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We are interested in one of the major inequalities in Martingale Theory,
viz., the classical Burkholder's inequality . We recall some of the relevant
ideas.
Let {(Xp,, Fn) : n > 1} be a martingale. Martingale increments are given
by

AXi =Xy and AX,=X,—X,_q1foralln=2,3,...

and the Quadratic Variation Process is defined by
So (X) = (AX1)* + -+ (AX,)® forall n=1,2, ...

Roughly speaking, the Burkholder inequality stipulates that, as far as
LP-norms are concerned, 5,%/2 and X, increase at the same rate. More

precisely, for every p € (1,00) there do exist positive real numbers a, and
b, such that

2 [[37| < IXall, < b |

53/2Hp.
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Notations

Let E be a Dedekind complete Riesz space with a distinguished weak unit
e > 0. Following Kuo, Labuschagne, and Watson [5]

Definition
We call a linear operator T on E a conditional expectation if the following
conditions are fulfilled.

Q Te=ce.

@ T is a projection,

© T is order continuous,

Q T is strictly positive (i.e., Tx > 0 whenever x > 0),

© The range R(T) of T is a Dedekind complete Riesz subspace of E.

v
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@ Throughout this talk, T stands for a conditional expectation with
natural domain L! (T).

o L1 (T) is a Dedekind complete Riesz space with a weak order unit
e>0and Te=e

o For p € (1,00) and x € LP (T)™, we consider the p-power x” as
recently defined by Grobler in [2].

e Following [1], we put
LP(T)={xeL}(T):|xP € }(T)}

and
N, (x) = T (|x|P)"/P forall xeLP(T).

e LP(T) is a Riesz subspace of L (T).
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o A filtration is a family {T, : n > 1} of conditional expectations with
Ti=Tand T;Tj = T;T; = T; whenever i < j [3, Definition 3.1].

e A martingale is defined in [3, Definition 3.2] to be a family
{(xn, Tn) : n > 1} where {T, : n > 1} is a filtration such that
Ti(xj) = x; forall i,j withi<j.

@ Keeping the same notations as previously used in the concrete case, it
turns out that there exist positive real numbers a, and b, such that

aplp (S3/2) < Ny (xa) < BN, (S372)
@ The proof of this inequality is very technical in nature. Indeed, it is

based upon a generalization of the standard Stopping Time and an
integral representation of p-powers
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Crucial theorem

The key of the proof is the following theorem

Theorem

1 1
Let p, g € (1,00) with = —|— Fi 1and0 < x,w € LP(T). Assume that
there are p € (1,00) and c € (0,00) for which
tTP(X_/gte)Jre < CTP(X_te)JrW for all t € (0, 00) .

Then,
Np(x) < cqBPNp(w).
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Daniell integral

It is imperative to built a kind of integral of x? for p € (1,00) and
x € LP (T)™. In this regard, we have thought about the Daniell
Integral in the sense of Grobler [2].

We recall some of the relevant ideas.

Given x € E and t € R, we denote by p; the component of e on the

x—te)+ e.

d
projection band {(x - te)+} - In other words, py = e — P,

The family (p;),cg is an increasing right continuous system of
components of e [4].

We also put pc = € and p_o =
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Daniell integral

@ The Daniell Integral J is then defined on characteristic functions
X(a,b] by

J (X(a,b}> =pp—ps forall a,b € RU{too} with a< b.

Then the definition can be extended in a quite standard way to a
large class of functions.

n
o First, for step functions of the form }_ Axx|,, p,) Via linearity.
k=1

@ Next, for limit of increasing sequences of positive step functions via
order continuity.

e It is customary to denote J (f) by f (x)

Kawtar Ramdane (Institute) Burkholder inequalities in Riesz spaces s July 21, 2017 8 /28



Riemann integral

Definitions

e A function f : [a, b] — E is said to be bounded if there is M € E*
such that |f (x)] < M for all x € [a, b].

