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Abstract: In this paper we present a comprehensive existence theory
for linear and nonlinear reaction random walk systems. The methods are
based on semigroup theory for solutions of differential equations on Ba-
nach spaces. The solution properties on a bounded domain sensitively
depend on the choice of boundary conditions. For Neumann or for peri-
odic boundary conditions, singularities are transported along characteris-
tics and the solutions form a group. Surprisingly, for Dirichlet boundary
conditions, singularities are washed out, the problem regularizes in finite
time, and the solution operator forms a semigroup.

Furthermore, we study the relation to damped wave equations and reaction-
telegraph equations. The relation between random walk models and tele-

graph equations for Neumann and periodic boundary conditions requires

a compatibility condition of the initial condition. For Dirichlet boundary

conditions, however, there is no direct relation between the random walk

model and the telegraph equation.

1 Introduction

The detailed investigation of partial differential equations (PDE) models for correlated
random walks has flourished in the 1990th and many theoretical results and specific
applications have been studied (see [16], [21]). The current paper is based on my
thesis from 1995 [17], which is written in German. It contains results which are
largely unknown and have not been published previously. In continued work on these
systems, it turns out that the semigroup solution theory as well as the regularization
property of the Dirichlet problem are needed for many follow up studies. Also, the
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relation to telegraph equations is discussed by many scholars. The results presented
here give a definitive answer.

The original model (2) was introduced by Goldstein and Kac [11, 26]. The Goldstein-
Kac model (2) is a linear system of hyperbolic PDE and the existence theory on an
unbounded domain IR is clear (see for example Bressan [4]). Existence and unique-
ness of solutions on bounded domains is less clear and we use semigroup theory to
prove local and global existence.

The one-dimensional model for correlated random walk and generalizations have been
used extensively for modelling of biological processes. A comprehensive review includ-
ing applications to edpidemic spread, to chemotaxis, Turing pattern formation and
travelling waves can be found in the CIME lecture notes of Hadeler [16], see also
[18, 19, 23, 22]. Models for alignment were studied by Lutscher [31]. A comprehen-
sive study of pattern formation under non-local aggregation and alignment terms was
studied recently by Eftimie and co-workers in [6, 7].

The paper is organized as follows. Following this introduction we will introduce the
main model in Section 2 and discuss local and global existence of weak and classical
solutions in Section 3. It is well accepted that hyperbolic systems do not regularize
(in contrast to parabolic systems) and solutions are as smooth as the initial condi-
tions. We show in Section 4 that this is true for periodic and for Neumann boundary
conditions, and that it is not true for Dirichlet boundary conditions. For Dirichlet
boundary conditions, singularities are washed out and solutions regularize in finite
time. This is a quite surprising result and it shows how sensitive these models are to
boundary conditions. In Section 5 we introduce kinetic terms which describe birth and
death events. These terms lead to so called nonlinear reaction-random walk equations
(RRWE). We show in Section 6 that these are closely related to reaction telegraph
equations (RTE). If we only look at the equations (and not the boundary conditions),
then we see a close correlation between these models. For each solution of RRWE we
find a solution of RTE, and for each solution of RTE there is a one-parameter family
of solutions to RRWE. This relation changes if boundary conditions are included. For
Neumann and for periodic boundary conditions an additional compatibility condition
appears. Surprisingly, for the Dirichlet problem the above relation is untrue.
Besides the two main results mentioned above, this paper also provides an explicit
solution based on Bessel functions (Section 3), and summarizes results on the existence
of solutions for damped wave equations (Section 7).

2 One-dimensional Correlated Random Walk

For one space dimension Taylor [43] considers the following random walk process:



Suppose that a point starts moving with uniform velocity v along a line,
and that after a time 7 it suddenly makes a fresh start and either continues
moving forward with velocity v or reverses its direction and moves back
over the same path with the same velocity .

This form of random walk can be formulated on a spatial grid. A particle travels
p = 7 per unit of time 7 and changes direction with probability ¢ = pu7. It keeps
the direction with probability p = 1 — ur. We denote by w (z) the density of right
moving particles and with u,, (x) the density of left moving particles at location x
at time t = n7. This random walk can be described through the following Master
equation

wi@) = puf(e—p)+au (@) "

uy, () = pu,_(x+p)+qui_(x+p).

