CENTROID BODIES AND COMPARISON OF VOLUMES.

V.YASKIN AND M.YASKINA

ABSTRACT. For —1 < p < 1 we introduce the concept of a polar p-
centroid body I'yK of a star body K. We consider the question of
whether I'; K C I'; L implies vol(L) < vol(K). Our results extend the
studies by Lutwak in the case p = 1 and Grinberg, Zhang in the case
p>1.

1. INTRODUCTION

Let K be a star body in R™, then the centroid body of K is a convex
body I'K defined by its support function:

1
i) = oy [ @l € <R

Let K and L be two origin-symmetric star bodies in R"™ such that 'K C
'L, what can be said about the volumes of K and L? Lutwak [L] proved
that, if L is a polar projection body then vol(K) < vol(L). On the other
hand, if K is not a polar projection body, then there is a body L, so that
'K C T'L, but vol(K) > vol(L). Since in R? every convex body is a polar
projection body [S], the results of Lutwak imply the following:

Suppose that K and L are two origin-symmetric convex bodies in R™ such
that TK C TL. If n = 2, then we necessarily have vol(K) < vol(L), while
this is no longer true if n > 3.

Let K be a star body in R™ and p > 1, then the p-centroid body of K is
the body I'y K defined by:

1/p
o (©) = (g [Nmopas) T cere ()

Clearly, hr, i is a homogeneous function of degree 1, and if p > 1, then this
function is convex, and, therefore, I', K is well-defined. The polar of I', K
is called the polar p-centroid body of K and denoted by I'JK. Since the

support function of a body is the norm of its polar, h = || - ||+, the polar
p-centroid body of K is given by
1 1/p
— p R"™. 2
el = (g [N ePae) e 2)

The p-centroid bodies and their polars have recently been studied by
different authors, see e.g. [CG], [GZ], [L], [LYZ], [LZ]. In [GZ] Grinberg
1
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and Zhang generalized the results of Lutwak discussed in the beginning of
this section. Namely, let K and L be two origin-symmetric star bodies in
R™ such that for p > 1

I'yK cT',L.

They prove that if the space (R™, || - ||1) embeds in L, then we necessarily
have

vol(K) < vol(L).

On the other hand, if (R", ||| x) does not embed in L,, then there is a body
L so that I',K C I',L, but vol(K) < vol(L).

Note, that if p = 1 the positive answer holds for all convex bodies in R?,
while if p > 1 there is no dimension where this is always true. The preceding
remark suggests considering p < 1 in order to make the answer affirmative
in higher dimensions.

If p < 1, then the function Ar,x(£) in (1) is not necessarily convex,
therefore it is not a support function, but the definition of the polar p-
centroid body still makes sense, even though these bodies may be non-
convex. So for all p > —1, p # 0 we define the polar p-centroid body of a
star body K by the formula:

1 1/p
= —— p R™.
el = (g [N ePae) e )
For p = 0, this definition looks as follows (if we send p — 0):
el = exp (o | Il o), g emr 0
FOK - Xp VOI(K) K n '1"’ € ) :

Now we can ask the question discussed above for all p > —1. Namely,
suppose that

3L CTIK, (5)

for origin-symmetric star bodies K and L. Does it follow that we have
an inequality for the volumes of K and L? In this paper we show that if
(R™,|| - |l) embeds in Ly, p > —1, then we have vol(K) < vol(L). However
if (R™, || - ||x) does not embed in L,, we construct counterexamples to the
latter result.

These results can also be reformulated as follows:
(i) If 0 < p < 1, then in R? the condition (5) implies that vol(K) < vol(L),
while this is no longer true in dimensions n > 3.
(ii) If =1 < p <0, (5) implies that vol(K) < vol(L) if and only if n < 3.
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Clearly the integral in (3) diverges if p < —1, but still we can make sense
of this integral considering fractional derivatives. Indeed, if —1 < p <0

1 1 00
p _ »
i J v = g [P [ el d
1 o0
= - P
~ vol(K /oo 2P Axce(2)dz

)
2(p+ 1) (—p—1)
Tol(K) CKE (0),

where Ak ¢(2) is the parallel section function of K, and Ag;g_l)(()) is its
fractional derivative at zero. (For details on fractional derivatives, see e.g.
[K5, Section 2.6]). So, in such terms our problem can be written as follows:

Suppose K and L are two origin-symmetric star bodies, so that for all
Ee sl
—p—1 —p—1
A0 _ ATV 0)
vol(K) — wvol(L)
Do we necessarily have an inequality for the volumes of K and L?

