
Math 341 Homework 4 Solution

2.4 (p. 22) Note that λB(x, δ) = {λy : ||y − x|| < δ} and B(λx, λδ) = {z :
||z − λx|| < λδ}.

Let λy ∈ λB(x, δ). Then ||λy−λx|| = λ||y−x|| < λδ. So λy ∈ B(λx, λδ)
and λB(x, δ) ⊂ B(λx, λδ).

On the other hand, let z ∈ B(λx, λδ). Then

||λ−1z − x|| = 1
λ
||z − λx|| < δ

So λ−1z ∈ B(x, δ) and z ∈ λB(x, δ). Therefore, λB(x, δ) ⊃ B(λx, λδ).
In conclusion, λB(x, δ) = B(λx, λδ).

2.17 (p. 23) Pick three points x1, x2, x3 ∈ R2 not lying on a line. Let
A = x1x2 and B be the triangle ∆x1x2x3 (including the boundary), i.e.,

B = {λ1x1 + λ2x2 + λ3x3 : λ1 + λ2 + λ3 = 1, λ1, λ2, λ3 ≥ 0}
Obvious, A ⊂ B is one side of the triangle. But

relint(A) = x1x2\{x1, x2}
and

relint(B) = B\(x1x2 ∪ x2x3 ∪ x3x1)
That is, relint(A) is the line segment x1x2 with the two ending points re-
moved and relint(B) is the triangle with three sides removed. Of course,
relint(A) 6⊂ relint(B).
2.18 (p. 23) If xy ⊂ bd(S), there is nothing to prove. Otherwise, suppose
that xy 6⊂ bd(S), there exists a point z ∈ relintxy such that z 6∈ bd(S).
And since z ∈ S, z ∈ int(S). By 2.12, x ∈ bd(S) and z ∈ int(S) ⇒
relintxz ⊂ int(S) and y ∈ bd(S) and z ∈ int(S) ⇒ relint yz ⊂ int(S).
Therefore, relintxy ⊂ int(S).
2.20 (p. 23) First, I want state and prove a simple fact: If x, y, z are three
distinct points on a line, then x ∈ aff{y, z}, y ∈ aff{z, x} and z ∈ aff{x, y}.

Without the loss of generality, let us assume that y ∈ xz. So y = (1 −
λ)x+λz for some 0 < λ < 1. Obviously, y is an affine combination of x and
z so y ∈ aff{z, x}. Since

z =
1
λ
y − 1− λ

λ
x and

1
λ
− 1− λ

λ
= 1

z ∈ aff{x, y}. Similarly,

x =
1

1− λ
y − λ

1− λ
z ⇒ x ∈ aff{y, z}

Now let us go back to the proof of the problem. Suppose that y ∈ aff(S) =
W . Since x ∈ relint(S), there exists an open ball B(x, r) such that B(x, r)∩
W ⊂ relint(S). Obviously, xy ⊂W and relint(xy)∩B(x, r) 6= ∅. Therefore,
relint(xy) ∩B(x, r) ∩W 6= ∅ and hence relint(xy) ∩ relint(S) 6= ∅.

On the otherhand, suppose that relint(xy) ∩ relint(S) 6= ∅. Let z ∈
relint(xy)∩relint(S). Since x, y, z lie on the same line, y ∈ aff{x, z} ⊂ aff(S).
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2.25 (p. 23) (a) conv{x1, x2, x3} is the triangle ∆x1x2x3 and pos{x1, x2, x3}
is the cone over ∆x1x2x3 with vertex at the origin. So pos{x1, x2, x3} =
{(x, y) : x ≥ 0, y ≥ 0}.

Since {x1, x2, x3} is affinely independent, aff{x1, x2, x3} = R
2. So x ∈

pos{x1, x2, x3} ∩ aff{x1, x2, x3} while x 6∈ conv{x1, x2, x3}.
(b) S is linearly independent.

2.26 (p. 24) (a) Since S ⊂ conv(S), pos(S) ⊂ pos(conv(S)). It suffices to
prove that pos(conv(S)) ⊂ pos(S).

Let x ∈ pos(conv(S)). Then by (b), x = λs for some λ ≥ 0 and s ∈
conv(S). Since s ∈ conv(S), there exist x1, x2, ..., xn ∈ S and a1, a2, ..., an ≥
0 such that s = a1x1+a2x2+...+anxn and

∑n
i=1 ai = 1. So x =

∑n
i=1 λaixi.

And since λai ≥ 0, x ∈ pos(S). Therefore, pos(conv(S)) ⊂ pos(S) and hence
pos(conv(S)) = pos(S).

(b) Suppose that x ∈ pos(S). Then x =
∑n

i=1 aixi for some a1, a2, ..., an ≥
0 and x1, x2, ..., xn ∈ S.