We divide this equation by 7 and consider the limit 7 — 0. Then p — 0 and p/7 — p.
If we define

u(t,r) = Tﬂloj-%]ﬂi':t ul(x), u (t,x):= Tﬂlngllrszt u,, ()

then u*(x,t) satisfy the following hyperbolic system of correlated random walk.

u:(tvx) + 7u;(t7x) = ,u(u_(t,x) - u+(t,x))
u;(taa;) - 7“;(t’x) = ,u(u*(t,x) - ui(tvx))'

(2)

Here we used index notation for partial derivatives.

The model can be understood in terms of death and birth events. A particle moving
to the right dies with rate p and is reborn as a left moving particle with the same
rate.

2.1 Boundary Conditions

We study (2) on an interval [0,1]. We see that the classical Dirichlet, Neumann and
periodic boundary conditions for this hyperbolic system need to be appropriately
adapted to the hyperbolic model. For given 0 < T < oo we denote the spatio-
temporal domain 7 :=[0,7") x [0,!] and we define its “hyperbolic boundary”.

Definition 2.1 The hyperbolic boundary of Qr is defined as

0" Qr = {0} x1[0,{] U [0,T) x {0},
0 Qp = {0} x[0,{] U[0,T)x{l}.

The hyperbolic system (2) has two families of characteristics, z+~t and z—~t. Hence
we impose conditions for u™ on 07 Qr and conditions for u~ on 9~ Qyp (see. Fig. 1)
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Figure 1: Hyperbolic boundary.

At t = 0 we impose initial conditions for both compartments

u(0,2) = uf (x), u (0,2) =uy (z), Vzel0,l] (3)

The boundary conditions will be chosen to describe the physical situation of classical
Dirichlet, Neumann and periodic boundary conditions.

e Homogeneous Dirichlet boundary conditions describe a domain which is
open at the boundary. Particles can leave the domain but no particle can enter
from the outside. Hence

wt(t,0) =0, u=(t,1) = 0. (4)

e Homogeneous Neumann boundary conditions describe a closed domain,
where no particle can leave. Hence particles are reflected

ut(t,0) =u"(¢,0), wu (t,1)=u"(t1). (5)

e Periodic boundary conditions are straightforward

ut(t,0) =ut(t, 1), u (t,1) =u (t0). (6)

We combine these three and more general boundary conditions as
u(t,0) = xo(ut(t,1),u"(t,0)), u (t,1) = xi(ut(t,1),u (£,0)). (7)

where xo(a, 5) = xi(«, 5) = 0 for Dirichlet, xo(c, 5) = 3, xi(a, ) = « for Neumann
and yo(a, B) = a, xi(a, 3) = B for periodic boundary conditions.



3 Existence and Uniqueness

To show existence and uniqueness for equation (2) with the above boundary condi-
tions, we use semigroup theory and apply the Lumer-Phillips theorem (see Pazy [37]).

We define two operator matrices as

oor(A) we(h) e

where D, denotes the partial differential operator with respect to z € IR. We define
y:= (u",u") and (2) reads
ye = Gy + By. (9)

For 1 < p < oo we denote
LP = (L¥([0,1)))?

with norm

1/p
p p )
Il = 1o, 92l = { (ol + Ioeloy)  Fox 1<p <o

max([|y1 oo, ¥2loc) f'ur p=oo

The dual of £P is L9 with g = p/(p—1) for 1 < p < oo and ¢ = oo for p = 1. We will

prove that G is generator of a semigroup for 1 < p < co. The space L% is only used
as dual of £!.
For 1 < k € IN we denote the Sobolev spaces as

WP = (WF([0,1]))?,
with norm i
lyllkw =D IIDLyllp-
j=0
For 1 < p < 0o we denote the domain of definition of G as

D(G) ={y € WP y1(0) = xo(y1(1), 42(0)), v2(1) = xa(y1(1), y2(0)) } (10)

with xo and x; as in (7). The domain of definition D(G) is dense £P. The norm on
D(QG) is induced by WP and corresponds to the graph norm of G, i.e. ||y|p@) =
Nyllze + (|1 Dayllce = |yl ce + %HGyHﬁp. Hence G is a closed operator.