Note that Koldobsky already considered such inequalities (see e.g. [K4])
without dividing by volumes. So, for —1 < p < 0 the positive part of our
results can also be obtained from the results of Koldobsky, but we give our
own proof. The case p = —1 leads to the following modification of the

Busemann-Petty problem. Let K and L be two convex origin-symmetric
bodies in R™ such that

vol, 1 (K N&t) < vol,_1(LNE&L)
vol(K) - vol(L)

Does this imply an inequality for the volumes of K and L7

It is easy to show that in dimensions n < 4 we have vol(L) < vol(K). The
proof is almost identical to that of the original solution of the Busemann-
Petty problem from [GKS]. The counterexamples in dimensions n > 5 from
[GKS] also work in this situation.

In view of all these remarks one can consider our results as a certain bridge
between the results of Lutwak-Grinberg-Zhang about p-centroid bodies and
the results of Busemann-Petty type obtained by Koldobsky.

2. CENTROID INEQUALITIES FOR —1 <p < 1, p #0.
The Minkowski functional of a star-shaped origin-symmetric body K C
R" is defined as
|z||x = min{a > 0:z € aK}.
We denote by (R", ||| x) the Euclidean space equipped with the Minkowski

functional of the body K. Clearly, (R", || - [|x) is a normed space if and only
if the body K is convex.
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The support function of a convex body K in R" is defined by

h = ,€), xeR™
k(@) Igéa[g(:v £), =

If K is origin-symmetric, then hg is the Minkowski norm of the polar body
K*.

A well-known result going back to P.Lévy, (see [BL, p. 189] or [K5, Section
6.1]), is that a space (R", | - ||) embeds into L,, p > 0 if and only if there
exists a finite Borel measure p on the unit sphere so that, for every x € R",

ol = [ @ o)Paute) )

On the other hand, this can be considered as the definition of embedding in
L,, -1 <p<0 (cf. [K2]).

It was proved in [K1] that a space (R",|| - ||) embeds isometrically in
L,, p > 0, p ¢ 2N if and only if the Fourier transform of the function
I'(—p/2)||z||” (in the sense of distributions) is a positive distribution outside
of the origin. If —n < p < 0 a similar fact was proved in [K2]: a space
(R™,]| - ||) embeds in L, if and only if the Fourier transform of || - || is a
positive distribution in the whole R".

Now we are ready to prove our first result.

Theorem 2.1. Let —1 <p <1, p#0. Let K and L be origin-symmetric
convez bodies in R™, so that (R™, || - ||k) embeds in L, and

;K C ;L. (7)
Then vol(L) < vol(K).

Proof. First let us prove the case 0 < p < 1. Since (R",|| - ||x) embeds in
Ly, there exists a measure pi on the unit sphere S"~! such that

2l = / |, &) [Pdpre (€)-
Sn—1
Note that (7) can be written as

1 ) 1 P
< | words < s [ @ opa. )

Integrating both sides of the last inequality over S"~! with the measure
KK, We get

5 [ [ eords du© < i [ [ 1@ ords due)
Vol gn—1 Vol gn—1

Applying Fubini’s Theorem,

1 , 1
—_— dr < ———— P dx.
7 | Nelde < s [ lelfda (9
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Note that

6]
/K ||$H%-dl‘ = /Snl (/0 ||7“6’H1;( r”_ldr) db

1 _ n
— [ lelas =
n+p Jgn-1 n—+p

Therefore, (9) can be rewritten as

1
- Pdr < ——
vol<L>/L””f”K Ty

Using the inequality

1 » n vol(L) p/n
dxr > 1
vol(L) /L ][ dz > n+p (vol(K) (10)
from [MP, Section 2.2], we get

vol(K).

n 1 n vol(L) \P/"
> bede >
n+p ~  vol(L) /L e de = n+p <VOI(K)> ’

therefore vol(L) < vol(K'), which proves the theorem for 0 < p < 1.

