — P! ramifies over a point ¢ € P! where X;
is singular, i.e., it has an ordinary double point. Therefore, the singularities of
Y have the type of 22 4+ y? + 22 4+ t™ = 0. Let p € Y be such a singularity. We
may solve p by a sequence of blowups:

Ppu—1
- .

(3.16) Y=Y, 2y, , LYy =Y

where p = [m/2]. The exceptional divisor Ej C Y of ¢y is a quadric in P3; it
is a cone over a conic curve if 2k < m and it is a smooth quadric if m = 2k. Let
po = p and pi € Ej be the vertex of the cone Ej. for 2k < m. It is obvious that
Y}, is locally given by 22 + y? + 22 +t™ 2k = 0 at pi, and @pi1: Vg1 — Yy is
the blowup of Y} at py.

In order to pull back & to }7, we do it step by step, i.e., we first pull it back
to Y1, then Y5 and so on. We will show that there exists a sequence of cycles
{&, € CH?(Y}, 1)} with all of them agreeing on the open set Y'\{p}.

By induction, it suffices to pull back the cycle &,_1 € CH?*(Yy_1,1) to & €

CH? (Y%, 1).
Since ¢ : Yy — Yj_1 is the blowup of Y1 at pg_1,
(3.17) Yk\Ek = Yk,l\{pkfl}.

So the question is again to extend a class in CH?(Y;\E}, 1) to CH?(Y%,1). We
look at the localization sequence

(3.18) CH?(Y}, 1) — CH?(Y}\Ey, 1) — CH'(Ey) = CH?(Y3).

If Ey is a cone over a conic curve, then CH'(E}) = Q (see [Ha, Appendix A,
Example 1.1.2, p. 428]) and ~: CH'(E},) — CH?(Y}) is obviously injective.

Suppose that Fj, is a smooth quadric. This happens in the last step of blowups,
i.e., when k = p and m = 2u is even. Now

(3.19) CHY(E,) = CH'(P! xPHY=Qa Q.

Let L1, Lo C Ej be the two rulings of Ej which generate CHl(Ek). We claim
that L; and Lo are numerically independent on Yj, i.e., there exist divisors
Dy,Dy C Y), such that D;-L; = 01if i = j and D;-L; # 0if ¢ # j. This certainly
implies that ~ is injective.

Note that Y3_; has an ordinary double point x2 4 y? + 22 +t? = 0 at pp_1.
It is well known that there exist two small resolutions of Y;_;. That is, we may
blow down Y} along either of the two rulings Ly and L. Let g: Y — Yk’ be the
blowdown of Y}, along Li. Let D be an ample divisor on Y;/. Then ¢*D - Ly # 0
since D is ample on Y} and ¢g*D - L1 = 0 since g.L; = 0. We are done. O

4. Proof of Theorem (1.2)

We see that the very essence of the proof for Theorem (1.1), i.e., the fact that
the argument works for quintic surfaces but not quartic surfaces, lies in the result
of M. Green that those quintic surfaces with Picard rank two lie in a subset of
codimension two in the moduli space of quintic surfaces, while the same is not
true for quartic surfaces. For a product of curves C; xCs with g(C1)g(Cs) > 1, we
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have a similar situation. It is well known that Pic(Cy x Cs) = Pic(C1) @ Pic(Cs)
for a general pair (C1,C2). Moreover, we have the following

PROPOSITION (4.1). Let g1 = g(C1) and g2 = g(Ca) with gigs > 1 and My,
be the moduli space of curves of genus g;. Let W C Mg, x My, be the locus of the
products Cy x Cy with p(C1 x C) > 2, where p(S) is the rank of the Neron-Severi
group of S. Then codim W > 2.

We believe that the above proposition is well known. But since we cannot
locate a reference to it, we will give a proof at the end of this section.

Fix F = C5 be and Y — T' be a one parameter family of curves of genus
g1 = g(C1). For a general choice of Y, we assume that

(4.2) CH'(Y; x E) = CH(Y;) @ CH'(E)

for every ¢t € T by Proposition (4.1), where Y; is the fiber over a point ¢ € T'. Here
we have to be a little careful about the singular fibers of Y as Proposition (4.1)
does not say anything about one of C; being singular. Let C' = Y; be a singular
fiber of Y. For a general choice of Y, C' has one node and its normalization C'
is a general curve of genus g — 1. Therefore, CH'(C' x E) = CH'(C) @ CH'(E)
and CH'(C x E) = CH'(C x E)/{F, ~ F,}. where F, and F, are the fibers of
C x E over p,q € C which are the two points over the node of C. Hence (4.2)
follows for singular fibers Y. This is still true after a base change of Y followed
by a semi-stable reduction, in which case Y is a union of curves RyUR; U...UR,,
with g(Ro) =4g1 — 1, g(Rl) = ...= g(Rn) =0 and RiRi+1 = R()Rn =1.