We first study the spectrum of G:

Lemma 3.1 The spectrum of G : D(G) — LP for 1 < p < oo is given as follows

e Dirichlet boundary conditions (4):

o(G)=10



o Neumann boundary conditions (5):
o(G) = {k1ri: ke 2}
e Periodic boundary conditions (6):
o(G) = {2k:77”7; ke
Proof. Consider A € C and let 1 < p < oo. If for each z € LP there exists a unique
y € D(G) with (A —G)y = z and if the resolvent R(\,G) = (A\[—G)™! : LP — D(G)

is bounded, then A € p(G).

Consider z € LP. The resolvent equation reads

ro— A z
Ar-Gy=z e {0 T L (1)
Y. = JY¥%2— 75,
The solution can be written explicitly using the boundary conditions (7) as
_2y 1 v A(e—x)
yi(x) = e "xo(y1(0),52(0)) + S e z1(£)dg (12)
0
Afge Y L
ya(z) = e (D), 12(0) + ;/ e (). (13)
We abbreviate
_27 1 ! A(éfl) 1 ! —2¢
e(N\):=e ", K;:= - e (8)dE, Ky = S RIS (14)
0 0

We evaluate (12) at = [ and (13) at x = 0 and find a linear system for the unknown
y1(1) and y2(0).
n(l) = e xo(wn(l), y2(0)) + K
y2(0) = () xu(y1(1),52(0)) + Ko

e Dirichlet (xo(y1(1),42(0)) = 0, xi(y1(1),y2(0)) = 0): Equation (15) reads in this
case

(15)

y1(l)=K; and 1,(0) = K. (16)

Hence the resolvent equation (11) has a unique solution for alle A € C. Hence
the set Xp := () is a candidate for the spectrum of G.



e Neumann (xo(y1(1),y2(0)) = y2(0), xi(y1(1),42(0)) = y1(I)): In this case equa-
tion (15) becomes

y1(l) = ey2(0) + K7, y2(0) = ey1 (1) + Ky,

This system has a unique solution if

det(_lE _15)7é0<:>527é1 <:>)\¢EN::{k?z’: ke%}.

The corresponding solution reads

. Kl +€K2

_K2+€K1
1—¢g2 7’ N '

1—e? (17)

() y2(0)

o Periodic (xo(y1(1),32(0)) = y1(1), xu(31(1), y2(0)) = 92(0)): From (15) we get
(I —g)un(l) = K, (1 —¢)ya2(0) = Ko,
which has a unique solution if

c41 = Agzp;:{zk?z: kem}.

The corresponding solution is

K

(18)

To ensure that the sets Xp, Xy and Xp are indeed the spectrum of G, we need to
show that the resolvent is continuous for the complementary set, respectively.
Hence we need to show that each solution y of the resolvent equation (11) satisfies

1yl < (A )izl

with a constant ¢, which might depend on A und p. We first study the first component
y1. We get from (12) that

2, 1 T Ny
lyallre < [le” Xo(yl(l%yz(o))HLﬁ;H/ e )zl(é‘)dgHLp. (19)
~— 0
T g d
1>

The first term 77 is studied for each boundary condition separately.

e Dirichlet: T} = 0.



e Neumann: Let A ¢ Xy. From (17) we obtain

le 6_%1, KQ+€K1 S)K2+€Kl‘
1—-¢2 || 1 — g2
e Periodic: Let A & ¥p. From (18) we get
= 6_%96 f S‘ Kl .
IL—ell, 11—¢

The constants K; and Ky from (14) are bounded by the norm of z as follows. For
1 < p < oo we use Holders inequality and get

1

K1 < er(\p)||z1]le,  with (A, p) == ; (20)

6%@—0‘

La

and
| K| < c1(A,p)||22]| e

with the same constant c;.

For p = 1 we obtain

1 N 1
K| < = max |7 ||z = |zl
¥ £€0,1] Y

1 A 1
K| < —max e 7% ||zallp = —||zo]/p
Y €€[0,]] Y

Hence for all 1 < p < oo and the three boundary conditions we find 7} < c3(A, p)||z||,-

Now we study 7. Again using Hélders inequality we find for each z € [0, ]

[ xew L 2
_/ ez (6)de < —len )||L<1([0,:ED 121l Lo 0.0
7 Jo v

1 Ale—l
< ;Hev@ N Lacoun 121l oo
= a(\p)llallee

with the same constant ¢; as in (20). Hence Ty < ¢1 (A, p)]|21]| e

Together we find ||y1]/zr < ca(N,p)||z]|, for all 1 < p < oo and alle three boundary
conditions, respectively. Similarly we obtain ||ya||zr < c5(A, p)||2]],-

Since y satisfies the resolvent equation (11) we can estimate D,y through the norms
of y and z.

