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ABSTRACT. We present several theorems, counterexamples, and open
questions about the convex bodies close to the unit ball. The related
techniques include the spherical harmonic decomposition and some ele-
ments of perturbation theory. We hope that this short survey will attract
the attention of both young and mature researchers who will be able to
surpass our results and resolve some questions we left unanswered.

1. INTRODUCTION

Among convex bodies, the Euclidean ball B is distinguished by several
remarkable properties. The most obvious one is that it is perfectly round in
the sense that any characteristic of a convex body that, generally speaking,
depends on the direction (width, central cross-section area, projection area,
etc.) stays constant for B. This property alone has been a source of numer-
ous questions (some resolved and some still open) of the type “If a convex
body is round in some particular sense, is it necessarily a ball?”

The second, slightly less obvious, property is that the ball is an extremizer
in various minimization and maximization problems in convex geometry, the
most famous of which is, probably, the isoperimetric inequality.

Finally, the unit sphere is essentially the only example of the boundary
of a convex body on which harmonic analysis is not only possible in princi-
ple, but also rich and well-developed. This allows one to use various tools
from harmonic and functional analysis when dealing with problems whose
formulations have nothing to do with spherical harmonics, Hilbert spaces or
operator eigenvalues.

In this article, we will endeavor to show the reader a few tricks and tech-
niques of the perturbation theory near the unit ball. We have chosen the
perturbative regime as both the easiest one to explain and the only one for
which we have gained some decent understanding. In a certain sense it is
quite natural: if one has some property satisfied by B or some inequality
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for which B is presumed to be an extremizer, it is quite tempting to ask if
the same property can be preserved by a small perturbation of B or if B is
at least a local extremizer. It often turns out that the local version of the
question is much easier than the global one and can be answered completely.
In our opinion, such investigation should have been done every time a new
conjecture is set forth, though we could not find any trace of it in the litera-
ture known to us. This curious fact served as a motivation for several recent
projects of ours (often joint with other people), some of which we attempt
to summarize in this survey.

2. NOTATION AND PRELIMINARY OBSERVATIONS

Let K C R” be a convex body containing the origin in its interior. The
radial function o = ox : S*! — R is defined by

o(e) =max{t >0: te € K}.
The support function h = hg : S*1 — R is defined by
h(e) = max{(x,e) : z € K}

(note that the same formula makes sense for all e € R™ and gives a 1-
homogeneous extension of h to the entire space). Their geometric meanings
are the length of the longest interval starting at the origin in the direction
e that is contained in K, and the distance from the origin to the support
hyperplane of K parallel to

et ={yeR": (y,e) =0}

in the direction e, respectively.

We always have gx < hg. For the unit ball centered at the origin, we
have p=H = 1.

The closeness of a convex body K to the unit ball will be usually measured
in the Hausdorff distance

d(K,L) =inf{r >0: K+rB>L, L+rB> K}.
When L = B, the inequality d(K, B) < & < 1 merely means that
(1-e)BC K C(1+4¢)B.

In the case when the formulation of the problem is invariant under linear
transformations, a more natural distance to consider is the Banach-Mazur
one: dpy(K,L) = loginf{R > 1: L C TK C RL for some linear trans-
formation T of R™}. However, if dpy/(K, B) < €, then, replacing K by an
appropriate linear image TK, we get B C TK C B, so d(TK,B) < e —1.
Thus, in the linear-invariant case, the results for convex bodies close to the
unit ball in the Banach-Mazur distance immediately follow from those for
convex bodies close to the unit ball in the Hausdorff one.

Dealing with problems that are invariant under linear transformations
presents one more difficulty: the ball is no longer going to be a unique
solution here; any ellipsoid will be just as good.
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To avoid this non-uniqueness, in such cases we will always consider the
so-called isotropic position of K, that is the linear image of K for which
the quadratic form x — [(z,y)2dy is a multiple of |z|? (see [BGVV, Section

K

2.3.2] or [ANRY, Section 5] for details). What is important for us here is that
if d(K, B) is small, then the Hausdorff distance from the isotropic position
of K to B is also small. More precisely, if d(K, B) < ¢, i.e., (1—¢)B C K C
(1 4+ ¢)B, then for the isotropic position K’ of K, we have
1—e\"* 1+¢e\ "3
1-e)(1—=) " BcK c+o(—) " B
(1—¢) T CK Cc(1+¢) .

(see [ANRY, Section 5]).

— &

2.1. Spherical harmonics. We shall now briefly remind the reader of a
few basic definitions and facts from harmonic analysis on the unit sphere.
More details and applications can be found in [Gr].

Let P be the linear space of polynomials of n variables, i.e., finite linear
combinations of monomials 2, where a = (aq,..., ), oj € Z4 and % =
zft e abn I P =" cqx® € P, then by P(D) we shall mean the differential

(0%

[e%1 Qn
operator Y cq (8%1) e (%) .
(03

Let (P, Q) = P(D)Q|z—o. Then a direct computation shows that (z®, 2%) =
0if a # 8 and (z%,2%) = a! = ay!---ay!. It follows that (-,-) is a scalar
product on P for which % is an orthonormal basis.

