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ABSTRACT. We begin with an improvement to an extension result for subharmonic functions
of Blanchet et al. With the aid of this improvement we then give extension results both for
harmonic and for holomorphic functions. Our results for holomorphic functions are related to
Besicovitch’s and Shiffman’s well-known extension results, at least in some sense. Moreover,
we recall another, slightly related and previous extension result for holomorphic functions.

1. INTRODUCTION

1.1. An outline. We will consider extension problems for subharmonic, har-
monic and holomorphic functions. Our results are based on an extension result
for subharmonic functions, see Theorem 1 in Section 2 below. The starting
point for this result is a result of Blanchet. As a matter of fact, Blanchet has
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shown that hypersurfaces of class C! are removable singularities for subhar-
monic functions, provided the considered subharmonic functions satisfy certain
assumptions. We have showed that, in certain cases, it is sufficient that the
exceptional sets are of finite (n-1)-dimensional Hausdorff measure, see [25],
Theorem, p. 568.

In Sections 3 and 4 we will then apply our subharmonic function result to get
extension results both for harmonic and for holomorphic functions.

1.2. Notation. Our notation is more or less standard, see [23, 24, 25, 26, 27].
However, for the convenience of the reader we recall here the following. We
use the common convention 0 - +e0 = 0. For each n > 1 we identify C" with
R?". In integrals we will write dx for the Lebesgue measure in R”, n € N.
Let0 <o <nand A CR", n> 1. Then we write H*(A) for the a-dimensional
Hausdorff (outer) measure of A. Recall that #° (A) is the number of points of A.
If x=(x1,...,x,) € R", n>2,and j € N, 1 < j <n, then we write x = (x;,X;),
where X; = (x1,...,Xj—1,Xj4+1,...,X%,). Moreover, if A CR", 1 < j <n, and
x? €R, X]Q e R" ! we write

A ={X; eR" 1 x= (], X)) €A}, AX}) = {xj€R : x=(x;,X]) €A}.

If Q C R" and p >0, then L[ (Q), p > 0, is the space of functions u in Q for
which |u|? is locally integrable on Q.

For the definition and properties of harmonic and subharmonic functions, see
e.g. [9, 10, 11, 17, 19], for the definition and properties of holomorphic func-
tions see e.g. [4, 12, 14, 28].

2. EXTENSION RESULTS FOR SUBHARMONIC FUNCTIONS

2.1. A result of Federer. The following important result of Federer on geo-
metric measure theory will be used repeatedly.

Lemma. ([6], Theorem 2.10.25, p. 188, and [28], Corollary 4, Lemma 2,
p. 114) Suppose that E C R", n > 2.
1. If H""Y(E) =0, then for all j, 1 < j <n, and for H"-almost all X; €
R the set E(X;) is empty.
2. If H""Y(E) < oo, then for all j, 1 < j < n, and for H" '-almost all
X; € R"! the set E(X;) is finite.

2.2. A result of Blanchet. Blanchet has given the following result:

Blanchet’s theorem. ([2], Theorems 3.1, 3.2 and 3.3, pp. 312-313) Let Q be a
domain in R", n > 2, and let S be a hypersurface of class C' which divides Q
into two subdomains Q1 and Q. Let u € CY(Q) N C*(Q1UQy,) be subharmonic
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(respectively convex (or respectively plurisubharmonic provided € is then a
domain in C", n> 1)) in Q and Q. If u; = u|Q; € C'(Q;US), i=1,2, and
dui ., du

on* — onk

on Swith i,k = 1,2, then u is subharmonic (respectively convex (or respectively

plurisubharmonic)) in Q.
Above it = (%, 7%, ..., 7ik) is the unit normal exterior to Q, and uy € C!(Q; U

(D

S), k= 1,2, means that there exist n functions vi, j=1,2,...,n, continuous on
Q; US, such that

ij :%X
=570

forallxe Q;, k=1,2and j=1,2,...,n.

The following example shows that one cannot drop the above condition (1) in
Blanchet’s theorem.

