Math 341 Homework 3 Solution

2.13 (p. 23) Fix a point y € int(S). For a point = € cl(S), relint(zy) C
int(S) by 2.12. Therefore,

7y = cl(relint(zy)) C int(S)

So z € cl(int(S)) and cl(S) C cl(int(S)). And since cl(S) D cl(int(5)),
cl(S) = cl(int(.9)).

Consider S = {2} U (0,1) € R. We have int(S) = (0,1) and cl(int(5)) =
[0, 1] while cl(S) = {2} U [0, 1].
2.14 (p. 23) Let A = int(cl(S)) and B = int(S). By 2.13, cl(A) =
cl(int(cl(S))) = cl(cl(S)) = cl(S) and cl(B) = cl(int(S)) = cl(S). Socl(A) =
cl(B). To prove A = B, it suffices to prove the following: if A and B are
two open convex sets satisfying cl(4) = cl(B), then A = B.

Let x € A and y € B. Since A is open, x is an interior point of A. Hence
there exists an open ball B(z,d) C A with 6 > 0. Let r = d(z, y),

2r 1
b andz—x(azf(lfk)y)

One can check that x = (1 — A\)y + Az. So z € relint(yz). Since

ol = () eyl = (252) 022
x—z|| = 3 x—yl|l = )75

So z € B(x,0) C A C cl(A) = cl(B). Now z € cl(B) and y € B = int(B).
So by 2.12, relint(yz) C int(B) = B. So z € B and A C B. Similarly,
BCA. SoA=B.

Consider S = Q C R. We have cl(S) = R and int(cl(S)) = R while
int(S) = 0.
2.15 (p. 23) Since bd(cl(S)) = cl(cl(9))\int(cl(S)) = cl(S)\ int(cl(S)),
bd(S) = cl(S)\ int(S) and int(cl(S)) = int(S) by 2.14, bd(cl(S)) = bd(S5).
2.16 (p. 23) Note that aS + S = {az + py : z,y € S} and (a + 5)S =
{(a+B)z : z € S}. Please pay attention to the difference between these two
sets (where I use different letters x,y, z deliberately).

It is obvious that (o + 3)S C aS + (S (letting = y = z). It remains to
prove that oS + S C (a+ 3)S, i.e., ax + By € (o + B)S for all z,y € S.

Let 3
«
= +
a—l—ﬂx a+5y
Since 3
«
=1 and 0
a+ﬂ+a+ﬂ and o, >

z is a convex combination of x and y. And since S is convex, z € S and hence
(a+pB)z € (a+3)S. Of course, (a+ )z = ax+PBy. So ax+ Py € (a+3)S.
For counterexample that aS + S # (a + ()S if S is not convex, let
a=0F=1and S={0,1} CR. Then S+S5 ={0+0,14+1,0+1} ={0,1,2}
while (14 1)S =25 = {0, 2}.
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2.21 (p. 23) (a) Since B C conv(B) and A C B, A C conv(B).

(b) The convex hull of A is the intersection of all convex sets that contain
A. Let {Wy : XA € I} be the collection of all convex sets that contain A.
Then conv(A) = NxerWy. Since B is convex and B D A, B € {W) : A € I}.
So B =W, for some « € I. Therefore, conv(A) = Nye; Wy C W, = B.

(c) By (a), A C conv(B). By (c), A C conv(B) and conv(B) is convex =
conv(A) C conv(DB).

(d) By (¢), AC AUB = conv(A) C conv(AUB) and BC AUB =
conv(B ) C conv(A U B). So conv(A) U conv(B) C conv(AU B).

() By (¢c), AnNB C A= conv(ANB) C conv(A) and ANB C B =
conv(A ﬂ B) C conv(B). So conv(AN B) C conv(A) N conv(B).

(f) For a convex set S, S = conv(S). Since conv(A) is convex, conv(A) =
conv(conv(A)).

(g) For (d), let A =(0,1) and B = (2,3) C R. Then conv(A) = A and
conv(B) = B since both A and B are convex. But conv(A U B) = (0,3) #
conv(A) Uconv(B) = AU B.

For (e), et A ={0,2} and B = {1,3} ¢ R. Then conv(A) = (0,2) and
conv(B) = (1,3). But conv(AN B) = conv(P)) = 0 # conv(A) N conv(B) =
(1,2).

2.24 (p. 23) Note that if z = ayz1 + @exa + ... + @mTy, and «; > 0, then
1 a1

o=+ B+ 4 2y,
(0% « « v

is a convex combination of x1,xs, ..., Ty, where a = a1 + as + ... + ay,. SO
pos(S) = {Az : x € conv(S), A > 0}

Geometrically, pos(S) is the cone over conv(S) with vertex at the origin. So
for S = {(=1,1),(1,1)}, let P = (=1,1) and Q = (1,1). Then conv(S) =
P@Q and pos(S) is the sector beteween the rays OP and OQ. That is,
pos(S)={y—z >0,y +x > 0}.