Let P,,, be the subspace of P consisting of all homogeneous polynomials
of degree m (m =0,1,2,...), i.e., the space of linear combinations of mono-
mials % with oy + -+ - + o, = m. We have dim P,, :(m:fl_l) (see [Gr, pp.
65-66]). Notice that |z|>P,,_o is a linear subspace of P,,. If P € P, and

Q € P2, then
(|2*Q, P) = (|z[*Q)(D)Plo=o = Q(D)AP|,—0 = (Q, AP),
where A = 88—;2 4+ -4 % is the usual Laplace operator in R”. Thus,
1 n

P € P, is orthogonal to |z|?>P,,_2 if and only if AP = 0, i.e., the space
H,, of harmonic homogeneous polynomials of degree m is the orthogonal
complement of |95|273m,2 in P,,. We see that every P € P,, can be decom-
posed as Py, + |2|>Qm_2, where P, € H,, and Q,,_2 € Py_2. Repeating
this decomposition for @),,_o instead of P and going all the way down, we
get the representation

P =Py, +|z?Pn o+ |z|* Pra+ ...,

where P; € H;, j=m,m—2,m—4,... . On S"" ! we have |z|> = 1 and,
therefore,

P=P,+P, o+ Py 4+...,
i.e., every homogeneous polynomial P € P,,, as a function on S~ !, can be
written as a linear combination of homogeneous harmonic polynomials of
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degrees m,m — 2,... . Since every polynomial P € P can be decomposed
into a sum of homogeneous polynomials, we conclude that every P € P, as
a function on S”~!, can be represented as a sum of finitely many P; € Hj.

Note that, for k # j, the Green formula combined with the homogeneity
property yields

0= [(ar)P-PaP e = [ [(5o00)Pi-Pi(52P5) ] dou

Bn S§n—1

= wp—1(k —J) / PyPido,_1,
Snfl

where w,_1 is the (n — 1)-dimensional surface area of S*"~! and o, 1 is
the normalized surface area measure on S*!. We see that P and P; are
orthogonal with respect to the usual scalar product in L2(S"~!). Since P is
dense in L?(S"1), it follows that we have an orthogonal decomposition

LQ(Sn_l) _ @ H,,,
m=0

i.e., every function f € L?(S""!) can be uniquely written as a series f =
fo+ fi+ fo+ ... with f,, € H,, and the series is orthogonal and con-
vergent in L?(S"~1). This decomposition is called the spherical harmonic
decomposition of f.

2.2. Spherical Radon transform and spherical k-Radon transform.
Recall that the Fourier transform in R™ is defined by

Fw) = [ seeda.
/

For reasonable (say, Schwartz class) functions f : R™ — R™, we have the
inversion formula

f@) = [ Fweriesay,
R’ﬂ
In particular,

(1) f@z/ﬂww
J

Let H C R™ be a linear subspace of R and let H* be its orthogonal
complement. Consider the function

F(2') = / f(z)dz, «' e H.

o'+ H
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Notice that for 3/ € H*, we have

[ Fahe e at = [ gayemena = fo),
HL R

i.e., the Fourier transform of F' is just ﬂ gL. Applying (1), we obtain

) [ t@de =)= [ Fopay= [ Fws
H HL HL
Recall also that direct integration by parts yields

(P(D)f)(y) = f(y)P(2miy)

for every polynomial P € P.
Now take P € H,, with even m > 0. A direct computation shows that

P(D)e™™" = [(2m)"P(~2) + Q)] ™" = [(2m)" P(x) + Q(a)]e T,

where @ is a polynomial of degree deg () < m. Since P € H,, is orthogonal
to all homogeneous polynomials of degree less than m in L?(S"71), it is
also orthogonal to them in L2(R", w) for any fast decaying radial weight w.
Hence, it is orthogonal to all polynomials of degree less than m in L?(R™, w).
In particular,

/ (D)) Q) = / 1O(2)[2e—1 das
R” R
On the other hand, integration by parts yields

[ (P01 )@@z = [ e D@ =0

Rn Rn
and we conclude that Q = 0, so P(D)e‘”pﬁ\2 = (ZW)WP(a;)e_”V”F.
Since the Fourier transform of e~7e*

(P(D)e ) () = Plamig)e ™ = (~1)% (2m)" P(y)e P

. _ 2
is e ™¥° | we have

Thus, (2) results in

/ Pla)e—Pdy = (—1)% / Ply)e dy,
H HL
Using the m-homogeneity of P, we can rewrite this as

oo

_ _ 2
/ Pdoj_1 X wp_1 X /rm+k Le=m"dr =
Hns»—1 0

[e.o]

m L 2
(—=1)2 / Pdo,_p—1 X wp—g—1 X /rm+” k=le=mr"dp.
HLilnsr-1 0
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where k = dim H. Taking into account that

0 l
1 _a 212

/ra_le_”Ter = *7T_5F<g> (>0), w_1= il (1=1,2,3,...),
2 2 r(

0

we finally get

NG w D(2ApE
(r<’2“>) / Pd”’“*:(‘”?(rwz’“)) [ Fine
2 HNSr—1 2 HLilnsr—1

or, equivalently,

7 k(k+2)---(k+m—2) -
(—1) (n—k)(n—k+2)...(n_k+m_2)H 41 Pdoj_1 =

PdO‘n_k_l.
Hitnsr—1
When k = 1 and H is just a line through a vector e € S*™!, we get

1 '3"‘(Tn<— 1)
(”—1)(n+1)...(n+m_3)P(e).

I3

Pdo,—o = (-1)

HLinsr—1

It follows that if f is an arbitrary even L?(S"~!)-function and

(Rf)(e) = / fdon >
Sn—lnet

is the spherical Radon transform of f, then the spherical harmonic decom-
position of Rf is Rf = Y. ¢mfm, where f = > f,, is the spherical

mme%(oen mwze%gn
harmonic decomposition of f and
m 1-3---(m—1
em = (—1)2 ( )

(n=1(n+1)--(n+m=3)
Observe, in particular, that one can have Rf = 0 only if f = 0, i.e., the

spherical Radon transform R f of f determines f uniquely.
When 2 < k < 2, we similarly conclude that for every even L2(S"1)-

2
function f = > fu, the function g = > ¢k fm, where
meven meven
m k(k+2)---(k+m—2
o (1) M )

n—k)(n—k+2)---(n—k+m—2)’

is also in L2(S"!) and satisfies

(3) J R

Hnsr—1 HAtnsr—1
for every k-dimensional plane H C R".
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Note also that if we know the averages of g over the (k — 1)-dimensional
spheres, we can average further and find the averages over (n—2)-dimensional
spheres, i.e., we know Rg. Thus, the even function g with property (3) is
unique. We shall call it the spherical k-Radon transform of f and denote
Ryif (so, the usual spherical Radon transform is the same as R f).

