Math 341 Homework 5 Solution

2.37 (p. 25) (a) Let B = {22 +y? < 1} be a disk and p be a point on the
circle bd(B) = {22 4+ y? = 1}. Let S = B\{p}. First, we show that S is
convex. Let u,v € S and w € relint(Zy). Since u,v € B and B is convex,
w € B. Obviously, w ¢ bd(B) and hence w # p. Therefore, w € S and
wv C S. So S is convex. Next, we show that S is enclosed by B. Let A be
the set with S € A € B. Then A\S C B\S = {p}. So A\S = 0 or {p}.
That is, A = S or B. Therefore, there are no sets between S and B and S
is enclosed by B. Finally, we need to show that S is enclosed by exactly one
convex set. Suppose that S is enclosed by a convex set A. Let ¢ be a point
in A such that ¢ ¢ S. If p=¢q, then S C B C A and hence A = B. Suppose
that p # ¢q. Then ¢ ¢ B. So d(o0,q) > 1, where o is the origin. Since A is
convex, og C A, i.e., \g € A for every 1 > X\ > 0. Let r = d(o,q). Then
v 1+ rq cA
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but x ¢ B because d(o,z) = ||z|| > 1. Then S C conv(S U {z}) C A with
S # conv(S U {z}) # A. Contradiction.

Similarly, we can construct convex sets enclosed by exactly n convex sets
for all n. Let G = {p1,p2,...;Pn,...} C bd(B), A, = B\{p1,p2,...,pn} and
A= B\G.

Then A, Ay, Ao, ..., Ay, ... are convex; A, is enclosed by exactly n convex
sets, which are A, U {p1}, A, U{pa}, ..., and A, U{p,}; and A is enclosed
by infinitely many convex sets, which are AU{p;}, AU{p2}, ..., AU{pp},.....

(b) Let D = {2? +4? < 1} and G = {p1,p2, -, Pn, ...} C bd(D). Let
A, =DuU {pl,pg,...,pi}. Then Ay C Ay C ... C A; C Aj41 C ... with A;4q
enclosing A;.

(c) This is true. Suppose that there exist two distinct points p,q € A
and p,q ¢ B. Then B C conv(B U {p}) C A. Since A encloses B, there
are no convex sets between B and A and hence conv(B U {p}) = A. There-
fore, ¢ € conv(B U {p}) = ¢ is a convex combination of x1,x2,...,Zp_1,p
with z1,x9,...,xp_1 € B. So there exist A1, Ao, ..., \n_1, A, > 0 such that
Yoy Ai=1and

q=Mz1+ Xxos+ ... + \p_1ZTp_1 + AnD.

We let
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Then y is a convex combination of z1,xs, ..., ,_1 and hence y € B. And
q= ()\1 + Ao+ ...+ )\n_l)y + App = (1 — )\n)y + A\np

and hence ¢ € py and q # p, y.



By the same argument, we can show that p € Tq for some x € B. There-
fore,

= a1p + By
p = q + Box

where «;, 8; > 0 and «; + 3; = 1. We may eliminate ¢ by multiplying the
first equation by ao and adding it to the second equation:

P = a1aop + a1y + Pax

So
1

p =B+ a2fry)
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Since
B2+ aof =1 —as+ af
= 1—(1—61)0&2:1—051052

p is a convex combination of x and y, i.e., p € Ty. Then p € B, which is a
contradiction.

(d) This is false. Let 1,292,735 be three points on R? not lying on a
line and Azjzoxs be the triangle with vertices at x1, x9, r3 (including the
boundary). Let B = (Azizox3\T1T2)U{z1} (we remove the edge z1z2 from
the triangle but keeping one vertex z;. We will show that B is convex but
A = BU{z2} is not.