2.27 (p. 24) (a) Suppose that {x1,z9,...,xx} is affinely dependent. Then
there exist A1, Aa, ..., A\g, not all zero, such that Zle Ai =0 and

(0.1) A1+ Aoz + A3x3 + ... + A\ = 0.

Then A\; = —(A2 + A3 + ... + A\x). Substitute A; in (0.1):
— (Ao + A3+ .. + Ap)x1 + doxo + Azzg + .. + Az =0
= Xo(x2 —x1) + A3(x3 — 1) + ... + Ap(zp — 1) =0

It is not hard to see that Ao, A3, ..., A\p cannot be all zero since, otherwise,
M=X3=...=XA=0= X\ = —()\2+)\3+...—|—)\k) = 0, which is a
contradiction. So xo — 1,23 — 1, ...,k — x1 are linearly independent.

On the other hand, suppose that o — x1, 23 — 21, ..., xx — 1 are linearly
independent. Then there exist Ag, As, ..., Ag, not all zero, such that

Ap(zo — 1) + A3(23 — 1) + ... + Mp(@p —21) =0



So
—()\2 + A3+ ...+ )\k)$1 4+ Xoxo + Azxgz + ... + Apxp = 0.
Let Ay = —(A2 4+ A3 + ... + Ax). Then S°F A =0, 3% Mz = 0 and \’s
are not all zero. So x1,x9, ..., x} are affinely dependent.
(b) Suppose that xi, 2, ...,z are affinely dependent. Then there exists
A1, A2, .. g, not all zero, such that S°% | A; = 0 and 3% | Mz = 0. With-
out the loss of generality, let us assume that A\; # 0. Then

A2 A3 Ak
T1 _)\711?2_)\71.%3_“‘_713%
Since
R S D Ul ettt o\ ST R
)\1 )\1 )\1 )\1 )\1

x1 is an affine combination of xs, z3, ..., Tk.

On the other hand, suppose that 7 is an affine combination of xs, z3, ..., .
Then there exist A9, A3, ..., A\ such that Ao + A3 +... + A\ = 1 and z1 =
oo + A3x3 + ... + Apxk. So

—x1+ Xoxo + A3x3 + ...+ A\pxp, =0

and
(=) + X+ X3+...+ X =0
Therefore, x1, 9, ..., x) are affinely dependent.

2.28 (a) Let us assume that p can be written as an affine combination of
21,2, ..., Tp+1 in more than one way. Then

p=Ax1+ Aoxo+ ...+ )\k—&—lxk—i-l = /\,11131 + )\/21'2 + ...+ >\§€+1IL‘]€+1
for some Y A\; => A\, =1 and

(AL A2y oy Apg1) # (N1, Ay, ooy Ay1)
Then

(A1 = ADz1 + (A2 = A)a2 + oo+ (M1 — N1 )Th+1 =0
with > (A — X)) => A —> AN, =0.

Moreover, since (A1, A2, ..., Agr1) 7 (A, Ao, o, Np 1), Ai — A are not all
zero. Therefore, x1,x2,...,251 are affinely dependent. By 2.27 (b), one
of 21,29, ...,x+1 is an affine combination of the rest. Without the loss of
generality, let us assume that zjy; € aff{xi,x9,...,xr}. Then aff(S) =
aff{x1,x9, ..., x;} has dimension less than k. This is a contradiction.

(b) To find the affine coordinates of a point, it comes to down to solve
a system of linear equations. The answers are p; = (12/13,3/13,—-2/13),
p2 = (8/13,2/13,3/13), ps = (2/3,0,1/3) and psy = (9/13,—1/13,5/13).

(c) It is in the interior iff all the affine coordinates are positive. It is on
the boundary if all the affine coordinates are nonnegative and one of them
is zero. So ps is in the interior, ps is on the boundary and p; and p4 are
outside.



(d) By the criterion given in (¢), y4 is in the interior, y9 is on the boundary
and y; and y3 are outside.
2.29 A flat is a translate of a linear subspace. Let FF = V 4+ z and G =
W + y, where V and W are linear subspaces of dimension k. Since F' C G,
V4+axCW+y. SoVCW+(y—=x). Since0€V,0€ W + (y—x). Hence
x—y €W =y—ax & W. Therefore, W + (y —x) = W and V. C W. And
since dim W = dim V', we must have V' = W. This implies V =W + (y — x)
and V +2x =W +y. That is, F = G.



