Math 341 Homework 2 Solution

2.6 (p. 22) Let 1 = a1 + by and x9 = ag + by be two points in A + B with
a1,a2 € A and b1,by € B. We want to show that

T1T2 ={axy1 + fre:a, 3 >0,a+ =1} CA+ B
Since
axy + fra = alar + b1) + Blaz + b2) = (aar + Baz) + (aby + Bba)

aal + Pag € A because A is convex and aby + by € B because B is convex,
consequently, axq + fxo € A+ B for any o, 3 > 0 witha+5=1. So A+ B
is convex.
2.7 (p. 22) (a) Let C = {y = 2?}. Since f(x) = z? is concave upward,
conv(C) = {y > 22}

(b) Let C = {y = 2%,z > 0} and W = {y > 22,2 > 0} U {(0,0)}. We
want to show that W = conv(C).

Since both {y > 22} and {z > 0} U{(0,0)} are convex, W is the intersec-
tion of these two sets and hence convex. Let O = (0,0) and P, = (z,22%) € C
for each # > 0. Since OP, C conv(C), Uy>oOP, C conv(C). Obviously,

Jor.=w

x>0
since the slope of the line OP, is x which approaches co as x — oco. There-
fore, C C W C conv(C). And since W is convex, conv(C) = W.

(c) Let C = {y = x3}. We want to show that conv(C) = R2.

Let Cy = {y = 23,2 > 0} and W, = conv(C,). Since z? is concave
upward when z > 0, using the same argument as in (b), we see that W, =
{y > a3, x> 0}.

Let C_ = {y = 2%, < 0} and W_ = conv(C_). By the same argument
as before, we see that W_ = conv(C_) = {y < 2%,z < 0}. Therefore,
Wi UW_ C conv(C) and conv(W, UW_) C conv(C). Next we will show
that R? C conv(Wy UW_). Let P = (xp,y,) be a point not in W, U W_.
Without the loss of generality, let us assume that z, < 0 (the argument for
xp > 0 proceeds in the same way). Since P ¢ W_, y, > :):g. Choose a point
Q = (zq, xg) € C_ with z, < x,. The slope of PQ is

.3 3.3
Yp xq>xp Lq

Ip —Tqg  Tp— Xq

>0

i.e., the line PQ has positive slope. Hence it will meet W, at some point R
with P € QR. Therefore, P € conv(W, UW_) and R? C conv(W, UW_).
So R? = conv(C).

(d) Let C = {y = 1/z,x > 1/2} and W = {y > 1/z,y < 2,z > 0} U
{(1/2,2)}. We want to show that W = conv(C).

Since y = 1/z is concaved upward when = > 0, {y > 1/z,z > 0} is
convex. And since {y < 2} U{(1/2,2)} is convex, W is convex.
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Let P = (1/2,2). For each z > 1/2, let Q, = (z,1/x) € C. Then
PQ, C conv(C) for every z > 1/2. Since the slope of the line PQ, is
—1/(2z) and lim;_, —1/(22) = 0,

W= |J PQ..
x>1/2

So W C conv(C). On the other hand, C' C W and W is convex.

(e) Let C ={y =sinz} and W = {—1 <y < 1}. We want to show that
W = conv(C).

It is obvious that W is convex.

Fix #. For each positive integer n, let P, = (0 — 2nm,sinf) and @, =
(04 2nm,sind). Both P, and @, lie on C. So P,Q, C conv(C). Obviously,

0 [
U PnQn = L9
n=1

where Ly is the horizontal line passing through P, and @, i.e., Ly = {y =
sinf}. So Ly C conv(C) for every 0. Therefore, W = ULy is contained in
conv(C). On the other hand, C' C W and W is convex. Hence W = conv(C).

(f) Let C = {y =tanla,—7/2 <y < w/2} and W = {-7/2 < y <
7w/2}. Tt follows from a similar argument as in (c) that W = conv(C).