Now consider —1 < p < 0. In this case (7) is equivalent to
p 11
< 10l ()
Since (R", || - | k) embeds into Ly, p > —1, there exists a measure g on

the unit sphere such that

lell = [ VP auxc(©)

Integrating both sides of (11) over S"~! with the measure yux and using
the same argument as in the first part of the proof, we get

Podr > —— 12
i | el > (12

Passing to spherical coordinates and applying Holder’s inequality

o1
p d I ”L n+p—1 0 p d do
Nallfedz = [ [ 6l

1

— / 101157 6]
Sn—l

n-+p

1 . (n+p)/n . -p/n
< ([ egra) ([ oiran)

- "™ (v (ntp)/n (0 —p/n
= T o) (vl ()

A
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So (12) can be written as

1 (vol(L)) /™ (vol (£)) #/™

<
— wvol(L)
= (vol(L))"/™ (vol(K))™P/™.
Therefore, using the fact that p < 0, we get vol(L) < vol(K).
O
Since all 2-dimensional spaces embed in L, and therefore in L, with
—2 < p <1 (see e.g. [K5, Chapter 6]), and all 3-dimensional spaces embed

in Loy, and therefore in L, with =3 < p < 0 (see [KKYY]), we have the
following

Corollary 2.2. Let K and L be origin-symmetric convex bodies in R™, so
that U)K C I')L. Then
i) if 0 < p < 1, we necessarily have vol(L) < vol(K) in dimension n = 2,
it) if —1 < p < 0, we necessarily have vol(L) < vol(K) in dimensions
n =2 and 3.

In order to show a negative counterpart of Theorem 2.1, we need some
lemmas. The following Lemma is [K5, Corollary 3.15] with & = 0 and

p=—q—1.
Lemma 2.3. Let —1 <p <1, p#0. For an origin-symmetric convex body

K in R™ we have

™

(11%7)"© =~ T3 fo, (OO 16150,

We will use this formula in the following form:

—n—p\" ey _ m(n +p) p
(H:UHK ) (5) - _2F<p+1) sin(rrp/Q) /I(’($7£)| dx.

Also we can write this formula in terms of fractional derivatives of the
parallel section function of K. Recall that the parallel section function of a
an origin-symmetric star body K is defined by

A= [ el

For —1 < g < 0 the fractional derivative of this function at zero is defined
by

Ag?g(o) = 2F(1q) /OO |z|’1*qAK’§(z)dz = 211(1(]) /K \(x,g)\’lf‘ldx,

o0

In fact one can see that this is analytically extendable to ¢ < —1. Therefore
Lemma 2.3 can be reformulated as follows. Let —1 < p < 1, p # 0, then

(bl ) © = - 28R A (0)

Note, that for —1 < p < 0 this formula was proved in [GKS].
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Now recall a version of Parseval’s formula on the sphere proved by Koldob-
sky [K3].

Lemma 2.4. If K and L are origin-symmetric infinitely smooth bodies in
R™ and 0 < p < n, then (||| )" and (||lz||;""")" are continuous functions
on 8" 1 and

/Snl (HﬁUHI_{P)A €3 <”$HZ”+I>>A (€)de = (2m)™ /Snl Hx||;(p||x”zn+pd:€.

Remark 2.5. A proof of this formula via spherical harmonics was given in
[K4]. Repeating this proof word by word and using the above definition of
the fractional derivative of order ¢ < —1, one can easily extend this result
to -1 <p<O.

Now we prove a negative counterpart of Theorem 2.1.

Theorem 2.6. Let L be an infinitely smooth origin-symmetric strictly con-
vex body in R™, for which (R",| - ||) does not embed in L,, —1 < p < 1,
p # 0. Then there exists an origin-symmetric convex body K in R™ such
that

K C T, L.
but

vol(L) > vol(K).
Proof. First consider 0 < p < 1. Since (R",|| - ||z) does not embed in Ly,
there exists a & € S"~! such that (||ac|]12)A (&) is positive; for more details

see [K1]. Because (H:UH"Z)A (6) is a continuous function on S™~!, there exists
a neighborhood of £ where it is positive. Define

Q={9es": (Jz%)" #) > 0}.
Choose a non-positive infinitely-smooth even function v supported in (2.
Extend v to a homogeneous function |z|;" Pv(z/|x|2) of degree —n — p on
R™. By [K5, Lemma 3.16], the Fourier transform of |z|, " "v(z/|z|2) is equal
to |z[5 g(z/|z|2) for some infinitely smooth function g on S"~L.
Define a body K by
el = llll" " + elzly " Pg(@/lxl2)

for some small € so that the body K is convex (see e.g. the perturbation
argument from [K5, p.96]). Applying the Fourier transform to both sides
we get