@ Let f:[a, b] — E be a bounded function and
oc={a=xp <..<x,=Db} a partition of [a, b]. The mesh of ¢ is
defined as||o|| = max{x; —xj_1 : i =1,...,n}.

e Forie{1,...,n}, we put

M = M; (f,o) =sup{f (t):xi-1 <t < x}

and
mi=mj(f,o) =inf{f(t) :x1 <t <x;}

@ Define the upper and lower sums of f with respect to the partition o

Kawtar Ramdane (Institute) Burkholder inequalities in Riesz spaces s July 21, 2017 9 /28



Riemann integral

@ As in the classical case, we may prove quite easily that for every
partitions ¢ and T of [a, b], we have L(f, o) < U(f, 1)

@ Moreover if a and B are tow partitions of [a, d] with B is finer than a
then
L(f,a) < L(f,B) < U(f,B) <U(f a)

@ .Since E is Dedekind complete, we derive that
L(f)=supL(f,o) and U(f)=infU(f,0)

exist.
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Riemann integral

Definition

Let a, b be two real numbers with a < b. A bounded function
f :]a, b] — E is said to be Riemann integrable if

L(F) = U (f).

We write fab f (t) dt (or, briefly, fab f ) for the common value.
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Riemann integral

It sould be expected that the Riemann integral can be obtained as a limit

of certains sequences.
So, if we define a Riemann sum of a function f : [a, b] — E with respect

to a tagged partition (o, 0) of [a, b] by

S (f,U', 9) = f(G,-)(x,- —X,',l).

1

I
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Riemann integral

As in classical case we require

Theorem

Let a, b be two real numbers with a < b and f : [a, b] — E be a
bounded function.

(i) If there exist two sequences of partitions («,) and (B,) of [a, b] such

that U (f,B,) — L(f,an) — 0, then f € RI(][a, b], E) and

b
/ f= lim L(fa,)= lim U(fB,).

(i) If f € RI([a, b], E) and if ((04,0")),>, is a sequence of tagged
partitions of [a, b] with ||o,|| — 0 as n — oo, then

n

b
lim S (f,,0) :/ f.
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Riemann integral

Corollary

Let a, b be two real numbers with a < b, and f : [a, b] — E be
monotone function. Then f is Riemann integrable.

| \

Proof.
Without loss of generality, we may suppose that f is increasing. Let o, be

H—
a regular partition of [a, b] with ||| = 272 It is sufficent to observe
n

that b
U(f,00) — L(F,00) = —2(F(b) — £(a)).

n
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Riemann integral

We collect here some interesting properties of the integral.

Theorem

Let a, b be real numbers with a < b. Then the following hold.

(i) RI([a, b], E) is a Riesz space with respect to the pointwise
operations and ordering.

(i) The function that takes any f € RI([a, b], E) to fab f(t)dtisa
positive operator.
(iii) If f € RI([a, b], E) then

b b
®of eRI([ab],E) and /CI>of:<I>/ f.
a a

if either of these conditions is satisfied
a) ® is order continuous and lattice homomorphism;
b) ® is order continuous and f has bounded variation.
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Integral representation of p-power

Combining a Daniell and Riemann integrals we require

Let p € (1,00) and a, e € (0,00) with e < a, then

a
xP —¢ePe = / ptp_lP(X_te)+edt for all x € E with ee < x < ae.
&
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Dual formula

Now we will introduce some well-known results in probability theory
extended in the framework of Riesz spaces which will be usefull to achieve
our objective.

This theorem is a Riesz space version of well-known result in probability
theory

1 1
Let p,q € (1,00) with I_7+E =1and0 < x € LP(T). Then,

Np(x) =sup{T (xy) :0<y € LI(T) and Ng(y) < e}
=sup{T (xy):0<y € LI(T)NL2(T) and Ny(y) < e}
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Holder inequality

Holder inequality will take the following form.

Let T be a conditional expectation with domain L' (T) and 1 < p,q <
1 1
with - + i 1. Ifxe LP(T) andy € L9(T) then

xy € LY (T) and Ni(xy) < N, (x) Ny (y).
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Sampling optional theorem

One of the classical properties of stopped submartingales will be extended
in the following theorem, this is what we call in litterature sampling
optional theorem.

Let P = (P;);~, be a stopping time adapted to the filtration (T;),.
Then T (xpak) < T(xx) fork =1,2,....
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Doob inequality

The following Theorem gives a Riesz spaces version of Doob inequality in
classical probability theory.