Let O, = {y =tan"!'2,2 > 0} and C_ = {y = tan"' 2,2 < 0}. Then
Wy = conv(Cy) = {0 < y < tan~'2} and W_ = conv(C_) = {0 >
y > tan~!'z}. Next using a similar argument as in (c), one can show that
W C conv(W, U W_).

2.8 (p. 22) Let y,z € B(z,9), i.e., |ly —z|| < and ||z — z|| < 6. We want
to show ay + Bz € B(x,d) for every o, 5 > 0 with o 4+ 3 = 1. Since

llay + Bz — z|| = |la(y — x) + B(z — 2)|| < [y — 2)|[ + |[B(z — 2)]]
=ally—z||+ 0]z —z|| <ad+ I =§

ay + Bz € B(x,0). So B(x,§) is convex.

2.9 (p. 22) Let S be a bounded set. Then S C B(z, R) for some point
x and R > 0. Hence conv(S) C conv(B(z,R)). Since B(z,R) is convex,
conv(B(z,R)) = B(z,R). Therefore, conv(S) C B(z,R) and conv(S) is
bounded.

2.10 (p. 22) A flat is a translate of linear subspace of R". Let S =W 4«
be a flat with W a linear subspace of R” and z € R™. Let y +z € S and
z+x € S. Then

aly+z)+B(z+2)=ay+ pz+x

for any a, 6 > 0 and oo+ 3 = 1. Since W is a linear subspace and y,z € W,
ay + Bz € W. Hence a(y + z) + f(z + x) € S and S is convex.

2.11 (p. 22) Let W =ZyN.S. Since both Ty and S are closed, W is closed.
Since 7y is bounded, W C zy is bounded. Let f : W — R be the function
f(w) = d(z,w) for w € W. We have proved that such f is continuous. And
since W' is compact, f(w) has a maximum and minimum over W (Extreme



3

Value Theorem: a continuous function has a maximum and minimum over
a compact set). Suppose that f achieves the minimum at z € W. We want
to show that z € bd(S). If not, then z € int(S). There exists an open
ball B(z,d) C S with radius 0 > 0. Let r = d(x, z) = f(2) be the distance
between x and z. Then there exists a point p € Tz such that d(z,p) = r—0/2
and d(p,z) = §/2. So p € B(z,0) C S and p € Ty. Consequently, p € W.
But f(p) = d(z,p) =r —6/2 < f(2). This contradicts the fact that f has a
minimum at z. So z € bd(S5).
2.12 (p. 22) Since y € int(Y5), there exists an open ball B(y,r) C S with
r > 0. Obviously, B(y,r) = int(B(y,r)) C int(S5), i.e., every point of B(y,r)
is an interior point of S.

Since x € cl(S), for every 6 > 0, there exists a point z € S such that
||z —z|| < 0.

Fix 6§ > 0. We claim that

w=(1-Xzx+ Ay € int(S)

for every §/r < A < 1. Then relint(zy) C int(S) follows easily by letting
d — 0.
Let z € S be the point such that ||z — z|| < §. Let

u = X(w—(l—)\)z)

Since w = (1 — A)z + Au, w € wz and w # u,z because A # 0,1, i.e.,
w € relint(uz).
Since

1
lu =yl = Sllw = (1 = A)z = Ayl

1

:;H(l—A)HAy—(l—A)Z—AyH
1—2X\ P

= —lle—2ll < @-N5 <(@-Nr<r

u € B(y,r) and hence u € int(S). Since z € S and u € int(5), relint(uz) C
int(.S). Therefore, w € int(S).

So for every § > 0 and 0/r < A < 1, (1 — ANz + Ay € int(S). By letting
d — 0, we see that (1 — Nz + Ay € int(S) for every 0 < A < 1, ie.,
relint(Zy) C int(S).
2.19 (p. 23) (a) Consider S = (0,1). S is convex but bd(S) = {0,1} is
not.

