Math 341 Homework 1 Solution

1.3 (p. 9) (a) Since
(A+B)+C={a+b:ac Abe B} +{c:ceC}
={a+b+c:acAbeB,ceC}

and
A+(B+C)={a:ac Ay +{b+c:beB,ceC}
={a+b+c:acAbeB,ceC}

it follows that (A+ B)+C = A+ (B+ ().
(b) Since

a(A+B)=afa+b:ac A,be B} ={aa+ab:a € Abc B}
and
aA+aB={aa:ac A} +{ab:be B} ={aa+ab:ac Abe B}

it follows that a(A + B) = aA + aB.

1.5 (p. 9) (a) Let S = B(p,d) be the open ball centered at point p with
radius . We want to show that S is open. Let ¢ € S. Then ¢ = d(p,q) < 9.
We claim B(q,d —¢) C S. Let r € B(q,0 —¢). Then d(q,r) < 6 —e. By the
triangle inequality,

d(p,7) < d(p,q) +d(q,7) <e+(d—¢)=46

Therefore, r € B(p,d) = S and hence B(q,6 —¢) C S. Consequently, ¢ is
an interior point of S and S is open.

(b) Every point of R™ is obviously an interior point of R™. So R is open.

(¢) Since int(@) = 0, O is open.

(d) Let {Vy : A € I} be a collection of open sets. We want to show that
the union V = Uy V) is open. Let p € V be a point in V. Then p € V) for
some A € I. Since V) is open, there exists a 6 > 0 such that B(p,d) C V)
and hence B(p,d) C V. So V is open.

(e) Let V- = NI, V; be the intersection of n open sets V1, Vs, ..., V,,. We

want to show that V is open. Let p € V. Since p € V;, there exists
d; > 0 such that B(p,0;) C V; for each i. Let § = min(dy, 2, ...,0,). Then
B(p,0) =N B(p,6;) C N, Vi = V. So p is an interior point of V' and V
is open.
1.6 (p. 9) (a) Let V. = {p1,p2,...,pn} be a finite set. We want to show
that V is closed, i.e., the complement V¢ is open. Let p € V¢ and let
r; = d(p,p;). Since p &€ V, r; > 0 for each i. Let r = min(ry,ro,...,7p).
Then B(p,r) NV = 0 and hence B(p,r) C V¢ So V¢ is open and V is
closed.

(b) The complement of R™ is (), which is open. So R is closed.

(c) The complement of ) is R™, which is open. So 0 is closed.
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(d) Let {V\ : A € I} be a collection of closed sets. We want to show that
V = NxerV) is closed. Since V¢ = UyerVy and VY is open for each A, V¢ is
open and hence V is closed.

(e) Let V = U!_,V; be the union of n closed sets V;. Since V¢ =N, V¢
and V¢ is open for each i, V is open and hence V is closed.

1.7 (p. 9) (a) For every point p € int(A), there exists an open ball B(p,r) C
A for some 7 > 0. Since A C B, B(p,r) C B and hence p € int(B).
Therefore, int(A) C int(B).

(b) The closure of A is the intersection N;c;V;, where {V; : i € I} is the
collection of all closed sets that contain A. Similarly, the closure of B is
the intersection NjesU;, where {U; : j € J} is the collection of all closed
sets that contain B. Since A C B, every closed set that contains B also
contains A, i.e., {U; : j € J} C {V; :i € I}. Therefore, NicrVi C NjesUj,
ie., cl(A) C cl(B).

1.10 (p. 10) (a) Since A+ B = Upep(A+b) and A+b= Aisopen, A+ B
is open since the union of a collection of open sets is open.

(b) This is false. Use the example I gave in the hint. Let A = {1,2,...,n,...}

and B={1/2—-1,1/4-2,...,27"—n,...}. So A+ B={m—-n+2"":m,n €
Z,m,n > 0}. We want to show that both A and B are closed, while A + B
is not. Since A = (—o0,1)U(1,2)U(2,3)U...U(n,n+1)U... is the union of
open intervals, A€ is open and hence A is closed. Similarly, B is closed since
Be=(1/2-1,00)U(1/4—2,1/2—-1)U..U(2 " 1 —n—1,2"—n)U..is
open. To show that A+ B is not closed, we first show that 0 ¢ A+ B. This
is obvious since m —n+27" is not an integer for any m,n € Z and m,n > 0.
Next we show that for any € > 0, (—e,e) N (A + B) # (). Since £ > 0, there
exists N € Z and N > 0 such that 27 < e. And since 27V € (A + B),
27N € (—e,e) N (A + B) # (). Therefore, 0 € (A + B)¢ and 0 is not interior
point of (A + B)¢ because (—¢,¢) ¢ (A+ B)¢. So (A+ B)¢ is not open and
A+ B is not closed.
1.13 (p. 10) To show that a function is continuous, it is more convenient to
use the e — 0 definition than the standard definition. In this case, we want to
show that f(x) is continous at every point € R™ for each ¢ > 0, there exists
d > 0 such that f(B(z,0)) C B(f(x),e€). For this function f(z) = d(x,p), it
is enough to pick § = e. For each y € B(z, ), i.e., y satisfying d(z,y) < 4,

|f(y) = f(z)| = |d(y, p) — d(z,p)| < d(z,y) <d=¢

Therefore, f(y) € B(f(x),€) and hence f(B(z,0)) C B(f(x),€). So f(x) is
continuous at every point x € R™.