Theorem

Ift € (0,00) then

with

tTP(Mk—te)+e < TP(Mk—te)+Xk-

My = sup x; forallk>1
1<i<k
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Technical lemmas

As before, we define the quadratic variation by putting

k
Se=Y (Ax)® forall k> 1.
j=1

Also, we set

My = sup x; forall k> 1.
1<i<k

The following holds

tTP(dMn—te)+P(5n—t2e)+e <2Tx, forallte (0,00).
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Technical lemmas

Let t € (0,00) and ¢ € [1,00). Then

tTP(s )+P(dMn_te)+e S 2TP(Sn—ct2e)+Xn-

n—(2+c)t2e

Apply the previous result to the positive martingale (y; = P;x;);~, with

P = (Pi)i>1 = (P(s,—c2e)* )iz1- a
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Technical lemmas.

Let ¢ € [1,00) and put

2
B=y/1+= and w=sup(M, (e7"s0)™"%).

Then
tTP(W_ﬁte)+e < 3TP(W—te)+Xn for all t € (0, 00) .

Proof.

Since for x € L2 (T)" and t € (0, ) the equality Bia_szeyt = Bix_teyt
holds.

combining with the previous lemma and Doob inequality introduced
before, we obtain the required result. O

| A
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Main result

We gathered now all the tools that we need to proove the main result in
this talk.

Theorem

For every p € (1,0), there exist constants ¢, and C, such that

CoNo () < Np(S7) < colNp(x0):

for all positive martingales (xk),~, in L* (T) N LP (T) with quadratic
variation (Sk)kgl-
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Proof of the right side inequality.

2
o Fixc>1gqndput f=4/1+ . and w = sup(M,, (c*15H)1/2).the

previous technichal lemma gives

tTP(W_ﬂ,te)+e <3 TP(W_te)JrX,,
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Proof of the right side inequality.

2
e Fix c > 1qnd put = 1/1+ = and w = sup(M,, (cflsn)lm).the
c
previous technichal lemma gives
tTP(W_ﬁte)+e < 3TP(w—te)+Xn
@ Using the crucial theorem, we get
Np(W) < 3q/5PNp(Xn):
Hence, )
Np(sr?) < Cpr(Xn)
with ¢, = 3czqpP.
L]
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Proof of the left side inequality.

o Choose y € L9 (T)NL2(T)" with Ny(y) <e.
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Proof of the left side inequality.

o Choose y € L9 (T)N L2 (T)" with Ny(y) <e.

@ We introduce a new martingale with associate quadratic sum G,, we
use Holder inequality and Cauchy Shwartz inequality to get

T(y) < g (VS5)
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Proof of the left side inequality.

o Choose y € L9 (T)N L2 (T)" with Ny(y) <e.

@ We introduce a new martingale with associate quadratic sum G,, we
use Holder inequality and Cauchy Shwartz inequality to get

T(any) < ey (VS)

@ By the first step of the proof we have that
Nq (\/ Gn) < Cqu(Tn(y) < Cqu(}/) < Cq€.
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Proof of the left side inequality.

o Choose y € L9 (T)N L2 (T)" with Ny(y) <e.

@ We introduce a new martingale with associate quadratic sum G,, we
use Holder inequality and Cauchy Shwartz inequality to get

T(any) < ey (VS)

@ By the first step of the proof we have that
Ng (v/Gn) < cqNg(Ta(y) < cqNg(y) < cqe.

o In summary, T(x,y) < cgN, (v/Ss) forall y in LI (T)N L2 (T)"
with N (y) < e.
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Proof of the left side inequality.

o Choose y € L9 (T)N L2 (T)" with Ny(y) <e.

@ We introduce a new martingale with associate quadratic sum G,, we
use Holder inequality and Cauchy Shwartz inequality to get

T(any) < ey (VS)

@ By the first step of the proof we have that
Ng (v/Gn) < cqNg(Ta(y) < cqNg(y) < cqe.

o In summary, T(x,y) < cgN, (v/Ss) forall y in LI (T)N L2 (T)"
with N (y) < e.

e It follows from Dual formula that N, (x,) < cgN, (v/Sn) .The

conclusion would be clear putting C, = —, which completes the
Cq
proof of the theorem.
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Thank you for your attention
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