Solution for Midterm I !

1. (a) The level curves of f(x,y) are ellipses x2/c? + y?/(4c*) = 1 with
the short axis ¢ (along z-axis) and the long axis 2¢ (along y-axis) for
0<ec<A4.

(b) Of/0x = —4x/\/4 — 42 — y? and Of /Oy = —y/\/4 — 422 — y>.
(c) The tangent plane is z— f(1/2,1) = f»(1/2,1)(z—1/2)+ f,(1/2,1)(y—
1),ie., z—v2=—V2(z—1/2) —V2(y — 1)/2.

2. (30 points) (a) (b) The equation has two equilibrium solutions p = 0
andp=M.Ifp>M,p <0;if M >p>0,p >0;ifp<0, p <O0.
So p = 0 is unstable and p = M is stable.

(c) By separation of variables,

/ mczpz / kdt.

The LHS can be integrated using partial fractions:
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Solve it for p and we obtain
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(c) Given the information, p(0) = M /3 and p(100) = M /2. The former

tells us that
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and hence A = 1/2. The latter tells us
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and hence e 10%M — 1 /2 Therefore, e 290%™ = 1/4 and
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PR00) = e = 3M

= M/2

The limit is obviously lim;_,~ p(t) = M since lim;_, oo e kMt —

@y =yo+hlyo—1) =7/3, y2 =y +h(y1 — 1) = 25/9, y3 =
Y2 + hiys — 1) = 91/27. So y(1) ~ 91/27.

(b) The general solution of the equation is y = 1+ Ae!. With y(0) = 2,
we get A = 1. So the solution is y(t) = 1 + e* and hence y(1) = 1 +e.
The error is [(91/27) — (1 + €)| = e — (64/27).

. (a) By separation of variables,

/e_ydy = /xemgd:c

Use the substitution v = 22 for the RHS. So
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(b) By separation of variables,

—dy = —dt 1 1 Inlt+1 .
/y+1y / =Injly+1=nlt+1|+C

Therefore y +1 = A(t + 1). With y(0) = 2, we obtain A = 3. The
solution is y = 3t + 2.

(¢) Change it to the form (¢t — 1)y’ = ty. By separation of variables,

1 t
—dy = [ ——dt.
/y Y /t—l
The RHS is

1
/mdt /(1+—)dt_t+1n\t—1y+c

The solution is

Injy|=t+Inft—1+C=y=A(t—1)