For a subset U C I', we use the notation Yy for Yy = Usep Ys.

Let £ € CH*(Yy x E, 1) for some open set U C I'. We claim that ¢ can be
extended to everywhere on Y, i.e., there exists £ € CH*(Y x FE,1) such that
cy (&) = C_lgyl(gt) for a general point t € T', where & and &, are the restrictions

& and §~ to the fiber Y; x E, respectively.
Let B =T\U. We have the localization sequence

(4.3) CH2(Y x E,1) — CH(Yy x E,1) 2 CH' (Y3 x E) L CHX(Y x E).

Let £ = ), (Da, fa), where D, is a divisor on Yy x E and f, is a rational
function on D,. We have

(4.4) div(§) =) div(fa) =0.

Let Ba_ be the closure of D, in Y X E and f, naturally extends to a rational

function f, on D,. Let & = 3 (Da, f,). We no longer have div(§) = 0.
Instead,

(4.5) div(d) =Y _div(f,) € Z2'(Yp x E)

where Z*(X) is the free abelian group generated by the codimension-k algebraic
cycles of X. Obviously, div(€) is exactly the image of ¢ in the localization
sequence (4.3).

By our assumption,

(4.6) CH'(Yp x E) = (CH'(Y) ® CH*(E)) @ (CH(Y) ® CH'(E)) .
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Therefore,
(4.7) > div(f,) ~rat Dy @ E+ ) Y, @ Dy
« beB

where ~,q; is the rational equivalence relation, Dy € CHl(YB) and D, €
CH'(E). Therefore, there exist rational functions g, on Y; x E such that

(4.8) > div(f,)+ > divige) =Dy ®E+ Y Y, @D,
o beB beB
Hence we may replace & by € + > pes(Yo X E, gp) and assume that
(4.9) div) =Dy ®E+ Y Y, @Dy,
beB

Since v(div(¢)) = 0,

(4.10) Dy ®E+ Y Y@ Dy ~pat 0
beB

in CH*(Y x E). Now choose any point p € (E\ Upep Dp). Then Dy x p is the
expression in (4.9) intersected with Y x p. But the expression in (4.9) being
~rqt 0 implies that the intersection cycle is ~yqt 0, ie. {Dy X p} ~pqe 0.
Thus Dy = Pry«(Dy X p) ~pqt 0 in CH2(Y). Next, by definition of rational
equivalence, if D € Z%(Y) and D ~,.q 0, then there exists a pre-higher Chow
cycle e = > 5(Dg, fg) on Y with div(e) = D. Therefore, there exists ¢ =

>-5(Dg, f) on Y with div(e) = Dy. So we may replace & by

(4.11) {—e®E={-) (DgxE, fsxE)
B
with resulting ¢ satisfying
(4.12) div(d) = Y Y, @Dy
beB
Obviously,
(4.13) > Y, @Dy =77(6)
beB

for some § € Z3(I' x E), where m: Y x E — I' x E is the projection induced by
Y —-T.

Note that if 7: X — Y be a surjective morphism between two smooth pro-
jective varieties. Then

(4.14) CH*(Y)®Q ™= CH(X)®Q

is injective. This follows by reducing to the case where dimY = dim X, and
using the fact that 7, o 7* = deg .

Thus there exists a pre-higher Chow cycle € on I' x E with div(e) = Nd.
Finally, we replace £ by

(4.15) £ %w*s



10 XI CHEN AND JAMES D. LEWIS

and obtain a higher Chow cycle £ € CH*(Y x E,1). It is easy to check that
cly, (&) = cly, (&) for a general t € T

Next we use a monodromy argument just like in the proof of Theorem (1.1).
Applying the same monodromy action considerations to 7({s€T': Y; is smooth})
— Aut(H'(Y})), any class in H%(Y; x E) whose Hodge (p, ¢) components deform
horizontally, must be algebraic. But since cl, | (€,) is induced by restriction
from a class cly;(£), and hence from a cohomology class in H?(Y x E), it is
clear that the Hodge (p,q) components of c_1271(gt) deform horizontally as the
restriction H2(Y x E) — H?*(Y; x E) is a morphism of Hodge structures, a
Jortiori cl, 1 (€,) = 0 for general t. We are done.

It remains to give a proof for Proposition (4.1). We will use a deformation-
theoretic argument.

