Math 341 Homework 6 Solution

3.8 (p- 33) Let u = (a1,a2,a3,a4) and H = {(u,x) = a}. So we are
supposed to solve the system of linear equations

a1+ as — a = 0
200 + 3as + a3 — a = 0
a1+ 2a2 + 2as3 - a =0
ai + a + a3 + a4 — « 0
with unknown (ai, ag, as, a4, ). Use Guassian reduction:
1 01 0 -1 0 10 1 0 -1 0
231 0 -1 0 . 03 -1 0 1 O
1220 —-10 02 1 0 0 O
1111 -10 01 0 1 0 O
[1 0 1 0 —1 0] 10 1 0 -10
. 01 0 1 0 O _ 01 0 1 0 O
03 -10 1 0 00 -1 -3 1 0
02 1 0 0 0] 00 1 -2 0 O
1 0 0 =3 0 O]
. 010 1 0 O
001 3 —-120
000 =5 1 0

So (3,-1,2,1,5) is a solution. Therefore, u = (3,—1,2,1,5) and H =
{3x1 — 9 + 223 + x4 = 5}. Of course, any multiples of (3,—1,2,1,5) are
valid answers.

3.10 (p. 33) (a) Use 3.9. Since aff(S) is closed, cl(aff(S5)) = aff(S). Since
S C aff(S), cl(S) C cl(aff(.9)).

(b) Since S C cl(S), aff(S) C aff(cl(S5)). By (a), cl(S) C aff(S) =
aff(cl(S)) C aff(aff(5)) = aff(S). Therefore, aff(S) = aff(cl(5)).

(c) Use 2.20. Let y € aff(S) and = € relint(S). Then relint ZyNrelint(S) #
0 by 2.20. Let z € relint g N relint(S). Then y is an affine combination of
z and z. Hence y € aff(relint(S)). Therefore, aff(S) C aff(relint(.5)).

On the other hand, relint(S) C S = aff(relint(S)) C aff(S). Therefore,
aff (relint(S)) = aff(.5).

3.11 (p. 33) Two hyperplanes H; and Hy are parallel to each other if
Hy = x¢ + Hy for some x.

Suppose that H; and Hy are parallel to each other such that Hy = ¢+ Hj.
Let Hy = {(u,z) = a} and 8 = (u, zo)+a. We will show that Hy = {(u,z) =
3.

Let x € Hy. Then z = x9 + y for some y € H;. Then

<’LL,ZL‘> = (U,l‘o—l—y> = <U,£L’0>—|—<U,y> = <u,x0>+o¢:ﬁ

Therefore, = € {{u,x) = 8} and Hy C {{u,x) = G}.
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Let z € {{u,z) = #}. Then
(u,z — z9) = (u,x) — (u,z9) = B — (u, o) =

Therefore, x — xy € Hy and = € 2o+ H; = Hy. So {(u,z) = 8} C Hy and
{(u,z) = B} = Ha. Consequently, u is the normal vector of both H; and
Ho.

On the other hand, assume that the normal vectors of H; and Hy are
multiples of each other. Let Hy = {(u,z) = a} and Hy = {(v,z) = } with
v = Au for some A # 0.

Let 21 € Hy and x9 € Hy. We will show that H; = (21 — x2) + Hs.

Let x € Hi. Then

(v,x4+x2 — 1) = (v,2) + (v,22) — (v, 21) = (v,2) — (v, 21) +
= (A\u,z) — Au,z1) + 8 = Mu, ) — Mu, 1) + 5
=da—-da+p=7

So z+x9—x1 € Hy and x € (x1 —x2)+ Hy. Therefore, Hy C (x1 —z2) + Ho.
Similarly, Hy C (z92 — x1) + Hi, ie., (z1 — x2) + Hy C Hy. So Hy =
(1 — x2) + H2 and Hy and Hy are parallel.

3.14 (p. 33) (a) Let y1 = f(z1) and y2 = f(x2) be two points in f(A),
where x1,x9 € A. Then ay; + fy2 = af(x1) + Bf(z2) = f(ax, + Bxg) for
a,0 > 0and o + 3 = 1. Since A is convex, axi + fxo € A and hence
flazi + Bx2) € f(A). So ayr + By2 € f(A) and f(A) is convex.