At last, observe that the coefficients c,, ;, make sense and are bounded by
1 in absolute value for every complex k with 0 < Rek < Z, so we can define
Rif for such k as well, despite the fact that it has no obvious geometric
meaning.

The spherical harmonic decomposition is a powerful tool when we need
to prove some result about all convex bodies near the unit ball (and often
in a more general case), or, which is almost the same, about all reasonable
functions f on S*~! uniformly close to 1. However, when constructing coun-
terexamples, one can often restrict oneself to a much narrower class of convex
bodies, the so-called bodies of revolution. They are formally defined as fol-
lows. Take any not identically zero concave function f : [a,b] — [0,400)
with f(a) = f(b) = 0 and consider

Ki={r=(r1,2) ERxR" 1 : |2/| < f(21)}.

The unit ball corresponds to f,(t) = 1 —1t2. Note that f/ < —1 on
the whole interval [—1,1], so if h is any C?-function on [—1,1] such that
h(—1) = h(1) = 0 and ||"||¢(j=1,1]) < 1, then f = f, + h is concave and the
corresponding body of revolution Ky is convex.

The fact that the whole n-dimensional convex body K is completely de-
scribed by a single real-valued function of one variable whose deviation from
fo can be varied almost freely often allows one to get away with elementary
calculus and ordinary differential equations when building convex bodies K
close to the unit ball with certain properties.

In what follows, we shall present three “local theorems” and one coun-
terexample illustrating the usage of the above techniques. We tried to choose
them so that each one has its own little twist and its own peculiar difficulty
that did not appear in the previous ones. We should warn the reader that
we sometimes skip the routine details in our presentations and restrict our-
selves to simplest cases of more general theorems. The reader interested in
the full exposition and the highest available level of generality should follow
the references to the original papers.

3. EXAMPLE 1: THE INTERSECTION BODY PROBLEM [FNRZ]

Let K C R™ be a convex body containing the origin in its interior. The
intersection body IK of the body K is the star-shaped body whose radial
function is given by

orx (e) = vol, 1 (K Net) Ve € S™71,

It turns out that, for convex origin-symmetric K, IK is also convex
(though we shall not use this fact in any way and the definition makes
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sense for any star-shaped K). Note that when K is a Euclidean ball cen-
tered at the origin, I K = ¢K for some constant ¢ > 0. A question of Lutwak
(going back to the late 80’s) is whether there are any other convex, or, more
generally, star-shaped bodies with this property in R™, n > 3. (In dimen-
sion n = 2, any body K that is invariant under the rotation by 90° gives an
example).

We shall show that the answer is negative if we require in addition that
K be close to B. To this end, we shall notice that

vol,—1(K Net) = ¢, R[] (e) Ve € S"1,

where ¢, > 0 is some numerical constant. Note that since o,,_» is normalized
by the condition that its total mass is 1, we have R1 = 1.

The Lutwak intersection body problem can be now restated as follows:
Does there exist a non-constant positive function f such that

(4) Rlf* ' =cf
for some ¢ > 07

Note that the property in question is invariant under homotheties, i.e.,
for every t > 0, the condition R[f"~!] = ¢ f implies

R[(tf)"1] = "R = et"A(Lf).

Hence, we can always normalize f so that its average over S*~! equals 1. If
f was close to 1, then it will still remain so after this normalization. Note
also that if 1 —¢ < f < 1+4¢, then (1 —¢)" ! < R[f" ] < (1+¢e)" L.
Now, since (RF)(—e) = (RF)(e) for any function F and any e € S"~1,
every solution of our equation R[f"!] = ¢ f must be an even function and
ifl—e<f<l+4ethen (1—-¢)" 1(1+e) << (1+e)"1(1-¢)"L.

Let now f =1+ fo 4+ f4 + ... be the spherical harmonic decomposition
of f.Putop=f—1=fo+ fa+... . We know that [¢[|fecgn-1) <& < 1.
Thus,

/P =1 (n—1)p| < Celo|
and
R[] = 1= (n— D)Rep| < CeR[le|).

On the other hand, as we saw above, Ry = ca fo+cq4fa+... . The coefficients
¢m (m > 2, m even) have been computed in the previous section: they are
given by
1-3---(m—1)
= T e m =)
lem| < s < ﬁ for m > 4 (we used that n > 3 to get

vl3

Thus, ¢y = —ﬁ,

the last property).
If RIf" 1] =cf=c+cp, we get

[(c—=1) +cp— (n—1)Re| < CeR[[]]
and, in particular,

(¢ =1) + cp — (n = )Rl 2gn-1) < Ce|| R[]l 2sn-1) < Celloll2sn-1)-
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Since both ¢ and R]p| are orthogonal to constants, we conclude from here
that
e — (n = DRl 2sn-1) < Celll| p2sn—1)
as well.
However, the left hand side squared equals

2
H Z (c=(n— 1)Cm)fm’ L2sn-1) Z (e—(n— 1>Cm)2Hme%2(Sn71) S
m>2 m>2
meven meven
. 2 2
}rgfz (c—(n—1)cy) Z HmeLZ(S"*I) =
meven m”%%gn
. 20, 112
= igfz (c — (n — 1)Cm) HSOHL2(SH*1)'
meven

It remains to note that
c—(n—1Necg=c+1>1
while for m > 4,
lc=(n—=1)em| 21— (n—Dea| = e =1},
so if € is so small that
Ce+lc—1<1—(n—1)lc,

we get a contradiction unless ¢ = 0.