1Dzyllp < co(X D)yl + cz(A p)|zllp < es(A p) 2]l
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Finally we see

1yl = lylls + A Dayllp < c(A, ) 2]lp-
Hence the resolvent R(\, G) is continuous for all A € ¥;,i = D, N, P, respectively.
qed.

We recall a definition from Pazy [37].

Definition 3.1 Let E be a Banach space and A : D(A) — E a linear operator. A
is dissipative, if for each y € D(A) there exists a continuous linear form z € E’ with
12 = (z.9) = lyll% and Re ((z, Ay)) <0.

Lemma 3.2 The operator G : D(G) — LP, equipped with Dirichlet, Neumann, or
periodic boundary conditions, respectively, is dissipative.

Proof. The action of a linear form z on y can be represented through integration

o) = [ G+ ) (1)

We show for each 1 < p < oo the following statement: For each y € D(G) there exists
a continuous linear form z € £7 with ||z||2 = (z,y) = [|y[|2, such that (z, Gy) < 0.

Consider y € D(G).
Case 1: 1 < p < oo. We denote 2 := (y1|y1|P~2, y2|y2|P~2) and observe that

- l _ol? I o9
1z] = fo‘y1|yl|p 2‘ dx+f0‘y2|y2|p 2‘ dx
! _ ! _
= [yl

and

l l l l
(Z,y) =/ yllyll”‘gyldwﬂL/ y2|yz|”‘2yzdx=/ |y1|qu;+/ [y2|Pdz = [ly|[}. (23)
0 0 0 0

With ¢ := ||y||, and z := ¢*"P Z we obtain with use of (22)

215 = SEP|Z)T = P (|lyllp) 7 = AP = 2 = y||7.

From (23) we get
(z.y) = 7z y) = A 7lylb = Nyl
Now we apply z to Gy

l l
% (2, Gy) = (£,Gy) = / yilyi P2 (—y Dy )dz + / yalya P (VDo) dx
0 0

! !
= —2/ Dx]yl\pd:v—i-z/ D, |ys|Pdz
P Jo P Jo

= 2O =~ O + () = w01 (24)
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We will study this equality for the three boundary conditions separately later.

Case 2: p = 1 Here we introduce Z := (1, Z2) with

S _ yi lys| =t for y; #0 .
Zl_{l for ;=0 v=12

We have
12 ]| = max (H—yl
|?J1|

) =1 (25)

007 |?J2| 00

and

[ l l l
<2,y>=/ yllyll‘lyld:H/y2|y2!‘1yzdx=/ |y1|dflf+/ lyo|dz = [|y[li.  (26)
0 0 0 0

With ¢ := ||ly||; and z := ¢Z we use (25) and (26) and derive the following relations.

1215 = ¢* = lylli und (z,9) = c(Z,y) =" = |lyli.

If we apply 2z to Gy for this case we get

l l
%(z,Gy>=<5,Gy> = /Oyl\ylll(—vayl)der/o yaly2| 7' (Y Day2)dx
l l
= _'7/ Dx|y1|dx+z/D$|y2|dx
0 P Jo
= ([ (0)] = | (D) + [y2(D)] = ly2(0)]).

Hence in both cases, i.e. for 1 < p < 0o, we obtain equation (24). Now we consider
each of the three boundary conditions separately:

e Dirichlet (4): (z,Gy) = —# [y (DI + ly2(0)[7) < 0.
e Neumann (5): (z,Gy) = 0.
e periodic (6): (z,Gy) = 0.

qged.

Lemma 3.3 The linear operator G : D(G) — LP, with Dirichlet, Neumann, or peri-
odic boundary conditions, respectively, is generator of a strongly continuous semigroup
of contractions on LP.