(l21) " © = (I215") " (€) + e2m)elgo(€/Ielo)

So using the formula from Lemma 2.3

(1e1)" © = p-prsin (") [ (@9
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we have
/L (2, &) P < /K (2, &) P (13)

Consider the integral

[ ety © (heli)” e

= /Sn_l (l212)" (¢ )<|| [P p) (€)dE + e(2m)™ /Sn_1 (Iz]2)" (€)v(€)de
[ el @ (1) epae

gn—1

= o [ lallllel e = (2m)mvol(z), (14)

Here we used a version of Parseval’s formula (Lemma 2.4 and Remark 2.5)
and the fact that v is negative on ).
On the other hand, again using Parseval’s formula and (10)

Jo )" @ (b ™) 1 = ny [ el s

vol(L)\ /"
VOl(L)) '

N

= (2m)"(n +p)/ ||| dz > (2m)"nvol(K) (
K
Combining (14) and (15) we get
vol(K) < vol(L). (16)
Now from (16) and (13) it follows that

T /lwflp i @ opds

which is equivalent to

(15)

K CT3L.
Now consider the case —1 < p < 0. Since (R",|| - ||z) does not embed

in L,, there exists a £ € S~ ! such that (Ha:HIE)A (€) is negative, see [K2,
Theorem 1]. Define

Q={0es5"": (l=I)" (6) < 0}
and choose v(f) the same way as in the first part.

Define a body K by

K" "

el _ ]
vol(K) vol(L)

for some small € so that the body K is convex. Applying Fourier transform
to both sides we get

+elzly " P/ |o]2)

ity (1) © = iy (1e12777) " © + comiguie/iel).
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Again using the formula from Lemma 2.3 and the fact that v(#) is non-
positive, we have

1 1
Pq Pq
vol(K) /K < o) /L ()
which is the same as
I‘;K C F;L,

since —1 < p < 0.
Consider the integral

< o () @ (1) e

! PN —n-p A n PAAN
= [ ) © (el ) ©dsretzm [ (1) ©u(e)de
> Vof(L) /S () @ (el )" ©de = @myrn. ()

Here we used Parseval’s formula and the fact that v is negative on 2.
On the other hand, again using Parseval’s formula and Holder’s inequality

L Qi) @ (1) " e =y [ el ol o

Sn—

B —p/n B (n+p)/n
(2n)" ( / |rqu”dw) ( / ||x||K"dx)
Sn—l Sn—l

= (2m)"n (vol(L)) P/™ (vol(K))"HP)/m (18)
So combining (17) and (18) we get vol(L) > vol(K).

IN

O
The result of Theorem 2.6 can be formulated as follows:

Corollary 2.7. i) Let —1 < p < 0. There exist origin-symmetric convex
bodies K and L in R*, so that T5K C T'5L, but vol(L) > vol(K).

i1) Let 0 < p < 1. There exist origin-symmetric convex bodies K and L
in R?, so that T5K C T4L, but vol(L) > vol(K).

Proof. Consider only the case —1 < p < 0, the other case is similar. In
view of the previous theorem it is enough to construct an origin-symmetric
infinitely smooth convex body L € R?* for which the distribution (||z|/})" is
not positive. The construction will be similar to that from [GKS].

Define fy(z) = (1 — 22 — Nz*)'/3; let ay > 0 be such that fy(ay) = 0
and fy(x) > 0 on the interval (0,ay). Define a body L in R* by

L = {(z1,72,23,74) €ER*: 24 € [~an,an]and \/2} + 23 + 23 < fn(za)}

The body L is strictly convex and infinitely smooth.
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By the formula

@ (0) = — B2 (|g et
A7) = 22 (lel ) @)
from [GKS] and the definition of fractional derivatives, we get
™ (3+p)
l217)" (€)= — g7 ALe (0)
(ll]17) con 2220 1L

22
N TP > Apg(z) — Apg(0) — A7 (0)5
- (3+p) 0

dz.
24+p

I'(=3 — p) cos

Note that the coefficient in the latter formula is positive, therefore it is
enough to show that the integral is negative.
The function Ay ¢ can easily be computed:

We have

/°° Ag(2) = Ag(0) — A(0)5
0

2A+p

dm 1 1 1
T Nair -
3 < 1+p N (1+p) (l-i-p) (3+p) 3+p)

The latter is negative for N large enough, because NY/4.any — 1 as N — .
O

3. CENTROID INEQUALITIES FOR p = 0.

In this section we extend the results of the previous section to p = 0.
First we need some preliminary results. The concept of embedding in L
was introduced in [KKYY]:

Definition 3.1. We say that a space (R™,|| - ||) embeds in Lg if there exist
a finite Borel measure j1 on the sphere S™' and a constant C € R so that,
for every x € R™,

inflal = [ Wl €)ldu(e) + C. (19)

It follows directly from the definition that u is a probability measure, and
the constant C' equals
1T(n/2)
C = 1 d —F/ 1/2 = . 20
e L mllelds = or(1/2) + g (20)

Also it was proved that if K is an infinitely smooth body then (In ||z||x )" (¢)
is a homogeneous of degree —n function on R™ \ {0}, as seen from the fol-
lowing result.
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Theorem 3.2. [KKYY, Theorem 4.1] Let K be an infinitely smooth origin-

symmetric star body in R™. Extend A%gl)(O) to a homogeneous function of

degree —n of the variable £ € R™ \ {0}. Then
i) if n is odd

(Il )" (€) = (-1 V2x ARV (0), € € R\ {0}
it) if n is even, then for £ € R™\ {0},

22 n— 2" 2
(n=2)! 4.

(In|l| )" (€) = an /0

where a, = 2(—1)"**1(n —1)!

Zn

In particular, for an infinitely smooth origin-symmetric star body K,
(In||z||x)" (€) is a continuous function on S"~!, and moreover the measure
in Definition 3.1 equals

apu(€) = —<2}T>n (In )" (€)de.

Since p is a probability measure, one can see that

[ nlall)©)d0 = (2" (1)

for any infinitely smooth origin-symmetric star body K (see [KKYY, Re-
mark 3.2]).

In our next Lemma we prove that a representation similar to (19) holds
for all infinitely smooth bodies, with p© being a signed measure.

Lemma 3.3. Let K be an infinitely smooth origin-symmetric star body in
R™. Then

In ok = —

o [ w9l Gl @+ Ce. (22

where Ck 1is the constant from (20).

Proof. Since the body K is infinitely smooth, by Theorem 3.2, (In |||/ x)" (£)
is a continuous homogeneous function of degree —n on R" \ {0}.
Let ¢ be an even test function supported outside of the origin, then

([ mi ot @) o)

([ ml@olamleln’ ©d i)

= [ i anlelio” ©de] dteas
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= [ L mite 9ldtents] aualio ©de

Now compute the inner integral using Fubini’s theorem and the connec-
tion between the Radon and Fourier transforms (see e.g. [K5, Lemma 2.11]):

/ (@, ©)ld(w)dr = /R il [ o

_i n |tz Ax:L’/\z z:—} Zﬁl:Z z
-5 [0 ’t’)”</(m@:t¢( >d> @)z = =5 [ 1ol

— g /R 26 (2€)dz = — (2m)" / (26 d

0
Here we used the formula for the Fourier transform of In|t| (see [GS,
p.362])

(In )" (t) = —nlt| ™ (23)

outside of the origin. Therefore, passing from polar to Euclidean coordinates
and recalling from Theorem 3.2, that (In ||z|/x)" is a homogeneous function
of degree —n on R™ \ {0}, we get

([ w0l melo’ ©ac) o
-y [ | [T o0 an el ©ae

= —(2m)" /Rn ¢(y) (In ||zl x)" (y)dy = —(2m)"((In ||z]| k)", 9)-
It follows that

( / 1n|<x,f>|<1n|r:cHK>A<f>d§) — (20" (o] )"
S’ﬂfl

as distributions outside of the origin. Hence, the functions —(27)" In ||z x
and [g,—, In|(z, )| (In ||| )" (€)d¢ may differ only by a polynomial. But
1 A
Wénllnl(waf)l(lnllwllK) (§)d€ + In ||z

is a homogeneous function of degree zero, therefore this polynomial is some
constant C, which is exactly the constant from Definition 3.1, as computed
in [KKYY].