Example. The function u : R> — R,

_ N ] 14+x, whenx <O,
(@) =utx+ ) =uley)i= { | T T
is continuous in R? and subharmonic, even harmonic in R?\ ({0} x R). It is
easy to see that u does not satisfy the condition (1) on S = {0} x R and that u is
not subharmonic in R2.

Remark. For related results, previous and later, see Khabibullin’s results [15],
Lemma 2.2, p. 201, Fundamental Theorem 2.1, pp. 200-201, and [16], Lemma 4.1,
p. 503, Theorem 2.1, p. 498, Theorems 3.1 and 3.2, pp. 500-501. In this con-
nection, see also [9], 1.4.3, pp. 21-22.

2.3. An improvement to the result of Blanchet. Already in [23], Theorem 4,
pp. 181-182, we have given partial improvements to the cited subharmonic re-
movability results of Blanchet. For more recent improvements, see [25], The-
orem, p. 568, and [27], Theorem 1, p. 154. Now we improve these recent
results slightly still more, see Theorem 1 below. Instead of hypersurfaces of
class C!, we consider again arbitrary sets of finite (n — 1)-dimensional Haus-
dorff measure as exceptional sets. Then, however, the condition (1) is replaced
by another, related condition, the condition (iv) below, which is now, at least
seemingly, less stringent as before.
Our result is:
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Theorem 1. Suppose that Q is a domain in R", n > 2. Let E C Q be closed in
Q and let H"1(E) < 4-o0. Let u: Q\ E — R be subharmonic and such that the

following conditions are satisfied.:

(i) ue Ll (Q).
(i) u € C*(Q\E).
(1) Foreach j, 1 < j <n, 8 2 € Lloc( )-
(iv) For each j, 1 < j < n, and for H" -almost all X i€ R such that
E(X;) is finite, the following condition holds:
For each xo- € EX ) there exist sequences x(;,’ll ,x(]).:lz € (Q\E)X;), I =

1,2,..., such that x° il /‘x x?lz N\ x(} as | — 4o, and
: . 01 vy _ | 02 XV eR,
(iv(a)) 1ml—>+oou(xj7l 3 ) = lml—H—oou(xJ 1 ) S

(iv(b)) —oo < liminf/_, o g—“( X1y, Xj) < limsup;, ., aa;‘ (x) by 2 X;) < oo,

Then u has a subharmonic extension to Q.

Proof. 1t 1s sufficient to show that

/u(x) AQ(x)dx >0

for all nonnegative testfunctions ¢ € D(Q).

Take ¢ € D(Q), @ > 0, arbitrarily. Let K = spt@. Choose a domain Q
such that K C Q1 C Q| C Q and Q is compact. Since u € C*(Q\ E) and u is
subharmonic in Q\ E, Au(x) > 0 for all x € Q\ E. Thus the claim follows if we
show that

/u(x) AQ(x)dx > /Au(x) ¢(x) dx.

For this purpose fix j, 1 < j < n, arbitrarily for a while. By Fubini’s theorem,
see e.g. [5], Theorem 1, pp. 22-23,

[ 22y = [1[ utas %)% 200,30 ] ax;
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Using the above Lemma, assumptions (i), (i1) and (ii1), and Fubini’s theorem,
we see that for 4" !-almost all X ;€ R—1

(-, X)) € Lioe(QUX))).

@( X)) € Lo (QUX)))
2) ) a)(? ] ocC J77
E(X;) is finite, thus there exists M = M(X;) € N such that

|(E(X)) ={x ;, X5, - xM}Wherex <karl k=1,2,....M—1.

Let X; € R"! be arbitrary as above in (2). We may suppose that Q(X;) is a
finite 1nterva1 Choose for each k = 1,2,...,M numbers a,b; € (Q\ E)(X;)

such that ay < ¥ < by, k=1,2,....M, az :bk,k: 1,2,...,M —1, and that
ay, by € (Q\ Q)(X)).