Proof. Theorem of Lumer—Phillips (see Pazy [37], Chap. 1, Theorem 4.3, p.14). ged.
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Theorem 3.4 The linear operator G + B : D(G) — LP, with Dirichlet, Neumann,
or periodic boundary conditions, respectively, is generator of a strongly continuous
semigroup on LP. For u > 0 this semigroup is positive.

Proof. The perturbation operator B is bounded on £P. We use a theorem of Pazy
([37], Chap. 3, Theorem 1.1, p.76) on generators with bounded perturbations. The
positivity follows form the fact if u* = 0 (or u~ = 0) at a certain point, then the
right hand side of the first (second) equation of (2) is non-negative (see Smoller [42]).

For existence, we did not need an assumption on the sign of the turning rate p. The
notion of “turning rate” implicitly implies a positivity assumption. The arguments
used so far, however also hold true for negative u. If p is negative, then the model
for the correlated random walk describes alignment, where particles moving in pos-
itive direction enhance the positive direction. The two directions will be split and
eventually only one direction remains. In some sense (made precise later) the case
for negative p is inverse to the random walk case for > 0. We will use this fact to
show that the hyperbolic system (2) generates a solution group for Neumann and for
periodic boundary conditions. This fact is not true for the Dirichlet problem, which
we will study separately. For Dirichlet boundary conditions we observe a regularity
property, which prohibits backward well definedness.

Lemma 3.5 The linear operator G — B : D(G) — LP, with Dirichlet, Neumann, or
periodic boundary conditions is generator of a strongly continuous semigroup in LP.

3.1 Group for Neumann and Periodic Boundary Conditions

Theorem 3.6 The linear operator G+B, with Neumann, or periodic boundary con-
ditions is generator of a strongly continuous group in LP.

Proof. We use a remark from Goldstein ([10], Remark 2.16, p.22) which states that
the property of generation of a group is equivalent to the fact that both G + B and
—(G 4 B) are generators of a strongly continuous semigroup and that D(G + B) =
D(—(G + B)).

In our case we have a bounded operator B, hence

D(G + B) = D(G), D(—(G+ B)) = D(-G).
To match forward and backward solutions, we introduce a permutation matrix II :=
( (1) (1) ) Then C' := G — B satisfies

N'GIl= -G and II'Cll=-G - B=—(G+ B).
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The solutions of the inverse problem y; = —(G + B)y are after switch of coordi-
nates y; and ys, solutions of z; = Cz with C = G — B. Since C is generator of a
strongly continuous semigroup, and since conjugation with II is just a transformation
of coordinates, we conclude that also —(G + B) is generator of a strongly continuous
semigroup.

Finally it remains to show that D(G) = D(—G). By definition we have

D(G) = {(21,22) € WP 21(0) = xo(21(1), 22(0)), 22(1) = xa(=1(1), 22(0))}-
Using the coordinate transformation II we find the domain of definition of —G to be
D(=G) = {(z1,22) € W' 1 23(0) = xo(22(1), 21(0)), 21(1) = xa(22(1), 21(0))}.
Again, we study the boundary conditions separately.

e Neumann: (yo(a, ) =3, xi(a, 5) = «)

D(—G) = {(21,22) € Wl’pi 22(0) =
= {(y1.92) € W1 51(0)

1(0), Zl(l) = ZQ(Z)}
¥2(0), v2(1) = 1 (1)} = D(G)

e Periodic: (xo(a, 8) = «, xi(a, B) = ()
D(-G) = {(21,22) € W1 %(0) = 25(1), 21(1) = z,(0)}
= {(y1,12) € W2 41(0) = 51(1), v2(1) = 12(0)} = D(G)
ged.

Remarks 3.2 The above relation is not satisfied for Dirichlet boundary conditions
(xo =0, x; = 0) since in this case

D(~G) = {(21,2) € W+ 2(0) = 0, z,(1) = 0} # D(G).

It is true that the Dirichlet problem for G — B can be solved as well, but the solutions
are not the backward solutions of G+ B, since the boundary conditions do not match.

3.2 Weak and Classical Solutions

Now we use the semigroup properties to study weak and strong solutions as they
are classically defined for PDEs. According to Pazy [37] and Ball [1], weak solutions
are defined through integration with appropriate test functions. In this context, the
space of test functions is the domain of definition of the adjoint operator of GG. Using
integration by parts we find that

G* = -G :D(G") — L7,

12



with domain of definition

D(G*) = {(1.92) € WH 1 02(0) = xo(e2(1), 1(0)), 1(1) = xa(sp2(1), £1(0))},

with xo and y; from (7).