Another way to see f(z) is continuous is to write down the formula for
f(z). Let p = (p1,p2,...,Pn). Keep in mind that py, po, ..., p, are constants
as p is fixed. Let x = (z1,x2,...,25). Then

f(@) = flz1,22, s n) = V(21 — p1)2 + (22 — p2)? + .. + (25 — pn)?

You may take the following facts for granted (although they are not that
obvious): the sum, difference, product, quotient (as long as the denominator
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is not zero) of two continuous functions are continuous; the composition of
two continuous functions are continuous.

Now x1 — p1,%2 — p2,...,Tn — Pp are all continuous functions from R"
to R. So (w1 — p1)?, (z2 — p2)?, ..., (zn — pn)? are continuous and hence
g(z1, 20, ..., 1) = (21 — p1)? + (x2 — p2)? + ... + (2, — pn)? is continuous.
Now f is the composition h o g with h(z) = y/z. Since both h and g are
continuous, f is continuous.

1.14 (p. 10) Let r = ||p||. Take 6 = ¢/r. For every y € B(z,J), i.e., y
satisfying ||y — z|| < 4,

1f(y) = f(@)] = [{y,p) — (&, p)| = Ky — 2, p) < ly — =[] - ||l
< or=(e/r)r=c¢
Therefore, f(y) € B(f(x),¢) and hence f(B(x,0)) C B(f(x),¢). So f(x) is

continuous.
Here is another way to show it. Let p = (p1,p2, ..., pn). Then
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f(x) = f(x1,22, ... Tn) = p121 + P22 + ... + PpTy

Since pix1, paxo, ..., pnxy are continuous functions, p1x1 + poxo + ... + Py
is continuous.

1.22 (p. 10) Suppose that f(A) is not connected. Then f(A) =Y UZ
with Y, Z #@ and Y Necl(Z) =cl(Y)NZ = 0. Then

Ac T V)ufi(2).

Since YNZ =0, fL(Y)nf1(Z)=0.
Let B=ANf~YY)and C = AN f~Y(Z). Then

A=BUC

Next we want to show that B and C' are separated, i.e., BNcl(C) = cl(B)N
C=10.

Since f is continuous, the inverse images of closed sets are closed. Hence
f71(cl(2)) is closed. Since C C f~1(Z) C f~(cl(2)), cl(C) C f~1(cl(Z)).

Since Y Nnel(Z) = 0, f~4(Y) N f~1(cl(Z)) = 0. Consequently, B N
fHc(2)) = 0. So BNnecl(C) = @. Similarly, cI(B) N C = (). To con-
clude our proof, we have to show that B and C' are not empty.

Since f(A) =Y UZ with Y NZ =0 and Y, Z # (), there exist y,z € A
such that f(y) € Y and f(z) € Z. Theny € B and z € C so B,C # 0.

Therefore, B and C are separated and B,C # (). Hence A = BUC is not
connected. Contradiction.
2.2 (p. 10) (a) Let z €e ANBandye AUB. If y € A, thenzy C A
because A is convex. If y € B, then Ty C B because B is convex. Therefore,
Ty C AU B. Therefore, x lies in the kernel of AU B and AN B is contained
in the kernel of AU B.

(b) Consider A = (0,2) and B = (1,3). Then AU B = (0,3) is convex
and hence the kernel of AU B is AU B itself. Obviously, ANB # AU B is
not the kernel of AU B.
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)+ (Z,9) + (4, 7) + (. )
= 121> + 2(z,9) + 171
A2. Following the hint, we let
FO) = (F+ A7, 7+ ) = ||Z]]° + 202, 5) + \[|7]]?

Since f(A) > 0 for all A > 0, the discriminant of f(\) as a quadratic poly-
nomial of A must be <0, i.e.,

AZ,9)° — 4171217117 < 0
This is
(@ ] < 1Z]] - [7]]

A3. (a) Let & = (x1,x2). Then

(%, %) = 227 + 2235 + 22172

=22+ 254 (21 +29)2 >0
If (Z,7) =0, then #1 = &3 = &1 + 22 = 0, L.e., ¥ = 0.
(b) Let & = (z1,22) and ¥ = (y1,y2). Then
(Z,9) = 2191 + 272Y2 + T1Y2 + T2y

(U, %) = 23171 + 2y272 + Y172 + Y271
= (7, 7).
(c) Let & = (z1,22), ¥ = (y1,y2) and Z = (z1, 22). Then
(T, + 2) = 221(y1 + 21) + 272(y2 + 22) + w1 (Y2 + 22) + 22(y1 + 21)
= (22191 + 222Y2 + T1Y2 + T2y1) + (27121 + 27220 + 7129 + T221)
= <fvg> + <f72‘>
(d) Let & = (z1,22) and ¥ = (y1,y2). Then
(o, ) = 2ax1y1 + 2022y2 + ax1y2 + axayr
= a(2z1y1 + 2z2y2 + T1Y2 + T2y1) = (T, Y)