With the aid of (iv) we find for each x]]‘. € E(X;) sequences xké, 1;12 € (Q\
E)(X;),l=1,2,..., for which

(a)x]l /‘xk kl \xkasl—H—oo and

k,1 k,2
lim ,Xj) = lim ,Xj) R,
1—>+oou( - Xi) = 1—>+oou(x 1 Xi)

(b) —oo < liminf; gu (x Z’X ) <limsup,_,_ ., gx”j (xj p ,X ) < oo.

Take k, 1 < k < M, arbitrarily and consider the interval (ag,by), where a; <
x]]‘- < by. To simplify the notation, write a := ay, b := by and x(} = x]]‘-. Then

a<x /‘x], b > il \x as [ — H-oo.
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Then just partial integration!

b 0° X 0%Q
/ (x],X]>a—(§(x], )dxj:/ ;. X)) 53 2(x], ) dx i+
)CJ a
—l—/ u(x;,X _(2P (xj,X;)dx;
Yj
0,1
X 9%Q ’ ¢
:lEToo u(xj,X;) = 2(xJ, )dxj—l—lgr_l: 2 Ju(xj, X)) = axi (x;,X;)dx;
01
. il a(p le au a(p
:lgrfoo[ (Xj,Xj)gj(Xj,Xj)— . Ox (XJ,X)axj(Xj,Xj)de +
. b 0P b Qu 0P
+lll>r_ir_loo 0,2u(xjan)$j(xj7XJ) /02 a (xﬁX )gj(xﬁxj)dxj

j7l

_ 9P N

- [wtex) 0.3 - <a,xj>gj<a,xj>] n
, [ 0 1 Qu 0

+ lim u(x?:,‘,xj)a(p( X - | gj(xj,xj)a@(xj,xj)dxj +
_ [ a(p b Qu a(p

= lim (7 X )a—J< X7Xj) /Q,?ij,xj)gj(xbx»dx]

7 9x; X j axJ
le ou acp
— X
g [ S e
b ou o0
lgl}rloo 8x] 5 (x5, ])axj (xj,X;) dx;

[(bx>§g<bx> (o) @) +
— lim i1 du —(xj, X)0(x;,X;) " =~ (x;,X;) 0(x;,X;) dx;
[—oo | la ox; TIPS ] ax 7 A J
“im |2 X el X ) — " Pu (x1, X)) 9(x;,X;) dx
oo | 11220 Jr A 0282 VAR J J
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e
0x;

0

a](bX)

~ |ulo.x)
du

(Cl,X')

ou M x

a,Xj)

+

+

+|5

a—j(a,Xj)@(a Xj) =

ou
- b [ﬁ

b 92y
+/ x],

_ 9P
- [u<b,x ks
[ du

_a_xj(a7XJ)(P(a7XJ) -
du

0,2
Im —(x.7.X;
l—>+ooax ( U )

b 92y
+/ xj,

JQ
ox;

)9(b, X))

o 0
ox; U

ox;

0,1
Xjlo

0,1
Xjlo

0,2

+ lim X7

[—+o0

X;)o(x X))o, X)) | +

)

X],Xj) dX]

a,Xj)

(b.X;) <a,xj>§7“;<

ou

(b, X)9(b,X;)

+ (x5, X;

a 0 1 ]
Im —(x.’,.X;
[—+oo a.x (x']’l ’ J)_

xJ7Xj) dxj

- [u<b,x]> (0.X) - 0 X) 32 (0.X)] +

[ ou

9 (0,X))0(a.X;) —%(b,xmp(b,xj{

+ ox;

+

0,1

0 y.
Xilo 'X]

+ X;) - hmmf—( X))+

fimsup [oo OX;

L [—+oo

b 92y
+/ x],

o
> [u<b,xj>gj<b,xj> -
{ ou ou b 9%y
+ v - 2
ox; ox; a Ox

Above we have used just standard properties of limits and our assumption (iv(b)).
Observe here, for example, that already the assumptions (1), (i1), (ii1) and (iv(a))
imply the existence of the limits

2 dimsis)

u(02
[
ox;

Xj >] Q(x

x]7Xj>dxj

N
u(a,X)) 5 (a,X;)
J J

(a,Xj)0(a,X;) — Xj)dx;.