This simple argument illustrates the main advantage of the perturbative
regime: a possibility to switch from a non-linear equation (or inequality) to
its linearization. This is a trick we shall be using again and again.

It is natural to ask now what happens if we replace the intersection body
operator with some of its iterations, for example, if we ask when

I’K = I(IK) = cK,
i.e., consider the equation
RIR[f")" ] = cf.

If we try to treat this equation in the same way as the previous one, after
linearizing, we shall arrive at the inequality

I(c = 1) +cp — (n = 1)*R2[g][| L2(sn1) < Cell@ll p2(gn-1)-
We can again remove ¢ — 1 on the left hand side and write

cp—(n=1*Rlpl = ) (c—(n—=1)*c) fm-

m>2
meven

For m > 4, we still have ¢ — (n — 1)2¢2, separated from 0 if ¢ > 0 is small
enough. However, (n — 1)2¢3 = 1 now and the coefficient at f» can be
arbitrarily small, so the previous argument fails. This is not accidental:
unlike the equation I K = cK, which was invariant only under homotheties,
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the equation I2K = cK is invariant under arbitrary linear transformations
(see [Ga, Theorem 8.1.16)).

Therefore, any ellipsoid gives a solution and it is no longer possible to
conclude that ¢ = 0 from the equation above. Fortunately, the very same
invariance under linear transformations allows us to put the body K into the
isotropic position. Then, for every quadratic form Q(e) = ) a;je;e; with

0.
> ai;; = 0, we have
(2

/ QK(6>n+2Q(6>dO'n_1(6) = cn/Q(x)da: =0,
g1 K

which means that for the function f = o, f™*2 is orthogonal to all spher-
ical harmonics of degree 2. Representing f = 1 + ¢, using the bound
[l oo (sn-1) < €, and linearizing, we get

|f"2 =1 = (n+2)¢p| < Celgl.
We see that
If*72 =1 = (n+2)@llL2n-1) < CellollL2(sn-1)-

However, the second order spherical harmonic in the expansion of f7*2 —
1 — (n+2)p is just —(n + 2) f2, so we conclude that

Hf2HL2(S”*1) < CEH‘P”LQ(S"*1)7

and, for sufficiently small € > 0, the L?>-norm of ¢ comes mainly from the
spherical harmonics f,, with m > 4, i.e., we can write

2
.
lew = (n = D*R2llBagn 1) 27 3 Wfmlagnsy > L llolZagns)

m>4
meven
with
y=inf |e—(n—172c[>1—(n—1)%f—le—1],
n{rtLeT/en

so if € is so small that
Ce+lc—1]<1—(n—1)>3%2,

we get a contradiction unless ¢ = 0.

The reader should by now be able to show that for any & > 1, the only
star-shaped bodies close to the unit ball that satisfy the equation I*K = cK
are balls if k is odd and ellipsoids if k is even. The full result of [FNRZ]
is stronger. Namely, it is shown there that if the body K is sufficiently
close to the ball, then the iterations I* K converge to the unit ball in the
Banach-Mazur distance, so IK (or I*K) can be neither a homothetic image
of K, nor even a linear image of K, unless K is an ellipsoid. The proof of
this stronger statement is more complicated, so we refer the reader to the
original paper for details.
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4. EXAMPLE 2: BUSEMANN’S INEQUALITY [Y]

The well-known Busemann intersection inequality asserts that for any
star-shaped body K, we have

K

"L yol, (K)"

vol,(IK) < — =
Rn

with equality attained if and only if K is a centered ellipsoid (see [Ga,

P
Corollary 9.4.5]). Here k), = F(’lriiﬂ), which equals the volume of the unit
2
ball in RP when p is a positive integer.
Koldobsky introduced a generalization of the notion of an intersection
body (see [K, page 75]). Let K and L be origin-symmetric star-shaped
bodies in R™ and let k£ be an integer, 1 < k < n — 1. We say that L is the

k-intersection body of K if
voly(L N H) = vol,,_,(K N HY)

for every k-dimensional subspace H of R™. Note that 1-intersection body of
K is $IK.

It is worth mentioning that, when k > 1, for a given origin-symmetric
star-shaped body K, its k-intersection body may not exist in general.

It has been conjectured (see [KPZ]) that an analogue of Busemann’s in-
tersection inequality holds for k-intersection bodies when k& < %, i.e., that if
L is a k-intersection body of K, then

(5) vol,(L)* < O, pvol, (K)" %,

where C), ; > 0 is the constant that turns (5) into an equality when K is a
ball.

The condition that L is the k-intersection body of K can be analytically
expressed in terms of the spherical k-Radon transform as

—k
of = bn i Rilo ",
where b, ;; > 0 is some numerical coefficient. This relation allows one to
rewrite inequality (5) as

O mittenn) s ( [ ) -

S§n—1 S§n—1

([ @hyrdo,)"

Sn—l
(here one clearly has equality for px = const).
Raising both sides to the power %, we see that this inequality is almost

the same as the statement that the operator norm

HRk||Lﬁ(S"*1)—>L%(S”fl)

is at most 1, except we can additionally assume that both the test function
and its image are even and positive.
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If k = 5, then we have |c,, x| = 1 for all even m > 2, so R}, is an isometry
in L2,.,(S"!) and there is nothing to prove. Assume now that k¥ < %. In
this case we shall prove only that the desired inequality holds if gx is close
to 1, i.e., K is close to the unit ball.