We study the following intial boundary value problem (IBWP)

uf +yuf = p(u —ut)
Uy — YU, = H,(Qﬁ" — u*) } (t7 .1') € [0,00) X (0,l>

ut(0,2) = wug(z)

u (0,z) = wug(x) } z €10, (27)

ut(t,0) = xo(u™(t,0),u"(t,0))
ui(t’l) = Xl(qu(tvl)?ui(t’O)) } te[O’OO)

Definition 3.3 (Pazy [37], Chap. 4) Let 7' > 0.
1. The function u(t,x) = (u*(t,z),u" (¢, x)) is called classical solution of (27), if
u € CH[0,7), L") NC([0,T),D(Q))
and for all ¢ € [0,7) we have

%u(t) = (G + B)u(t).
2. The function u(t,x) = (u™ (¢, x),u" (¢, z)) is called weak solution of (27), if
ue C([0,T),LP)
and for each z € D(G*) and all t € [0,T)

d x
Z{zult)) = (G2 u(t)) + (=, Bu(t))

and the map ¢ — (z,u(t)) is absolutely continuous.

Obviously, a classical solution is also a weak solution.

Theorem 3.7 Let (S(t))i>0 denote the semigroup generated by G + B.

1. If uy € D(G), then u(t,x) := S(t)uo(x) is a unique classical solution of the
IBWP (27).
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2. If ug € LP, then u(t,x) = S(t)uo(x) is a unique weak solution of the IBWP
(27).

Proof. Since the resolvent set of GG is non-empty, also the resolvent set of G + B
is non-empty. Then a Theorem from Pazy [37] (Chapter 4, Theorem 1.3) applies
and the generator property is equivalent with item 1. of the theorem. The second
statement is based on a Theorem of Ball [1]

qged.

Remarks 3.4

1. A complete spectral analysis for a larger class of hyperbolic systems which also
include the models studied here is given in Neves, Ribeiro, Lopes [36] and Neves,
Lin [35]. They include dynamic boundary conditions of the form

ut(t,0) = E(t)u (t,0)
d
S (1) = DU (L) = Pt (1) + Gloyu (1,1
For existence and uniqueness the authors refer to “standard literature on semi-
groups”. Hence we feel it is justified to carry out the above arguments in detail.

2. Beck [3] studies boundary conditions of the form

u™(t,0) = xol(t) € C([0,77)
u (t) = x(t) € C'([0,T])

and he proves existence and uniqueness of classical solutions for (2) with initial
conditions u*(0,z) = ud(z), u (0,r) = uy(z) which satsfy the following
continuity conditions

. . . + . _ . —
limxo(t) = limug (), limx(t) = limug (2).

3. The hyperbolic system (2) on an unbounded domain IR falls into the class of
symmetric hyperbolic systems, as they are studied in many standard texts. For
example Kato [27] showed that initial conditions uy € W*?(IR) with k > 2 lead
to unique solutions in C'([0,7), W**(IR))NC*([0,T), W* 12(IR)). Renardy and
Rogers [40] present a proof for £ = 1 and also John [25] studies these kind of
systems on IR.

4. Using the one-dimensional Sobolev embeddings (see e.g. [9], [44], [5]) we find
that classical solutions of (2) are continuous on Q,, = [0,00) x [0,].
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5. It is well known that the hyperbolic model (2) can be transformed into a tele-

graph equation (damped wave equation) (see Hadeler [15] and section 5 below).
Poincare [38] used Bessel functions to find explicit solutions for the telegraph
equation. Hadeler [15] used these solutions to derive explicit solutions for our
hyperbolic system (2) on IR.

For k € IN let I;(z) := e J,(iz) denote the Besselfunction with purely imag-
inary argument (see also Smirnow Vol. II [41]). For k£ = 0 and k£ = 1 we have
the relations

Iy(z) = Jo(iz) = kz_; (kll)Q <g>2k and [(z) = %[O(x).