(b) Let 1,22 € f~1(B). Then f(x1), f(x2) € B. Since B is convex,
flaxy+ Bze) = af(z1)+Bf(x2) € B for a, 3 > 0 and av+ 3 = 1. Therefore,
azy + Bry € f~HB) and f~1(B) is convex.

4.1 (p. 40) By Theorem 4.12, conv(B) cannot be closed. So we are looking
for a closed set B such that conv(B) is not closed. Take B = {y = 2%, 2 > 0}.
Then conv(B) = {y > 2%,2 > 0} U {(0,0)}. Let A= {x =0,1<y <2}

Since A is convex, conv(A4) = A. Obviously, conv(A) N conv(B) = .

Next, we show that A and B cannot be strictly separated by a line.
Suppose that A and B is strictly separated by a line L. Since L strictly
separate A and B, LN A=LNB = 0.

If the slope of L is infinite, then L = {z = ¢}. If ¢ <0, then A, B C {z >
¢} and hence L does not separate A and B; otherwise, if ¢ > 0, LN B # ().
FEither way we have a contradiction.

Suppose that L has finite slope. Let L = {y — kx = b}. We have either
Bc{y—kx<b}or BC{y—kx>b}.

If B C {y—kx < b}, then 22—kx < b for all # > 0. This is impossible since
lim, o0 (22 — kx) = 00. Therefore, B C {y —kx > b} and A C {y — kx < b}.

Since B C {y — kx > b}, (0,0) € {y — kx > b} and hence 0 > b. On the
other hand, since A C {y — kz < b}, (0,1) € {y — kz < b} and hence 1 < b.
Contradiction.

4.2 (p. 40) Let {F) : A € I'} be the collection of all closed half-spaces that
contain S. Obviously, S C NyerF). We want to show that S D NyerF).

Let p € NacrF)\. Suppose that p & S.
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Since {p} and S are convex, {p} is compact and S is closed, by Theorem
4.12, {p} and S are strictly separated by a hyperplane H = {f(z) = a}.
Suppose that p € M = {f(z) > a} and S C N = {f(x) < a}. Since
H strictly separates {p} and S, p ¢ H and hence p ¢ N. Since S C N,
N € {Fy: X € I} and hence p € Ny¢;F\ C N. Contradiction.

Therefore, p € S and NycrF)\ C S. So NMyerFy = 5.

4.3 (p. 40) Since 7 is linear and S is convex, 7(S) is convex by 3.14. To
show that 7(5) is relative open in G, we prove first the fact that 7(B(z,d)) =
B(n(x),0) N G.

Let z = (21,22, ...,x,). For every y = (y1, 2, ...,yn) € B(x,d), we have

(@1 = y1)° + (2 = 12)* + oo + (20 — yn)? < &
Then
I7(y) — m(@)[1* = (@hs1 — Yes1)® + - + (@0 — Yn)?
< (21— y1)* + (22 = y2)? + o+ (20— yn)® < 87

So 7(y) € B(w(x),d) and 7(B(x,0)) C B(w(z),d) NG.

On the other hand, for each y = (0,0, ...,0, Ygt1, ..., Yn) € B(w(z),d) NG,
y = m(w), where w = (1,22, ..., Tk, Ykt1, --» Yn). Since |[|w —z|| = |ly —
m(x)|] < 6, w € B(x,§) so y € w(B(z,9)). Therefore, B(w(x),0) NG C
w(B(x,6)) and 7(B(z,d)) = B(n(z),0) N G.

Since S is open, for every point = € S, there exists an open ball B(z,d) C
S. Since w(B(z,d)) = B(n(x),0) NG, w(S) is open in G.
4.5 (p. 40) Let S = {x € R": f(z) > ¢} be a half-space in R", where f(z)
is a linear functional f : R™ — R.

Let B = [c,00) C R. Obviously, S = f~}(B). Since B is convex, S =
f~1(B) is convex by 3.14.
4.6 (p. 40) By Theorem 4.7, A and B are separated by a hyperplane H. We
will show that H actually strictly separates A and B. Let H = {f(z) = c}.
Suppose that A C U = {f(z) > c} and BCV = {f(x) < c}.

Since A is open, A C int(U) = {f(z) > c}. Similarly, B C int(V) =
{f(z) < ¢}. Therefore, H strictly separates A and B.



