(1) Find the point of intersection of the lines © =t + 2,y = 3t +
4,z =4t+5,and r =65+ 13,y = bs+ 11,z =45+ 9, and then
find the plane containing these two lines.

Solution. Solve the system of equations

t+2=06s+13

3t+4=5s+11
and we obtain ¢t = —1 and s = —2. So the two lines meet at
the point (1,1,1). The direction of the two lines is given by the

vector u =1+ 35 + 4k and v = 6i 4 57 + 4k. The cross product
is

= —8i 4+ 20j — 13k
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So the plane containing the two lines is
—8(x—1)+20(y—1)—13(z—1)=0<8x —20y + 13z =1

(2) Let w = f(u,v), u = x +y, and v = zy. Find dw/0x and
Ow /0y and express your answers in terms of x, y, dw/du and
ow/ov.

Solution. By chain rule,

ow OJw Ou Jw v Jw ow

9 0w 9z T ov or ou Yau
and

ow OJw Ou OJw Ov Ow ow

9y ou dy v oy ou "o
(3) Let

f(@,y) = (4o — 2%) cosy

(a) Find all the critical points of f(x,y) and identify local max-
ima, local minima and saddle points among them.

(b) Find the absolute maximum and minimum of f(x,y) in the

region given by 1 <z <3 and —7/4 <y < /4.

Solution. (a) Solve the equation df/0x = df /0y = 0:

{ (4 —2x)cosy =0 { ngory:kwrﬁ

=

2

— (4 — 2%)siny = 0 r=0,40ory=km

So the critical points are (2, kn), (0, kr+7/2) and (4, kn+7/2)
for k integers. The discriminant is

A= foufyy — (foy)? = 2(dz — 2%) cos® y — (4 — 22)*sin’ y
1



Since
A!Qkﬂ) =8> 0and f..(2,kr) = —2cos(kr) = —2(—1)F

(2,km) is a local maximum if k is even and (2, k7) is a local
minimum if £ is odd. Since

=4 —-16 <0

A|(0,k7r—&—7r/2 4, kr+m/2) -

(0, km + 7/2) and (4, km + 7/2) are saddle points.

(b) The function has only one critical point (2,0) in the region.
Let us find the absolute maximum/minimum when we restrict
it to the boundary of the region. When we restrict it to x = 1,
f(1,y) = g(y) = 3cosy has a critical point at y = 0. When
we restrict it to x = 3, f(3,y) = 3cosy has a critical point at
y = 0. When we restrict it to y = —7/4, f(z,—7/4) = g(x) =
(v/2/2) (42 — x?) has a critical point at = 2. When we restrict
it toy = /4, f(x,7/4) = g(x) = (v/2/2)(4x — 2?) has a critical
point at x = 2. Therefore, we compute

f(2,0) = 4,

3
JO,=m/4) = [(3,—n/4) = [(Lx/4) = [(3,7/4) = 52,

F(1,0) = £(3,0) = 3, and f(2,—7/4) = f(2,7/4) = 2V2
Therefore, f(x,y) achieves the maximum 4 at (2,0) and the
minimum 3+v/2/2 at (1, £m/4) and (3, +7/4).

(4) Find an equation for the plane through points P = (—1,1,0),
Q= (8,—-3,—1) and R = (—4,1,1) and the area of the triangle

APQR.
Solution. We have
—_— —
PQ x PR=(9—4j — k) x (=3i + k)
1 Ji k
=det | 9 —4 —1|=—-4—6j—12k
-3 0 1

Therefore, the plane through PQR is
—A(x+1)—6(y—1)—122=0<22+3y+62=1
and the area of the triangle PQR is

1 — e 1 ) ]
SAPQR = 5|PQ x PR| = 5| —4i—6j — 12k| =7



(5) Let
1
o) = e D 9@ 9
(a) Find the Taylor series of f(z) about the point x = 0 and
its radius of convergence.
(b) Compute the value of

> fn)

Solution. (a) Let us try to write f(z) as a sum of partial
fractions:
1 A B C

Gt )@+ +3) o4l 242 743
=1=Ax+2)(z+3)+Bx+3)(z+1)+C(z+1)(x+2)