(% X;) @Cx;,

(b.X))0(b,X;)| +

du

0,1
8x(

Xjlo

0,1
Xjlo

0,2
gl

X)o7, X))

and lim
[—4o0

X;)o(x

lim
[—4o0
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And as is easily seen, also the limits

lim [a_ ‘“X-)] and lim B—]( 02X)]

[—4o0 | DX ( il [—5-o0 il

exist in the case when (p(xj,Xj) # 0.
To return to our original notation, we have thus obtained foreachk=1,2,... M,

b d’¢ 99 99
/ak u(xj, ) e 2 (xj, )de > |:u(bk7Xj)gj(bk’Xj) —u(ak,Xj)gj(ak,Xj)] +

ou ou b 9%y
+ gj(“kaxj)@(%xj)—gj(bkyxj)(P(bk,Xj) + o — (x},X;) 0(x;,X;) dx;.

Then just to sum over k:
2

/u<x]7 ) ox (ZP(XJ’ )d'xJ :/a M(Xj,X )a—x(zp('xja )de =
‘ J
M by 92
3 ) P2
k=1" % X]
S op 3
> Z [M(bk,Xﬂg(bk,XJ) u(abXJ)a (ar, X;) | +
k=1 J j
M T ou ou -
+k§’1 [gj(akaxj)q)(almx]) gj(bk,xj)(p(bbxj)_ +
M b g%y
T a 2('xJ7Xj)(P(x]7X])de —
k=17 a OX;j
bu 9%y o02u
- =7 (X)X d — (x:. X - X dx:.
a ax3 (XJ7 )(P(XJ7 ) Xj= /8}(? (XJ, J)(p(xJ, J) X;

Above we have used the choice of the numbers ay, by, k = 1,2,...,M, and the
fact that aj, by € (Q\ Q1) (X).
Integrate then with respect to X; and use again Fubini’s theorem:

029 %0
Jurggeds= [ | f sy x) T3 x)d| axs >
0%u 0u
> [ [ (5, X)00x, X, dxs | dX; = [ S50 dx.
J J
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Summing then over j = 1,2,...,n gives the desired inequality

n 32
/u(x)A(p(x) dx = /u(x) ) 3—(2[)()0 dx >
=1 0x5
9%y
Z/Z—z(x dx-/Au x)dx >0,
j=10%]
concluding the proof. [l

Corollary 1. ([25], Theorem, p. 568, and [27], Theorem 1, p. 154) Suppose that
Q is a domain in R", n > 2. Let E C Q be closed in Q and let H" 1 (E) < H-oo.
Let u: Q\ E — R be subharmonic and such that the following conditions hold:

(i) ue Ll (Q).
(i) u € C*(Q\E).
(i11) For each j, 1 < j <n, 8 2 € Lloc( ).
(iv) For each j, 1 < j < n, and for H" -almost all X j € R such that
E(X;) is finite, the following condition holds:
For each xo. €EEX ) there €XlS[ sequences x(J) 117 J’lz € (Q\E)X;), I =
1,2,.. suchthatx il /‘x le \x-asl—)—i—oo, and

. 0,1 0, 2
(iv(a)) hml—>+°°u(xj,[ ,Xj) = limy_ oo u(x X1 Xj) €R,

ﬁWM)—w<hmkﬁw%%]PX)<hmka%{JPX)<+w.
Then u has a subharmonic extension to €.

Corollary 2. ([23], Corollary 4A, pp. 185-186) Suppose that Q is a domain in
R, n>2. Let E C Q be closed in Q and let H" "1 (E) < +co. Letu:Q — R be
such that
() ue Cl(Q),
(i) u € C*(Q\E),
(i11) for each j, 1 < j<n, = 26 Lloc( ),
(iv) u is subharmonic in Q\E

Then u is subharmonic.