The functions Iy(x), I;(z) and I;(x)/z are real analytic and positive for z > 0.
For an initial condition uy € L the solution of u(t,z) = (ut(t,z),u” (¢,x)) of
(2) on IR can be written as

-+t
ut(t,z) = ud(z—~t)e ™+ / K(t, @, y)uqg (y)dy
r—t
-+t
A e (28)
T—t
4+t
u(t,x) = wug(x+t)e ™+ / K (t,z,y)ug (y)dy
T—yt
T+t
[ dy (29
T—yt
with integral kernels
K(t,z,y) := “627 I (%\/’Yzf? —(y - 1’)2> (30)
—pt 11(E 72752—(?/—95)2)
. pe vy —
Ki(t,z,y) = 5 Ny (vt F (y — 2)).

From this representation we see that solutions are in L>([0, 00) x IR) for initial
conditions in L*°. The integrals are absolutely continuous such that possible
discontinuities can only travel along the characteristics t —~vt = c and x+~t = c.
This fact was observed by Reed [39] using different methods.

Additionally, if ug is k—times differentiable then w is also. In general we conclude:
up € L°(R) = wu € L™([0,00) x IR)
uy € C*(IR) = wu € C*([0,00) x IR).

. . - Dx
. A semigroup theory for matrix operators, such as G = ( % V% ) has

been developed in Nagel [33] and Engel [8]. The computation of the spectrum
of G with periodic boundary conditions is an example in [34].
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4 Regularity

For the diffusion equation it is known that solutions regularize. This means non-
smooth initial conditions lead to smooth solutions for each ¢ > 0. For hyperbolic
systems this is not the case. We saw in the above remarks that for (2) on IR solu-
tions stay in the same smoothness class as the initial conditions and singularities are
transported along characteristics and are damped exponentially.

Problem (2) on a bounded domain [0,[] has similar properties. However, we need
to consider an additional matching condition on the boundary. For example if for
the Neumann problem we choose smooth initial conditions which do not satisfy the
Neumann boundary condition, then a "kink” will develop and move into the domain
along characteristics. As time evolves, this "kink” will be reflected at the boundaries
and be damped exponentially. The Dirichlet problem is different. Here, singularities
are washed out at the boundary and the solution becomes regular after time T = [ /~.
Hence, as we show below, the Dirichlet problem does regularize in finite time.

We study the three boundary conditions separately. We begin with periodic boundary
conditions, which can be extended to a problem on IR. Then we study Neumann
boundary conditions on [0, ] and use the fact that these can be extended to periodic
boundary conditions on [0, 2!]. The Dirichlet problem is treated using the method of
characteristics.

4.1 Periodic Boundary Conditions

First we show that periodic solutions on IR stay periodic for all times.

Lemma 4.1 Assume that the initial condition ug = (ug,uy ) € (L®(IR))? is periodic
with period I. Then for all t > 0 the solution of (2) on IR is spatially periodic with
period .

Proof. Given ug € (L*(IR))? with ug(z 4+ 1) = ug(z) and corresponding solution
u(t, z). We define another solution v(¢,z) = (v (t,x), v (t,x)) := u(t,x +1). Then v
satisfies

(W + 70w = (W +7u) ey = pu” =)@ = po” =05
(v =)y = (u =70 @asny = u” = u)|warn = p0" = 07)|wa)
with initial conditions v(0,z) = ug(z 4+ 1) = up(z). Hence u and v satisfy the same

intial value problem on IR. Since the solution is unique we have u(t,z) = v(t,z) for
all (¢, ). qed.

Now we study the initial boundary value problem (27) on [0, /] with periodic boundary
conditions (6). As shown earlier, an initial condition uy € D(G) defines a unique
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classical solution u € C*([0, ), LF) N C([0,00), D(G)). We further assume that the
initial condition satisfies

uo € (CF([0,1))2 N D(G). (31)

The initial condition might have lower regularity at the boundary: Let x € IN be
such that 0 < k¥ < k and assume that

Vji<rk: Diuf(0)=Diud(l) and D’ugy(0)= Diug(l). (32)

Theorem 4.2 Assume (31), (32) then the unique solution of (27) with periodic bound-
ary conditions satisfies u € (C*(Qy))?.