Setting x = —1 yields A = 1/2; setting x = —2 yields B = —1;
setting x = —3 yields C' = 1/2. Therefore,

o) 1 1 1 +1 1
:L‘ = — J— —
2x+1 r+2 2x+3
1 — 1 — 1 ] — 1
— _1n n __ - _ n_— ,n - _ n_— ,.n
3 2 =g 3 g 4 g D)
3 (1m gt g ) = Y
n=0 n=0

The radius of convergence of the above Taylor series is
(1/2)(=H"a—27"+3™"
(12— (1 — 21+ 377)

1—92 "4 3—n—1
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(6) Let
fla,y,2) = 2® + 2%y +y*z
(a) Find the gradient Vf of f.
(b) Suppose that the surface f(x,y, z) = ¢ passes through the
point (1,2,1). Find the constant ¢ and the equation of the
tangent plane to the surface at (1,2, 1).
Solution. (a)

V= foi+ fyj+ [k = (32" +2zy)i + (2% + 2y2)j + y°k
(b) Obviously, ¢ = f(1,2,1) = 7. The tangent plane is orthog-
onal to
Vo) = Ti+ 55 +4k
and hence it is

Tz —1)+5(y—2)+4(z—1) =0 Tz + 5y + 4z = 21

(7) (a) Maximize f(x,y,z) = zyz subject to the constraints z* +
2, .2 _
Yy +z¢=1.
(b) Find the dimensions of the rectangular box with the largest
volume that can be inscribed in the unit sphere.
Solution. (a) By Lagrange multiplier, f(x,y,z) achieves the
maximum when

xy = 2z
Vf=AV(2?+y*+ 22 —1) yz =2z
1=a?4+y* + 22 < zr =2y

1= +y*+2°
Ae? = My = A2
=
l=a+y* +2°

So we either have A = 2y = yz = 2o = 0 or 2% = y? = 22 =
1/3. So the critical points are (£1,0,0), (0,£1,0), (0,0,£1)
and (£v/3/3,4£v/3/3, £v3/3); f(x,y, 2) achieves the maximum
V/3/9 when |z| = |y| = |2| = V/3/3 and xyz > 0.

(b) We set up the xyz coordinates such that the unit sphere is
given by 22 + y? + 22 = 1 and the faces of the rectangular box
are parallel to the axises. Then the coordinates of the vertices
of the box are given by (#+a, b, ) with a® + b? + ¢ = 1 and
a,b,c > 0. The box has dimension 2a x 2b X 2¢ and hence has
volume f(a,b,c) = 8abc. So it suffices to maximize f(a,b,c)
under the constraint a? + b* + ¢* = 1. We have already solved
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this problem in part (a). So the largest box is a cube with
dimension (2v/3/3) x (2v/3/3) x (2v/3/3).
(8) Let C be a plane curve given by

3 2

s(t) = 5+ 5

(a) Find the length of C for 1 <t < 2.

(b) Find the curvature of C' at ¢ = 1.

(c) Find the osculating circle to the curve C at ¢t = 1.
Solution. (a) The length is

ds
2
:/ |t21+tj\dt=/ tV1 + t2dt
/\/1+t2d (t*) = /\/1+udu

dt

1 4
= 5(1 —f— U)3/2

= 5(5\/5 —2V/2)

1
(b) The unit tangent vector is given by
v
vl
%1+t to, 1,
TWITE Vite e

So the normal vector is

i () 1 ()
it \Vite 1)’

1 t? . t :
= — 1 —
(\/1+t2 (1+t2)\/1+t2) (1+t2)\/1+t2J
1 . t .
= 1_
(1+t3)v1+t2 (1+t?)\/1+t2J

and the curvature is

1 dT' 1
T vl t(1+ )V + 82
Att =1, k=+2/4

(c) Let P =s(1) = (1/3,1/2) and let @ = (a,b) be the center

of the osculating circle. The radius of the osculatlng circle is



1/k = 2v/2. So the circle is given by
(x—a)*+ (y—b)?*=8

Since the circle passes through P, we have

o)) -

—
And the vector P() is in the same direction of the normal vector

dT/dt. Therefore,

(a—%)iJr(b—%)j:)\(i—j)

for some A > 0. Therefore,

1 1
a—==ANb—-=—-Xand 2)\* =38

3 2

Since A > 0, A = 2, a = 7/3 and b = —3/2. The osculating

circle is ) )
7 3
_ — =8
(+=3) + (+3)