(b) Consider S = (0,00). S is convex and bd(S) = {0} is convex, too.

(c) Pick a point =z € int(S). Let L be a line passing through z. Set
W = LnNcl(S). Since both L and cl(S) are convex, W is convex. Since both
L and cl(S) are closed, W is closed. Since cl(S) is bounded, W is bounded.
So W is a closed bounded convex subset of L = R!; a closed bounded
convex subset of R! must be a closed interval [a,b]. Therefore, W = pq
with p,q € L. We claim that p,q € bd(S). If not, say p & bd(S). Then



4

p € int(S). There exists an open ball B(p,d) C S with § > 0. Obviously,
LN B(p,d) C W but LN B(p,d) ¢ pg. Contradiction. So p,q € bd(S).
Since z € pg and x ¢ bd(S), bd(S) is not convex.
A1l. First we show that W = {y > f(x)} is convex. Let p,q € W. We want
to show that pg C W. If not, suppose that there exists a point r € pg and
r¢g Ww.

Let p = (zp,¥p), ¢ = (24, Yq), " = (2r,y,). Then z, < z, < z4. By Mean
Value Theorem (MVT), there exists a € (zp,x,) such that

f’(a) _ f(xr) - f(l’p)
Ty — Tp

Again by MVT, there exists b € (z,,z4) such that

pipy = F@0) = )

Tg — Ty

Since p,q € W, y, > f(zp) and y, > f(x4) and since r ¢ W, y, < f(x,).

Therefore,
fl(a) _ f(J:T) - f(ajp) > Yr — Yp = My,
Tr — Tp Ty — Tp
and
f/(b) — f($q) - f(iT) < yq - yT’ _ mrq
Tqg — Ty Tg — Ty

where mp, and m,, are the slopes of the lines pr and rq, respectively. Of
course, My, = Myq as p, ¢, 7 lie on the same line. So f'(a) > f/(b) with a < b.
This is impossible because f”(x) > 0 and f’(z) is increasing. Therefore,
pq C W and W is convex.

Next we show that W C conv(C), where C = {y = f(x)}. Let r =
(zr,yr) € W and r ¢ C. We will show that there exist two points p,q € C
such that r € pq.

Let mg = f'(0), m1 = f'(1) and mg = f/(2) (there is nothing special
about 0,1,2 and you may choose three arbitrary numbers z¢o < z; < w2
and let mg = f'(xg), m1 = f'(x1) and mg = f'(x2) be the derivatives).
Obviously, mg < m1 < ms.

Let L, be the line passing through point r with slope my, i.e.,

Ly:y—yr :m1($_xr)
We want to show that L, meets the curve C' at two points p and ¢. Let

9(z) = f(z) = (yr + ma(z — )
Since r € W and r & C, y, > f(x,) and hence g(z,) < 0. When z > 2,

@) = £(2) + / P> F2) +mae - 2)

Therefore, lim, o, g(z) = co. When x < 0,

0
f(z) = £2) - / (0t > F(2) —mo(0 - z)



Therefore, lim,, o g(x) = co.

Since g(x,) < 0 and lim,_,+ g(x) = lim,—,_~ g(x) = 00, by Intermediate
Value Theorem, there exist =, < z, and z, > z, such that f(z,) = f(z,) =
0. Correspondingly, p = (zp, f(xp)) and ¢ = (x4, f(x4)) are the intersections
between L, and C. Hence r € pg and W C conv(C).

Since C' C W C conv(C) and W is convex, W = conv(C).

A2. Let C ={y = f(z)} and C" = {y = —f(x)}. Since —f(z) is concave
upward, by the previous problem, conv(C’) = {y > —f(x)}. Let ¢ : R? —
R? be the map ¢(z,y) = (v,—y). Then C = ¢(C’) and ¢(conv(C’)) =
conv(¢(C")) because ¢ maps convex sets to convex sets. So

conv(C) = ({y > —f(2)}) ={~y > —f(@)} ={y < f(2)}