The geometric meaning of the problem is useful in one more respect: it
allows one to observe that inequality (6) is invariant under linear transfor-

mations of K (see [Y]). Thus, we can assume that K is in the isotropic
n+2 .
position, i.e., the function Q’}(Jrz = (g}‘(_k)n—k has no second order spherical

harmonics. We can also assume that f g?{_kdan_l = 1. Then, denoting
Snfl

g?{k = f =1+ ¢, and arguing as in the previous example, we see that if K

is close enough to the unit ball, i.e., ||| foc(gn-1) < € with sufficiently small

e, then the contribution of fs into the L?(S"~!)-norm of ¢ is negligible, so

1
D fmlEa@ery = Slela@n),

m>4
meven
say.
We thus want to show that
n—k
@ [ arRdDrdon < ([ 4o ERdo)

S§n—1 S§n—1

It is tempting to expand to the second order and write the left-hand and
the right-hand sides of (7) as

vis~ [ (14 2Ruel 4 57 (h 1) (Ralel) Yaowr =

3G ) [ (R

Snfl
and
—k

RHS%( / (1+ﬁ¢+%nik<nﬁk _1>(p2)dan_1>nT -
gn—1

(3w ) [ ) ™

S§n—1

1+%%<nﬁk_1> /‘pzd"“'

Sn—1

Then it would remain to conclude that

RHS — LHS ~ %%(% / W doy_q — - F / (Rk[@])Qdan_1> -
sn—1 -1
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1n k s n—~k 9
25 2 G )/fmdf’nl
4 Snfl

and observe that ¢y, = —ﬁ and |y k| < fear| < ﬁ for even m > 4, so

the expression in the final line of the last formula is at least

04 Z /f%dan_lzg / ©? doy—1

>4
meven SPT1 Sn—1

with some v = vy(k,n) > 0.
To justify this approach, one needs, however, to show that the errors in

the second order Taylor approximations are small compared to 0> dop_q
S§n—1
when ¢ is close to 0.

The right-hand side RH S presents no problem because we control ¢ in
L>®(S"1). The main difficulty with the left-hand side LH S is that, unlike
the usual Radon transform, R, is not bounded in L>(S" 1) for & > 1 and we
cannot say that Rg[¢] is small at each individual point. What we shall use
instead is that Ry, is bounded from L?(S"') to L% (S"!) for all 0 < k < 5
Assuming that, we will use the inequality

p(p—1) 5 cpltl?, 2<p<3,
1+t”7(1+ t+7t>‘<
s P eIt + 1), p =3,

valid for all ¢t € R and p > 2. To prove it, just notice that the ratio of its
left-hand side to [t|P or [t[P + |t|? respectively is a continuous function on
R\ {0} that stays bounded as ¢t — 0 and as t — +oo.

This inequality allows one to estimate the error in the approximation
of [ (1+ Rilg])*don—1 by a constant multiple of [ |Ry[p]|*doy—1 if

Sn—1 Sn—1
2 < 7 <3 and of f1(|Rk[90]|E +Ri[e]})dop—1 if 7 > 3.

sn—

Using the boundedness of Ry, from L2(S"1) to L# (S*~1), we immediately

get,

[ Rufelltdos = R4l < Cllglfaggns) =
n—1

Sn—

n
E’Il
Lk (Sn—1)

C( / @2d0n71)2k§06%_2 / *doy_1

Snfl Snfl
and, if 7 > 3, we also have

| RullPdons = 1Ry < IR ) <
S§n—1

3
<Clleliagnn =C( [ don)’ <Ce [ Pdonn
Sn—1 S§n—1
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It remains only to prove the boundedness of Ry, from L2(S"~1) to L# (S"~1)

for 0 <k < 3.
Recall that the definition
m k(k+2)---(k -2
o= (c1)F k) kg m—2)

m—k)n—k+2)---(n—k+m-—2)

makes sense not only for integer k£ but for any £ = z € C with 0 <Rez < 7.
Moreover, for every such z, we have |¢y, .| < 1, so the mapping R, defined
by

f=fo+tfot+fat+... = R.f=co.fotcofotcafa+...

for any even L?(S"~!)-function f is bounded in L2, (S"!) with

even
”R HL (Sn=1)—L2(Sn—1) <1

even

n

and depends on z analytically in the strip 0 < Rez < 7. Moreover, for
every fixed f € L2,.,(S"!), the mapping 2 — R, f is continuous up to the
boundary of this strip.

By the Stein interpolation theorem (see [S] or [SW, Chapter 5]), it now
suffices to show that when Rez = 0, [|R.| 12, _ (sn—1)— Lo (sn-1) I8 finite and

even

grows at most polynomially as |z|] — oo. To this end, we first estimate
[ fml Lo (sn-1) in terms of || fm/[r2(gn-1) -

Observe that H,, is a finite-dimensional linear space of harmonic poly-
nomials. Let g1,...,g9n5 be an orthonormal basis in H,, with respect to
the scalar product in L?(S"~!). Then, for every g € H,,, we have g =

N
>(g,9;)gj, so for every x € S"~! we have

g7g$>

||Mz

Thus, the norm of the linear functional g — g(z) on H,, equals

1
2
L2(Sn—1) (Z‘gj ) :

On the other hand, the space H,, is invariant under rotations, so this norm
must be independent of z. Therefore, for every x € S*~!, we have

N
1Ga || L2(sn-1) = H Zgj(iﬂ)gg‘
=1

A —— /ng||mnldo—n1 /Dg] )doy(z) = N.

