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> A bit of history [1875-2001]
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Lie-Trotter product formula

> A bit of history [1875-2001]

Sophius Lee Paul Chernoff

Lie product o4 Chernoff

product ; product formula
formula

Generalizations of
Trotter product formula

Sat = %im (T Typ)t/" Franziska Kuhnemund
-® Markus Wacker

Hale Trotter s

TS 4 vor - [r(3)s(3)] s B

Strong
continuity,
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Franziska Kuhnemund
Markus Wacker

1991 Engel-Nagel
counterexample (...but
actually 1985 Goldstein)

C, -semigroups
exponentially bounded: ||T()|| < Me®*
locally Trotter stable:

< Mt,

commutator condition:

ITOS®f = SOTOSI| < t*M]If 1]




Generalization of Lie-Trotter
product formula to semigroups of
Markov operators on spaces of

Measures




Lie-Trotter product formula

Generalization of Lie-Trotter product formula

> Motivation to semigroups of Markov operators on spaces
of measures

Motivation:

' Sander Hille
Ly, MZ
1 - ,L )

quversiteit E,g '
£ Leiden S

_ Piecewise deterministin Markov processes

Switching deterministic and stochastic processes
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Our setting

> Equicontinuity and tightness

Our assumptions:
> A1 (PD), (P?)-locally (t € [0, 6])
equicontinuous and tight
> A2: (PEPEZ)“ - locally equicontinuous and
tight
A3: stability

Vﬁ%wm\ < Cltolw,

n n

BL,dE

> A4: commutator condition
||Pt1Pt2 1o — P2PLy, | < twg(t)polm,
BL,dg

wg —nondecreasing, continuous, Dini condition
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> Equicontinuity and tightness

Our assumptions: Afamily F € C(T, (S, d)) is
> A1: (Ptl), (Ptz)- locally (t € [0, 8]) eqU|cont|nuous atpointteT |f

equicontinuous and tight Ve > 03U,s.t.

> A2: (PEPEZ)“ - locally equicontinuous and Celslgf(t) e )) <evt' €U Vf
tight The family F is eqmcontmuous i
> A3: stability and only if it is equicontinuous

at every point.

n n

V%%ww\ < Cltolw,

BL,dg
> Ag: commutator condition

E

wg —nondecreasing, contlnuous, Dini condition
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> Equicontinuity and tightness

Our assumptions:
> A1 (PD), (P?)-locally (t € [0, 6])
equicontinuous and tight

> A2: (PEPEZ)“ - locally equicontinuous and
tight
> A3: stability

V%%ww\ < Cluolwm,

n n

BL,dg

> A4: commutator condition
BL,dg

wg —nondecreasing, continuous, Dini condition

||f||BL,dE : Ilflloo +'|f|{Lip,dE;'} ’
|f | ¢Lip,az)-Lipschitz constant

I |*BL’dE—Dud|ey norm




Our setting

> Equicontinuity and tightness

Our assumptions:
> A1 (PD), (P?)-locally (t € [0, 6])
equicontinuous and tight

> A2: (PEPEZ)“ - locally equicontinuous and
tight
> A3: stability

< Cluolm,

n n

‘ (PEPE)"

BL,dg
> A¢: commutator condition

BL,dg

wg —nondecreasing, continuous, Dini condition

Afamily P, t = O is tight if for
every positive measure u €
M*(S), {Pep:t = 0} is unlformly
tight.

{Pu:t = 0} is uniformly tight |f
Ve > 03K, —

compact s.t.|P;u|(S\K,) < €
forallt = 0. |

uniform tightness=relative
compactness of orbits (in
Dudley norm)
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» Comparison with K-W

Reminder (K-W setting):

» C,-semigroups
exponentially bounded: ||T(t)|| <
Mea)t
locally Trotter stable:

Our assumptions:
A1: (PD), (P?)-locally (t € [0,6])
equicontinuous and tight
> A2: (P£1P£2)n - locally equicontinuous and
tight
> A3: stability

t e\
()5 G) [ = meo
n n
» commutator condition:

ITOS®f = SOTWOSI| < t*M]|If]l]

n n

‘ (PEPE)"o|| < Cluol,

BL,dg

A4: commutator condition
‘|Pt1Pt2 Ko — Ptzptl ny < th(t)|H0|MO
BL,dE

wg —nondecreasing, continuous, Dini condition
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» Comparison with K-W

Reminder (K-W setting):

» C,-semigroups
exponentially bounded: ||T(t)|| <
Mea)t
locally Trotter stable:

Our assumptions:
> A1 (PD), (P?)-locally (t € [0, 6])
equicontinuous and tight
> A2: (PEPEZ)“ - locally equicontinuous and
tight
> A3: stability

t e\
()5 G) [ e
n n
» commutator condition:

ITOS®f = SOTWOSI| < t*M]|If]l]

n n

V%%wm\ < Clitolw,

BL,dg
> Ag4: commutator condition Markov semigroups are usually

||Pt1Pt2 1y — P2P1 s | o < tws ()|, neither strongly continuous
yUE

nor bounded.
wg —nondecreasing, continuous, Dini condition
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Main theorem

B inder- m Main result
(P (PE) locally " - 1 2 :
equicontinuous and tight | Let (P; )¢, (Pf) be semigroups of
(PLPE)" -locally regular Markov-Feller operators. Assume
sten. pe +
ciiconk i ovsend il that _ hold. Letu € M (S).Then
 stability o there exists v € M *(S) such that
‘ (nggz)nﬂo| & C'|.Uo|M0
n n
‘ BL,dE ; n k
commutator conditi*on - H(ngt’?) U—v > 0asn — oo.
1p2 _ p2pl n
IP2Peno — PRl n n .
< tw(t) [uolm,







Our approach and tools we use
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Conclusion

Generalizations of Kuhnemund-Wacker and Colombo-Corli setting

No assumptions on generators/domains of generators (motivated by an

example in Engel-Nagel/Goldstein)
Open problems:

Relations between generators/domains of generators and

equicontinuity/tightness (in progress)

...and much more
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