If a1 = a2 = ... = an = 0, then x = 0 = 0s for every s ∈ S. Assume that
a1, a2, ..., an are not all zero. Let λ =

∑n
i=1 ai. Then λ−1x =

∑n
i=1 aiλ

−1xi is
a convex combination of x1, x2, ..., xn since

∑
i=1 aiλ

−1 = λ−1
∑n

i=1 ai = 1.
And since S is convex, λ−1x ∈ S. Let s = λ−1x. Then x = λs with λ ≥ 0
and s ∈ S.

On the otherhand, it is obvious that x = λs with λ ≥ 0 and s ∈ S ⇒
x ∈ pos(S).
2.30 (p. 24) (a) Check that the following matrix has rank 4 (use Gaussian
reduction) 

1 −1 2 −1 1
2 −1 2 0 1
1 0 2 0 1
1 0 3 1 1


(b) It is easy to check that xi ∈ B for i = 1, 2, 3, 4. So A ⊂ B. By (a),

dimA = 3. And since dimB = 3 = dimA, A = B by 2.29.
2.31 (p. 24) (a) Suppose that F 6⊂ G and G 6⊂ F . Then there exist x ∈ F
and y ∈ G such that x 6∈ G and y 6∈ F . Choose a point z ∈ xy and z 6= x, y.
Since F ∪ G is convex, z ∈ F ∪ G. Since x, y, z lies on a line, x ∈ aff{y, z}
and y ∈ aff{x, z}. If z ∈ F , then y ∈ aff{x, z} ⊂ F ; otherwise, if z ∈ G,
then x ∈ aff{y, z} ⊂ G. Either way we have a contradiction.

(b) Take A = (0, 2) and B = (1, 3) ⊂ R. Then A,B,A ∪B are all convex
but A 6⊂ B and B 6⊂ A.
2.32 (p. 24) Suppose that x1, x2, ..., xk are linearly dependent. Then there
exist a1, a2, ..., ak not all zero such that a1x1 +a2x2 + ...+akxk = 0. Without
the loss of generality, assume that a1 6= 0. Then

a1〈x1, x1〉+ a2〈x2, x1〉+ ...+ ak〈xk, x1〉 = 0

Since x1, x2, ..., xk are orthogonal to each other, 〈x2, x1〉 = ... = 〈xk, x1〉 = 0.
So a1〈x1, x1〉 = 0 ⇒ 〈x1, x1〉 = 0 ⇒ x1 = 0. Contradiction.
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2.34 (p. 25) By Caratheodory’s Theorem, x ∈ {x1, x2, ..., xn+1} for some
x1, x2, ..., xn+1 ∈ S. Let

x = a1x1 + a2x2 + ...+ an+1xn+1

with ai ≥ 0 and
∑n+1

i=1 ai = 1.
Since {v, x1, x2, ..., xn+1} is affinely dependent, there exist b, b1, b2, ..., bn+1,

not all zero, such that

bv + b1x1 + b2x2 + ...+ bn+1xn+1 = 0

and b +
∑n+1

i=1 bi = 0. We may choose b such that b ≤ 0 (otherwise, we
replace b, bi by −b,−bi).

Let
µ = min{ai

bi
: bi > 0}

Then
x = a1x1 + a2x2 + ...+ an+1xn+1 − µ(bv + b1x1 + b2x2 + ...+ bn+1xn+1)

= −µbv +
n+1∑
i=1

(ai − µbi)xi

Obviously, −µb +
∑n+1

i=1 (ai − µbi) =
∑n+1

i=1 ai − µ(b +
∑n+1

i=1 bi) = 1. And
−µb ≥ 0, ai−µbi ≥ 0 due to our choice of µ. At least one of ai−µbi is zero.
Let µ = al/bl for some 1 ≤ l ≤ n+1. Then x ∈ conv{v, x1, x2, ..., x̂l, ..., xn+1}.
A1. Proof by induction. It holds when n = 2 (Theorem 2.9). Suppose that
it holds for n < k. We want to prove it for n = k.

Let x ∈ conv{x1, x2, ..., xk} with x1, x2, ..., xk ∈ int(S). Let x = a1x1 +
a2x2 +...+akxk with ai ≥ 0 and

∑k
i=1 ai = 1. Without the loss of generality,

assume that a1 > 0. Let a =
∑k−1

i=1 ai = 1− ak. We write

x = (a1x1 + a2x2 + ...+ ak−1xk−1) + akxk

= a(
a1

a
x1 +

a2

a
x2 + ...+

ak−1

a
xk−1) + (1− a)xk

= ay + (1− a)xk
Let

y =
a1

a
x1 +

a2

a
x2 + ...+

ak−1

a
xk−1.

Since
a1

a
+
a2

a
+ ...+

ak−1

a
=
a

a
= 1

y ∈ conv{x1, x2, ..., xk−1}. By induction hypothesis, y ∈ int(S). Since
x = ay + (1− a)xk, x ∈ conv{y, xk}. Therefore, x ∈ int(S).
A2. Since S is closed, S has a minimum m if S is bounded from below
and S has a maximum M if S is bounded from above. Then it is obvious
that conv(S) can only be one of the following: [m,M ], [m,∞), (−∞,M ] or
(−∞,∞). All these are closed sets.