S§n—1 Snl]l

Recall now that
dimH,, = dimP,, — dimP,,_s =

m+mn—1 m—2+n-—1\ B 2
S B S R
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as m — oco. We see that

| fmll oo sn-1y < /Dol finll p2gn-1)
and
||RZfHL°°(S”—1) < Z ‘Cm,z’”meLoo(Sn—l) <

m>0
meven
Z ‘Cm,Z|\/E||meL2(Sn71) <
m>0
meven
3 1
2 2
m>0 m>0
meven meven
1
( Z |Cm,z|2Dm)2||f||L2(Sn71).
m>0
meven

It remains to estimate |c;, ,|. When n is even, it is very easy. Since Rez = 0,
In—z+j| =]z +n+j| for every j =0,2,...,m — 2, so

M Jz+i [T |z+i
o] = e e 12|z 42|z +n—2
" [T lz+n+j| T |z+4 m32
0<j<m-—2 m<j<m+n—2
jeven jeven

for m > 2. We also have |cg .| = 1. Thus,

D
Z ‘Cm,z‘QDmS1+‘z‘2’z+2’2...‘z+n_2‘2 Z 77:
m>0 m>2 m
meven a2

Since Dy, = O(m"2), the series on the right-hand side converges and we
are done. A similar estimate holds for odd n too but its proof is a bit more
complicated, so we refer the reader to [Y] for details.

5. EXAMPLE 3: A LOCAL VERSION OF THE FIFTH BUSEMANN-PETTY
PROBLEM [ANRY]

Busemann and Petty in [BP] asked the following question. Let K be
an origin-symmetric convex body in R™. Suppose that for every (n — 1)-
dimensional subspace H C R", the volume of the cone of the largest volume
with base K N H contained in K does not depend on H. Does it follow that
K is an ellipsoid?

The equivalent analytic reformulation of the question assumption is that
the product hx (e)R[o% '](e) = const on S"7!, or, equivalently,

(8) hi(e) = c(Rlog '](e)) "
The formulation of the problem is, clearly, invariant under linear transfor-

mations, so we can assume from the beginning that the body K is in the
isotropic position.
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We shall also normalize the convex body K by the condition

(9) / oxdon—1 = 1.
S§n—1

Our task will be to show that if, under such conditions, K is close to the
unit ball B, then K = B.

Equation (8) should remind the reader of equation (4) in the intersection
body example. Just as in there, one can conclude that since both hx and ox
are close to 1, the constant ¢ must be close to 1 as well. The key difference
and the main difficulty, however, is that now we have two different functions
bk and pg in the equation and, while each of them determines the other
one uniquely, the relation between them is highly non-linear.

What saves the day is that this non-linearity manifests itself only on high
frequencies. More precisely, we have the following

Lemma. Let o = o and § = b be the radial and the support func-
tions of an origin-symmetric convex body K close to the unit ball. Let b =
> b be the spherical harmonic decomposition of h. Putn = > b,

méven T ovan
v= 5. by. Then for every e,l > 0, there exists §, = 0,(,l) such that
m>1

meven

whenever || — 1||oo < do, the inequality
0<bh—o<elnlrzgn-—1)+CMv

holds, where

1
Mu(e) = —
v(e) 92%3};) on-1(Sp(e))

/ v(@) o1 (x)
Sp(e)

is the spherical Hardy-Littlewood mazimal function, Sp(e) denotes the set of
vectors © € S"~! making an angle less that 0 with the vector e € S*™ 1, and
C > 0 is a constant depending only on the dimension n.

Proof. We have

: [](6,) n—1
o(e) = inf { e s e eSSV (e, €y > O}.
Note that the admissible range of €’ can be further restricted to |e —e/| < ¢
with arbitrarily small § > 0, provided that d, is chosen small enough. Indeed,

since h(e') > ﬁgzb(e), ¢’ can compete with e only if (e, e’) > ﬁgz, SO

le—€)? =21 — (e, ) < 1%505 < §?

if §, > 0 is chosen appropriately. Now observe also that all norms on the
finite-dimensional space of polynomials of degree not exceeding [ on the unit
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sphere are equivalent, and that any semi-norm is dominated by any norm,
whence

Inllegn—1y < CO)IInllzzgn-y  and  [[Vllggn-1y < CO|InllL2gn-1)-

In particular, if |e — €| < 20, we get

In(e) —n(e")] < 4 Vnllegn-1)0 < 4C[D)6|Inll L2gn-1).-
Before we proceed, let us prove the following claim. Let R > w > 0 and
let e € S"~! be a unit vector. Assume that h(e) = (R — w)cosf for some
0 € (0,%). Then

1 / / /
10 _ h(e') — Rldo,_1(e') > cw
So(e)
with some ¢ > 0 depending on n only.
We will use the parametrization €/ = €/(¢t,v) = ecost + vsint, where
t < 0 is the angle between e and ¢’ and v € S” ! Ne'l is the direction of the

projection of €’ to el. Note that
doy,_1(e') = ¢, (sint)" 2 dt do,_2(v).
¢

Since €/(%,v) cos & = %(e’ (t,v)+e), we have by the convexity and 1-homogeneity

of h that
(e (50)) cos 2 < 106, 0)) + o),

SO

2h <e'<%,v)) cos% —h(e(t,v)) < hle) =

b
0
2
— = R — < — _
(R—w)cosb R(2cos 5 1) wcosH_R(Qcos 1)
whence

2)5(6'(%,1;)) ~ R|+ [p(e/(t,0)) ~ R >

t t
2’()(6’(5,1))) — R’ cos 5 + lh(e'(t,v)) — R| > %
Integrating this inequality against
t t

n(sin t)"_2 dt doy,_o(v) < on—le ( sin 7>n_2d <f

2 2) don—(v),

we get

o / Ih(¢') — Rldo-1(e') + / b(e') = Rldon-1(€') = Son-1(Sa(c))
S4(e) 54 )

and the desired inequality follows with ¢ = m

Let us now assume that ¢’ € S"~! with |e — ¢/| < § is such that

" _ ye) < be).