O

Now we need a version of Parseval’s formula for Lg. How does the formula
of Lemma 2.4 look if we pass to the limit as p — 07 The answer to this
question is given in our next Lemma. Even though in the proof we use
an argument based on Lemma 3.3, one can obtain the following Lemma by
taking the limit in Parseval’s formula.
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Lemma 3.4. Let K and L be infinitely smooth origin-symmetric star bodies
in R™. Then
1

_n/ [/ In I(:E,ﬁ)ldﬂc] (In [z )" (€)dE = /(m |zl x — Cr)da.

2m)™ Jsn—r /1 L
Proof. By Lemma 3.3 we have

1 A
G [, 1@ Ol Gn el (e = 1a ol — Cis
Integrating this equality over the body L we get the statement of the Lemma.
O
Now we prove the main result of this section.

Theorem 3.5. Let K and L be two origin-symmetric star bodies in R™ such
that (R™, || - ||x) embeds in Lo and

oK Cc T'HL (24)
for every &€ € S"L. Then

vol(L) < vol(K).

Proof. Since (R™, |- ||x) embeds in Lo, there exist a probability measure g
on S™~! (which is the restriction of the Fourier transform of In||z| x to the
unit sphere) and a constant C' from Definition 3.1.

Rewrite inequality (24) as follows:

Jpwl(z, lde _ [ n|(z,&)|dx
vol(L) - vol(K)
and integrate it over S™~! with respect to pux to get
JoIn|(z,§)|dz S (@, 8)|dx
Y/ < =~ .
o vol(n) &)= | TGy wxld)
Using the Fubini theorem and the definition of embedding in Ly, we get
1 1
— [ (1 —Cg)dr < ———— 1 — Ck)dzx.
< Wl = Cr)de < s [ (n ol = Coda

Therefore

1 1 1
In |z de < In |z edz = ——
vol(L)/L nllzlxde < Sy /K nllzlxde = =2,

where the latter equality follows from the formula

1 n
p dr =
vol(K) /K Izl de = -
that we had earlier, after differentiating and letting p = 0.

Now use the following inequality from Milman and Pajor [MP, Section
2.2]:

1

1 1
vol(L) /L In [|z|| gdz > - + ﬁ[ln(vol(L)) — In(vol(K))]. (25)
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Therefore
vol(L) < vol(K).
O

Remark 3.6. Since every three dimensional normed space embeds in Lg (see
[KKYY, Corollary 4.3]), the previous theorem holds for all convex bodies in
R3.

To prove our next Theorem we need the following Lemma.

Lemma 3.7. Let K be an origin-symmetric star body wn R"™, then the
Fourier transform of ||z|| " is a continuous function on R™\ {0} and equals

(el © = = n [ iz €)lde+
I = Dvel(R) = [ 16 0 0],

Proof. Let ¢ be an even test function. Using the definition of the action of
a homogeneous function of degree —n (see [GS, p.303]) we get

(2l 6 = (el d(a))
- / el (@) — 3(0))dx + / el () de
B

R™\B1(0)

(0)
1 R A oo A
= [ reeeen - sonaa+ [ [T oleora
1

/sm 191" ( /0 rH(B(r0) — b(0))dr + / N r—%(re)dr) a6

1

= 5 [ eI doyas

1
= 5 [ Ioere 2w, [ o

gn—1
= (L 18 () = 0 (0.9)]) 0. 6(6).
Here we used the formula for the Fourier transform of |r|~! from [GS, p.361]:
(Ir7H"(t) = 20'(1) — 2In [¢].

Thus we have proved that

(el™© = [ 1ol (P -wml@.o)as.  (26)
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Next, let us compute the following:

161"
/1n(m,§)|da::/ / I |(r0, €)|drdo
Sn— 1
eIl 611"
/ / e 11nrdrd9+/ 1n\(9,5)|/ " tdrdf
Sn 1 n— 0

1
(e + i1+ [ ol n(0,)las

Therefore

/ 101" n [(6, €)[dO =
Sn—1
—n 1 —n
=n [ wiolar+ [ (101 mlellx + 6] do
K Sn—1 n

Combining this formula with the formula (26), we get

(2l € = — n /K In |(z, €)|dx +

+ (nI"(1) — 1)vol(K) —/ 0] " In [|0]] 6.
Sn
O
Theorem 3.8. There are convex bodies K and L in R™, n > 4 such that
oK Cc T'oL
for every € € S, but
vol(K) < vol(L).
Proof. Let L be a strictly convex infinitely smooth body in R™, n > 4, for
which —(In ||z]|z)" is not positive everywhere. (See [KKYY, Theorem 4.4]
for an explicit construction of such a body.)
Let ¢ € S™ ! be such that —(In||z||1)"(£) < 0. By continuity of the

function (In ||z||£)" () on the sphere there is a neighborhood of & where this
function is negative. Let

Q={0e 5" —(Inflzl|,)"®) <0}.