Corollary 3. Suppose that Q is a domain in R", n > 2. Let E C Q be closed in
Q and let H""1(E) =0. Let u: Q\ E — R be subharmonic and such that the

following conditions hold:

(D) u € L1, (Q),
(i) u € C}*(Q\E),
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. . 0?2
(iii) for each j, 1 < j<n, ﬁe Ll (Q).
j
Then u has a subharmonic extension to Q.

Proof. Follows directly from Theorem 1 and Federer’s above Lemma. [l

3. EXTENSION RESULTS FOR HARMONIC FUNCTIONS

3.1. For removability results for harmonic functions see, among others, [7, 8,
18, 29].

Now, using our Theorem 1, we give the following extension result for har-
monic functions:

Theorem 2. Suppose that Q is a domain in R", n > 2. Let E C Q be closed in
Q and let H""1(E) < 4o0. Let u: Q\ E — R be harmonic and such that the
following conditions are satisfied.:

(i) ue Ll (Q).
(i) For each j, 1 < j<n, & 2 € L (Q).

(iii) For each j, 1 < j < n, and for H" -almost all X; € R such that
E(X;) is finite, the following condition holds:
For each x(J)- € E(X;) there exist sequences x?l] ,x?:lz € (Q\E)X;), I =
1,2,..., such that x?,’l] /‘x(])-, x(])lz \x? as | — +oo, and

. 0,1 : 0.2
(iii(a)) 11m1_>+oou(xj,l X)) =lmy_, 4 eou(x X Xj) R,
. p) 0,1 d
(ii(b)) —eo < liminfy oo 9 (x7], X;) = limsup_, .. 92 (x37,X;) < +oo.
Then u has a harmonic extension to C.

Proof. Since the assumptions of Theorem 1 do hold for the subharmonic func-
tion u, u has a subharmonic extension u#* to Q. On the other hand, the assump-
tions of Theorem 1 hold also for the subharmonic function v = —u. Thus v = —u
has a subharmonic extension v* = (—u)* to Q. Observe here that, as pointed
out in the proof of Theorem 1, also now the limits

lim [a_ O]X)} and lim [a_ °2X)]

[—+o00 ax(fl’ [—+o00 ax(]l’

exist in the case when (p(x(]).,X i) #0.
Since —v* = u*, the extension u* of u is both subharmonic and superharmonic,
thus harmonic and the claim follows. [l
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3.2. Then a concise special case to our above Theorem 2:

Corollary 4. Suppose that Q is a domain in R", n > 2. Let E C Q be closed
in Q and let H""1(E) =0. Let u: Q\ E — R be harmonic and such that the
following conditions are satisfied:

(i) ue L (Q),
(1) for each j, 1 < j <n, 8 2 € Lloc( ).
Then u has a harmonic extenszon to Q.

Proof. With the aid of the above Lemma one sees easily that the assumptions of
Theorem 2 are satisfied. [

4. EXTENSION RESULTS FOR HOLOMORPHIC FUNCTIONS

4.1. Below we give certain counterparts to two of Shiffman’s well-known ex-
tension results for holomorphic functions. For these Shiffman’s results, see,
among others [28, 7, 8, 18].

4.2. First a counterpart to the following result:

Shiffman’s theorem. ([28], Lemma 3, p. 115, and [8], Theorem 1.1 (b), p. 703)
Let Q be a domain in C", n > 1. Let E C Q be closed in Q and let H*"~1(E) <
+oo. If f: Q — C is continuous and f|Q\ E is holomorphic, then f is holomor-
phic in Q.

Shiffman’s proof was based on coordinate rotation, on the use of Cauchy
integral formula and on the cited result of Federer, the above Lemma.

For slightly more general versions of Shiffman’s result with different proofs,
see [20], Theorem 3.1, p. 49, Corollary 3.2, p. 52, and [21], Theorem 3.1, p. 333,
Corollary 3.3, p. 336.