(e, €’)
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Then, if 0 is the angle between e and ¢/, we have

h(e') = [b(e) — (h(e) — o(e))] cos b
and we can apply (10) to the vector ¢’ with R = h(e) and w = h(e) — o(e)
to conclude that

C " 1!
h(e) = 0(e) < s [ 1) = b(enldoa(e) <
Se(e)
C, 1! "
m / ‘h(e) - [](e )|d0n—1(€ )
Sa0(e)
However,
Ib(e) —h(e")| < In(e) —n(e”)| + |v(e)] + [v(e"))
and
In(e) —n(e”)| <4C1D)d|nll L2(sn-1y,

while

1 1! i

Ol < Mrle)  and s / (") don 1 (") < Mu(e),

Sag(e)
so the desired statement follows if we choose 6 > 0 so that 4C'C(1)d <e. O

Now fix € > 0, I > 0 to be chosen later and assume that ||h — 1]|cc < o
where 6, > 0 is very small. Since the body K is assumed to be in the
isotropic position and normalized by (9), arguing as in Section 3 we can
again show that the second order spherical harmonics component of o is
small compared to ¢ — 1. Linearizing the right hand side of the equation
h=c(R[e"])~! around 1, we get h = c¢(1 — (n — 1)R(0 — 1) + ), where
[7[l2gn-1) < ello — 1||p2(gn—1), provided that d, is small enough.

Since, for small enough §,, the L?(S™~!)-norm of the second order spher-
ical harmonics component of ¢ — 1 is also less than ef|o — 1[|12(gn-1) and
¢ < 1+ ¢, we can incorporate the second order spherical harmonics compo-
nent into the error term ~ and to conclude that

(11) 16 —c—cM(o— Dlr2@n—1y < 3ello = 1l z2(gn—1).
Here 91 is the linear operator that maps every m-th order spherical harmonic
Zm t0 tmZpm, where

m 1-3---(m—1)
m=—(n —1)(—1
a (=D O/ D m—3)
for even m > 4 and p,, = 0 for other m (80 pmZy = —(n —1)RZ,, for even

m > 4). Note that when n > 3, we have |u,,| < 1 for all m and p,, — 0 as
m — 00.

Consider the decomposition h = h, +n+ v and ¢ =1 + ¢ + ¢, where b,
is the constant term, n and ¢ are the parts corresponding to the harmonics
of degrees 2 to I, and v, ¢ are the parts corresponding to harmonics of
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degrees greater than [. Since the projection to any sum of spaces of spherical
harmonics in L?(S"~!) has norm 1, inequality (11) implies

7 — cMpl|p2(sn-1y < 3ello — 1| p2gn-1) < e[|l 2@n-1) + [l L2(sn-1))
and the same estimate holds for [[v — ¢9MY||12(gn—1y. Thus,

[Vl L2sn-1) < el p2(gn-1y + 3e(ll@llp2sn-1) + 9] L2sn-1)) <
c %gﬂﬂm\ 191l L2(sn-1y + 3e(llell L2@sn-1) + [l 2(gn-1)) <
de(llellL2gn-1) + 1Yl L2sn-1y),
provided [ is chosen so large that ¢ max |ttm| < € and 0, > 0 is small enough.
m>
The same computation for 7, using just the crude bound max lm| < 1,
m>
yields
Il z2sn-1) < 2(ll¢ll L2 n-1) + 1Yl 2sn-1y)-

On the other hand, by Lemma 5 and the boundedness of the maximal func-
tion in L?(S"~ 1), we have

16 = ollL2sn-1y < ellnllzz@gn-1) + C V] L2@gn-1) <
(2 +4C)e(llell 2sn-1y + 1Yl L2(sn-1)5

which implies the same bound for both ||¢ —n||z2(gn-1) and [ — v L2(gn-1).
Combining all the above estimates, we get

[ — Mol L2gn-1) + |¥ — cDMY|[L2(gn-1) <
lp=nllL2@n—1) +In—cMepl[L2@gn-1) + || —v|[L2@gn—1) + ||V — M| 2 (gn-1) <
C'e (lellpzsn-1y + 19l 2@sn-1))-
On the other hand, for any function y € L?(S"~!), we have
I = el = (1= (1+ &) maxlpom DIl 2,

so we can conclude that ¢ =0, =0if C’'e <1 — (1 +¢) max |ttm|. Thus,
m>

in this case, o = 1 and, therefore, K is the unit ball.

6. EXAMPLE 4: NON-UNIQUENESS OF CONVEX BODIES WITH PRESCRIBED
VOLUMES OF SECTIONS AND PROJECTIONS [NRZ]

In this section, we shall construct two essentially different convex bodies
K1 and K3 in R?" that have equal (2n — 1)-dimensional volumes of central
sections, maximal sections and projections in every direction. This answers
negatively an old question of Bonnesen and Klee in even dimensions. The
case of odd dimensions still remains open as far as we know. Our exposition
will follow [NRZ].

For a convex body K containing the origin in its interior and e € S*~1,
put

Ak (e) = voly, 1 (K Net) (the central section volume),
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Mg (e) = max voly,_1(K N (et +te)) (the mazimal section volume),
c
Py (e) = voly,_1 (K|et) (the projection volume).
We shall construct two bodies of revolution K7 and K9 close to the unit ball
that cannot be obtained from each other by a rigid motion but satisfy
AKlEAKQ, MKleK27 and PKIEPKQ.

The idea is easiest to demonstrate in R?. We start with the unit disk that
in the usual Cartesian coordinates x1, x2 is given by the inequalities —1 <
1 < 1, |ag] < fo(w1) = y/1—27. Now choose a very small § > 0 and
choose two small in C? not identically zero functions ¢ and v supported on
[ — 0,3+ 6] and [1 — 26,1 — 4] respectively.