LEMMA (4.16). Let X/A be a family of smooth projective surfaces over disk A
with central fiber S = Xg and let D C S be an effective divisor on S. Suppose that
D can be extended to X, i.e., there exists a flat family Y/A with the commutative
diagram

y X
(4.17) l l
A — A

such that Yy embeds into Xo with image D. For each w € H°(Kg), let j1,, be the
map

(4.18) pot H' (Qg) =5 H'Y (Q5(Ks))

where Kg is the canonical class of S. Then the Kodaira-Spencer class ks(0/0t) €
HY(Ts) of X lies in the subspace

(4.19) {ve HY(Ts): (v, pw(c1(D))) =0 for all w € H°(Kg)}
where {-,-) is the pairing H'(Ts) x H*(Qs(Ks)) — C given by Serre duality.

Proof. The pushforward 7Y is a divisor on X whose restriction to Xy is a
multiple of D, say nD. Fix a sufficiently ample divisor A of X and we embed
X to P9 x A with the linear series |A + 7,.Y|. Let Ng be the normal bundle of
S in P9. Then the Kodaira-Spencer map ks: Ta o — H'(Ts) factors through
H°(Ns). Note the exact sequence

(4.20) HO(Ns) — HY(Ts) - H'(Tes|y).
We claim that the kernel of f is contained in the space
(4.21) ker(f) C {v € H(Ts): (v, ptw(c1(Ag +nD))) =0}

where Ag + nD is the restriction of A + 7Y to S. Then ks(9/0t) lies in the
space (4.21). The same argument with A+ 7, Y replaced by A will produce that
ks(9/0t) lies in

(4.22) {ve HY(Ts): (v, ptw(c1(Ap))) = 0} .
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Then it follows that ks(9/0t) lies in the space (4.19). So it suffices to justify

(4.21).
Consider the dual map
(4.23) Y HY (e (Ks)|g) — HY(Qs(Ks)) .

Obviously, (4.21) is equivalent to the statement that the image of fV contains
(€1 (Ao +nD)).

From the Euler sequence, we see that H'(Qps|s) = H'(Qps) is generated by
c1(H), where H is the hyperplane divisor of P9. Of course, ¢1(H)|s = ¢1(Ag +
nD). Hence the image of H'(Qps|s) — H'(Qs) is generated by c1(Ag + nD).
From the commutative diagram

HY(Qpolg) 2% HY(Qpo(Ks)|g)
(4.24) l LfY

H'(Qs) =5 H'(2s(Ks)
we see that the image of fV contains i, (c1(Ag +nD)) for all w € HY(Kg). O

Now let us finish the proof of Proposition (4.1). First, let us deal with the

case that g1,g2 > 1.
Let D € S = C; x Cy be an effective divisor with D ¢ CH'(C}) @ CH'(Cy).
Then under the decomposition

Hl(Qs) :Hl(Kcl)@)HO(OCz)@HO(KCI)@)Hl(OCz)
@HO(001)®H1(KC2)@Hl(OC1)®HO(KC2)
the projection w1 4+ ws of ¢1 (D) to

(4.25)

(4.26) HY(K¢,)® HY(O¢,) ® H'(O¢,) ® H*(K,)

does not vanish, where

(4.27) wy € HY(K¢,)® H (0¢,) and wy € H (0¢,) @ H*(K¢,).
The restriction of p,, to the subspace (4.26) is

(4.28) pw: H'(Ko,) ® HY(Oc,) — H(2Kc,) @ H' (Kc,)

and

(4.29) pw: H(0c,) @ H(Ke,) — H (Ko,) ® H(2Kc,).

It is easy to see that the space spanned by pi,(w;) for w € H°(Ks) has dimen-
sion g; if w; # 0. Therefore, the space spanned by ., (c1(D)) has dimension
at least min(g1,g2). By Lemma (4.16), the deformations of S preserving D
have codimension at least min(g1, g2) in the versal deformation space of S (the
deformations of S are unobstructed when g1, g2 > 1).

Suppose that one of C'y and C5 is elliptic. Let £ = C5 be elliptic and let
B = (Cy. Let L be a line bundle on S = B x E. For each b € B, let S,
be the fiber of S over b € B and L; be the restriction L to S, = E. This
gives a map B — Pic(E) by sending b — L;. By fixing a base point on E,
we obtain a map ¢: B — J(E) = E. If ¢ is constant, then it is easy to see
that L € Pic(B) ® Pic(E) and we are done. If not, we have a nontrivial map
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from B to E. Fix E and we see that the locus of the curves of genus ¢g; that
dominates E has dimension 2¢g7 — 3 (¢ has 2¢g; — 2 ramification points; —1 for
the automorphism of F). Proposition (4.1) now follows.
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