Choose an infinitely smooth body D whose Minkowski norm ||z|/p is equal
to 1 outside of  and ||z||p < 1 for z € Q2. Let v be a homogeneous function
of degree 0 on R™\ {0}, defined as follows:

v(z) =In|z||p — In|z|s.

Clearly v(z) < 0if z € Q and v(z) = 0 if z € S"1\ Q.
In view of Theorem 3.2, the Fourier transforms of In|/z||p and In|x|2
outside of the origin are some homogeneous functions of degree —n, therefore
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the Fourier transform of v(z) outside of the origin is equal to |z|;"g(x/|z|2)
for some infinitely smooth function g on S™~!. Since by (21)

/ (In[|z]|p)"(6)d6 = / (In|x[2)"(0)d6 = —(27)",
Snfl Snfl
we have

/ 9(6)d6 = 0. (27)
Sn—l
Define a body K by the formula:

lelz" _ lelz”
vol(K)  vol(L)

Note that formula (27) validates this definition, since integrating the last
equality over the unit sphere we get the same quantity in both sides. Also,
since L is strictly convex, there is an € small enough, so that K is also convex
(see e.g. the perturbation argument from [K5, p.96]). From now on we fix
such an e.

Now we will show that K together with L constructed above satisfy the
assumptions of the theorem. Apply the Fourier transform to both sides of
(28). Note, that the Fourier transform of |z|;"g(z/|z|2) is equal to (2m)"v
on test functions, whose Fourier transform is supported outside of the origin.
Such distributions can differ only by a polynomial, which must be a constant
in this case, since both functions cannot grow faster than a logarithm (see
Lemma 3.7). So

+n(2m) " "elxly g (x/|2l2). (28)

_ A
(lzl3"g(x/|2]2))" = (2m)" (v + @),

for some constant a whose value has no significance for us. Hence, by Lemma

3.7, the Fourier transform of (28) looks as follows:

n fieln|(z,§ldz  n [ In|(z,&)|dz
— =— : C 29
vol(K) vol(L) Fne-v(©)+C (29)
where the constant C' equals
_ Sk IO n [0l xdbdz [, [|6]]L" In [|6]| L dOdw
vol(K) vol(L)
Since the bodies L and D are fixed, dilating the body K we can make
this constant equal to zero. Indeed, multiply the Minkowski functional of K
by a positive constant A, then

S O6l) " n N6l cdodz [, (6] 1n]|6]|d6d

C

ne - «.

¢ = A~"vol(K) vol(L)
_ S 0" A+ |[6]| ] didz [ [|6]]" n [|6]] L dOda
vol(K) vol(L)

Jic 101" W [|6]cdbdz [, [16]]L" n [|6]| L dbda
vol(K) vol(L)

= nln\-+
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One can choose a A > 0 so that C' = 0. Therefore from (29) we get
il Olde _ i Olde oyl Olds

30
Vol (K) vol(L) U= Ty (30)
since v is non-positive. Therefore
'K C TyL.

Now using Parseval’s formula and inequality (30) we get

1
vol(K) /Kﬂn |z — Cp)dx =

- e o [l i) a0 @0
S /[n_l[xmﬂtlg1/21“‘<x’5>“*ﬂ“6“<5>] (In all)" (€)de

1 1 I 7 R
= D) o |, O] Ol O
1 1 N
G D o € lell) (e
1 1 I 7 R
< ~ (2m)™ vol(L) /Snl _/Lln|<az,§)|dx_ (In [|lz[| )" (€)dE

1
= vol(Z) /L(lnH:J;HL—CL)dx,

where the inequality follows from the fact that v is non-positive and sup-
ported on the set where —(In||z|| )" (¢) < 0.
Recalling the inequality (25)

1 1 1 1
n = vol(K) /Kln lzllzdz > == + —[In(vol(X)) — In(vol(L))],

we get
vol(K) < vol(L).
O
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