Put
fi(@1) = folz1) + @(z1) — p(=z1) + Y (1)
and
f2(x1) = fo(z1) — @(z1) + o(—21) + Y (21),
and put

Kj={(zr1,22): =1 <21 <1, |22 < fi(21)}, j=12
If ¢ and ® are small enough, K; and K5 are still convex. Also, if the

direction of the vector e makes with the z;-axis an angle not close to ¢ or
5, then Ak (e) = Mk, (e) = Pk,(e) =2, j =1,2.

When the angle is close to &, Ak;, Mk; and Pk, do not feel the per-
turbation of f, by ¢ in any way so they are the same as for the convex
bodies K7 and K3 corresponding to fi(z1) = fo(z1) + ¢(x1) — p(—2x1) and
fa(z1) = fo(z1) — @(x1) + p(—21), but K| and Ky are origin-symmetric im-
ages of each other, so we have Ax, = Ak,, Mk, = Mg,, Pk, = Pk, again.
Finally, when the angle is close to 7, only ¢ matters, so Ax, = Ak, = Ag,
My, = Mg, = Mz and Pk, = Pk, = Py, where K corresponds to
I =1Jo+ .

When n > 1 (i.e., we are in R* and higher) one can instead consider the
bodies of revolution

Kj={(z1,29,...,000) : =1 <21 <1, a5+ +13, < fjg(xl)},

j =1,2. The above argument goes through without change except for the
last part when the angle 6(e) between e and the x1-axis is close to § because
now it is no longer true that the volumes of the corresponding sections and
projections are not influenced by ¢.

The projections present no problem. All one has to note is that when the
angle between e and the z;-axis is close to I, then the intersection (K|et)
N {z : |z1] < 3} is influenced by ¢ alone and the intersection (K|et) N
{z: |z1| > 2} is influenced by ¢ alone.

To take care of the sections, note that for any body of revolution

K={(x1,...,000) : =1 <21 <1, a5+ +a3, < f*(x1)},
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the volume of the section K N (e* + te) depends only on the angle 6(e) and
on t € R and can be computed as

cnV 1+ s2 /[fz(:cl) — (sx1 + h)2]”71dx1,

where s = cotf(e), h = W,
intersections of the line y = szy + h with the curves y = +f(x1). Since
both K7 and K5 are close to the unit ball, we always have t =~ 0 for both
the maximal and the central section of each of them. When 6(e) ~ 7, this
implies that for every choice of f(e) ~ § and t ~ 0, the points z_ and x4
are determined by 1 only, so they are the same for K; and Ky. Moreover,
these points are close to —1 and 1 respectively. If we now make a choice of
¢ such that

3

/[ff(l’l) — (sz1 4+ h)?)" ey = /[ff(m) — (sx1 + h)H" tday,

and x_ < x4 are the xj-coordinates of the

W

4

>

for all s, h € R, then, since f; = f5 outside [—%, %], we will have

VOlQn_l(Kl N (eJ‘ + te)) = VOlQn_l(Kg N (GL + te))

as long as 6(e) is not too far from 5 and ¢ is not too far from 0. This is
more than enough to conclude that Ag, (e) = Ak, (e) and Mk, (e) = Mk, (e)
when 0(e) ~ 7, finishing the construction.

It remains to show that such choice is possible. Expanding the expressions

in powers of s and h, we see that it would suffice to ensure that

3 3
1 4
Lii(e) = /f{(l‘l)wlfdm - /fé(xl)x’fdxl =0

W
NI

for all k,1 < 2n—2, say. Note that ¢ — I'(¢) = {I'1 x(¢) 127’,;;% is a continuous
mapping from the infinite-dimensional linear space C3([3 — 6,5 + 4]) to
R(n=1? and I'(—p) = —T'(¢) (when one changes ¢ by —¢, fi and fs swap
places). The Borsuk-Ulam theorem (see [Ma, page 23]) implies that for
every fixed £ > 0, we can choose ¢ with 0 < ||¢||c2 < € such that I'(¢) = 0,
which is exactly what we need.

7. SOME OPEN QUESTIONS

We will finish this survey with five open problems that we would like to
see resolved. We by no means pretend that they are “the most important”
questions in the area or anything like that. What they reflect is just our
personal taste and the general lack of understanding of even the most basic
things about convex bodies in dimensions 2 and 3. All these problems are
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well-known and we will accompany each of them with a reference to the
earliest known to us source where it was raised. We will intentionally abstain
from any comments about our own attempts to solve them.

Problem 1. (Bonnesen [BF, page 51]). Does there exist a conver body
K C R? for which all mazimal sections and all projections have the same
area (possibly different for sections and projections) but which is not a ball?

Problem 2. (Bonnesen [BF, page 51]). Do there exist two convex bodies
K., Ky C R? such that Mg, = Mg, and Pk, = Pk, but K; cannot be
obtained from Ko by a rigid motion?

Problem 3. (Gardner [Ga, Problem 7.6]). Does there exist an origin-
symmetric convex body K C R3 such that all perimeters of central sections
of K have the same length but K is not a ball?

Problem 4. (Gardner [Ga, Problem 7.6]). Let K1 and Ks be two origin-
symmetric convex bodies in R? whose central sections have equal perimeters.
Does it follow that K1 = Ko?

Problem 5. ([BL]). Do there exist two convex bodies K1, Ko C R? con-
taining the disc of radius 1 in their interiors such that for every e € S,

length(K7 N (et 4 €)) = length(K> N (e* + ¢))
but Kl 75 K2 ?

We do not know the answer to any of these questions even in a small
neighborhood of the unit ball.
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