To show that B is convex, let u,v € B and we show that wv C B. Since
u, v € Ar1T9T3,

U = a1x1 + agx2 + agrs
v =bix1 + boxg + baxs

where a;,b; > 0 and a1 +as +ag = b1 + by +b3 =1. Let w =au+ fv €
relint(uv), where o, 5 > 0 and « + 3 = 1. Then

au+ v = (aay + Bbr)x1 + (as + Bbe)xe + (cvas + Bbs)xs

If either ag > 0 or b3 > 0, then aas + b3 > 0 and hence w ¢ Tiz2; and
since w € Axixox3, w € B. Suppose that ag = bs = 0. Then u,v € T173.
And since u,v € B, u,v = 1. Then w = 21 € B. So B is convex.

Since x1,29 € A and T173 ¢ A, A is not convex.
3.1 (p. 32) By the definition of normal vector, H = {z : (u,z) = a}.
Since z1,x2 € H, (u,z1) = (u,22) = a. So (u,z1) — (u,z2) = 0 and
(u, 1 — x2) = 0, i.e., u is orthogonal to x; — x3.
3.2 (p. 32) Let e, e9,...,e,-1 be a basis for V.

Since y ¢ V, {e1,eq,...,en_1,y} is linearly independent and hence a
basis for R™. Therefore every point p € R is a linear combination of
€1,€2, ...y €n—1,Y, 1.€.,

p=aje; +agez + ... +an—1p—1 + QY

Let x = ajeq + ases + ... + ap_1€p—1. Then x € V and p =z + ay.
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Next we show such representation is unique. Suppose that p =z + ay =
'+ o'y with z,2/ € V. Then x — 2’ = (¢/ —a)y. fz =2/, a =ad'. If
r#2', o/ # a;theny = (o —a) ' (z —2') € V. Contradiction.

3.3 (p. 32) We want to show that o + Hy = [f : f].

Let € o+ Hy. Then x = z¢g + y with y € Hy. Since y € Hy, f(y) = a.
So f(x) = f(xo) + f(y) = f(xo) + « = B. Therefore, z € [f : (] and
xo+ Hi C [fﬁ]

Let x € [f : ]. Then f(x) = 3. So f(z—x0) = f(x)—f(z0) = 6—f(x0) =
a. Hence z —xg € Hy and © = 2o+ (x —x0) € xo+ Hy. So [f : 5] C zo+ Hj.

In conclusion, xo + Hy = [f : f].

3.4 (p. 32) (a) u=(2,-3)

(b) (-1,1)+ H = {22 — 3y = —3}.

3.5 (p. 32) We show that F} = Fy if 21 — 29 € V and Fy N Fy = 0.

Suppose that 1 —x9 € V. Then (21 —x2)+V =V =21+ V =22+ V,
i.e., F1 = FQ.

Suppose that 1 — x5 € V. We want to show that F} N Fy, = (). Otherwise,
assume that F1 N Fy # 0. Let x € Fi N F,. Since x € F} = 21 +V,
r—x1 € V;sincex € Fo = a0+ V, x— 29 € V. And since V is a linear
subspace, (x — x2) — (x — x1) € V, i.e., x1 — xo € V. Contradiction. So
FiNF,=0.

3.6 (p. 33) L={zx+4y="T}.
3.9 (p. 33) Let F' = W + x where x € R" and W is a linear subspace of
R™. There is nothing to prove if F' = R™. Let us assume that F' # R™. So
W is a proper subspace of R™.

Choose an orthonormal basis eq, es, ..., e, for R” with ey, es, ..., e gener-
ating W and ||e;|| =1 for i =1,2,...,n.

Let y € F and y — x = aje; + agea + ... + axex + Qpr1€p+1 + Qpr2€pr2 +
o Fapey. Sincey —x &€ W, ags1, ag+1, ..., an are not all zero. Let

_ 2 2 2
rf\/akﬂ—l—akw—i—...—i—an.

Then r > 0.
Let z € F and 2z = x + bieq + baes + ... + breg. Then

ly =zl = [[(ar — br)ex + (a2 — bz)ez + ... + (ak — bi)e
+ agt1€ks1 + agr2€kio + ... + aneyl|

= \/(a1—b1)2+(a2—b2)2+...+(ak—bk)2+ai+1+az+2+...+a% >r

That is, for every point z € F, d(y,z) > r. Thus B(y,r) N F = ( =
B(y,r) C F*. So F¢is open and F is closed.