4.3. Using again here our above Theorem 1, or more directly Theorem 2, we
get the following counterpart to Shiffman’s above result:

Theorem 3. Suppose that Q is a domain in C", n > 1. Let E C Q be closed in
Q and let H*" "1 (E) < 4oo. Let f =u+iv:Q\ E — C be holomorphic and
such that the following conditions are satisfied:

(@) f € L1 ().
(ii) For each j, 1 < j <2n, 2 8 2 € Llloc( )anda ; = Lloc( )-

(iii) For each j, 1 < j < 2n, and for - l-almost all X; € R2"1 such that
E(X;) is finite, the following condition holds:
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For each x(J)- € E(X;) there exist sequences x?l] ,x?:lz c (Q\E)X;), I =
1,2,..., such that x?’l] /‘x(])-, x(]).’lz \x? as | — +oo, and

. 0 . 0,2
(i1i(a)) 11ml_>+oof(xj:ll,Xj) = hml—>+°°f(xj:l Xj) €C,

. 1 : 2
(iii(b)) —eo < liminf; 4o, a%(x?:l ,X;)=limsup,_, ., and a%(x?:l X ) < oo
o v (.0,1 L ov /.02
and —oo <liminfy_, ., ij(xj’l ,X;)=limsup,_, ., ij(xj,l X)) < oo,

Then f has a holomorphic extension to Q.

Proof. Write f = u—+iv. It is sufficient to show that ¥ and v have harmonic
extensions u* and v* to Q. As a matter of fact, then f* =u*4+iv*: Q — Cis C7
and thus a continuous function. Therefore the claim follows from Shiffman’s
theorem or also from [20, 21].

Another possibility for the proof is just to observe that the in Q \ E harmonic
functions u and v have by Theorem 2 harmonic extensions u#* and v* to Q. Since
u* and v* are thus C* functions, the holomorphy of the extension f* = u* + iv*
in Q follows easily. 0]

Corollary 5. Suppose that Q is a domain in C", n > 1. Let E C Q be closed in
Q and let H*""1(E) =0. Let f : Q\ E — C be holomorphic and such that the
following conditions are satisfied:

(i) f € Lioe(Q) 2
(ii) for each j, 1 < j <2n, 37; e Ll (Q).

Then f has a holomorphic extension to Q.

4.4. Observe that Corollary 5 gives a counterpart to the following result of
Shiffman, at least in some sense.

Another theorem of Shiffman. ([28], Lemma 3, p. 115, and [8], Theorem 1.1
(c), p. 703) Let Q be a domain in C", n > 1. Let E C Q be closed in Q and
let H*'"1(E) =0. If f : Q\ E — C is holomorphic and bounded, then f has a
unique holomorphic extension to Q.

Shiffman’s proof was based on coordinate rotation, on the use of Cauchy
integral formula, on the already stated important result of Federer, the Lemma
above, and on the following classical result of Besicovitch:

Besicovitch’s theorem. ([1], Theorem 1, p. 2) Let D be a domain in C. Let
E C D be closed in D and let H'(E) = 0. If f : D\ E — C is holomorphic and
bounded, then f has a unique holomorphic extension to D.
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For slightly more general versions of Shiffman’s result with different proofs,
see [20], Theorem 3.1, p. 49, Corollary 3.2, p. 52, and [21], Theorem 3.1, p. 333,
Corollary 3.3, p. 336.

4.5. A previous, slightly related result. Observe that, in addition to Corol-
lary 5, also the following result holds:

Theorem 4. Suppose that Q is a domain in C", n > 1. Let E C Q be closed
in Q and let H*"“1(E) = 0. Let f : Q\ E — C be holomorphic. If for each j,

1 <j<2n, ng € L2 .(Q), then f has a holomorphic extension to Q.
J
The proof follows at once from the following, rather old result:

Proposition. ([13], Corollary 3.6, p. 301) Suppose that Q is a domain in C",
n>1. Let E C Q be closed in Q and let H*" 1(E) =0. Let f : Q\E — C be
holomorphic. If for some p € R,

s O,
[ @ $ I3 Pt < 4o

then f has a meromorphic extension f* to Q. If p > 0, then f* is holomorphic.

For related, partly previous and partly more general results, see [3], Theorem,
p. 284, [13], Theorem 3.5, pp. 300-301, and [22], Theorem 3.1, pp. 925-926.
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