Proof. We periodically extend ug to IR
U () := up(x mod(l)). (33)

From assumptions (31), (32) we have 1y € (C*(IR))? and based on Remark 3.2 item
5 we know that the unique solution satisfies @ € (C*(IRy x IR))?. In Lemma 4.1 we
showed that this solution keeps the period I. Hence the restriction of u := 4oy is
our desired solution. qged.

If the initial condition satisfies ug ¢ D(G), then the extension @, on IR is bounded but
not necessarily continuous. Hence the corresponding solution will be in (L™®(Q4))?%.

4.2 Neumann Boundary Conditions

To study Neumann boundary conditions, we use the following symmetry property.

Lemma 4.3 Assume u = (ut,u™) is a solution of (2) on IR with initial conditions
ug = (ug,uy ). Then for each a € R the function v(t,z) = (u™(t,a—z),u" (t,a — 1))
solves (2) with initial condition vo(x) = (uy (a — x),ug (a — )).

Proof. Given a solution u(¢,z) of (2) on IR and define v as above. The function v
satisfies

(0 + 70| wa) = (U =7, a0z = (U =) |a—e) = p(v™ = 07)|a)
(Ut_ - 7“;)|(t,z) = (u: + ’7“;)|(t,afm) = M(U_ - u+)|(t,afx) = PJ(U+ v |(f71‘)
with initial conditions v(0,x) = ug(a — x). qed.

Corollary 4.4 Let u = (ut,u™) be a solution of (27) with periodic boundary con-
ditions and initial condition ug € D(G). Then v(t,z) = (u (t,1 — x),u™(t,1 — x))
is a solution of (27) with periodic boundary conditions and initial condition vy =

(g (I = @), ug (I = @)).
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Now we study (27) on [0,{] with Neumann boundary conditions (5). Based on The-
orem 3.7 for each ug € D(G) there exists a unique solution u. We assume higher
regularity for k € IN

uo € (C*([0,1))* N D(G). (34)
For the boundary of the initial condition we assume
Vj <r Diug(0) = (=1)’Diug (0) and  Diug(l) = (—1)' Diug (1). (35)
for 0 < x < k.

Theorem 4.5 Assume (34), (35) then the unique solution w of (27) with Neumann
boundary conditions satisfies u € (C*(s))?.

Proof. We define periodic intial conditions on [0, 2]

+ oy 2 (g (@), ug () 0<z<|,
wole) = (wg (z), wp (2)) = { (o (2 — )2 —x))  l<ae<2 Y

Based on assumptions (34), (35) we have wy € (C*([0,2]))?. Additionally, wy satisfies
the periodic boundary conditions (32) on [0, 2] with the same k. By Theorem 4.2
the corresponding solution satisfies w € (C*(]0, 00) x [0, 21]))?. Now we define for z €
[0, 2{] the functions (v (¢, x),v™ (¢, 2)) = (w™(t,2l—z), w" (¢,2l—2z)). By Corollary 4.4
v is solution of (27) on [0, 2] with periodic boundary conditions and initial condition

vo (t,2), v (7)) = (wg (20 —x),wg (20 — 7))
@) @) o<x<l @)
(ug (21 — ), ud (21 — x)) <z <2l

Hence v and w satisfy the same initial boundary value problem and we obtain
(w'(t,z),w(t,2)) = (v (t,z), v (¢, 7)) = (w (£, 2l —2),w"(t,2l —2)).  (38)
The restriction u := wlp ) satisfies

ut(t,0) = w'(t,0) = w (t,2l) = w (t,0) = u (t,0)
u (81 =w (t,1) =wh (1) =ut(t1).

Hence u € (C%(24,))? solves the Neumann problem (27) on [0, ]. qed.
If the initial condition satisfies uy & D(G), then the extension wy is bounded but not

necessarily continuous. Hence the corresponding solution will be in (L>(2,))?.
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4.3 Dirichlet Boundary Conditions

Theorem 4.6 Let uw = (u™,u™) be a solution of (27) with Dirichlet boundary condi-
tions and initial condition ug € D(G). Then u € (C*((1/~,00) x [0,1]))?.

Proof. The idea of the proof is as follows. For a given point (t,z) we follow the
characteristics backwards until we either hit the domain boundary or the initial con-
dition. If we hit the boundary, then the boundary terms in (28) and (29) vanish and
the remaining integral terms are differentiable.

A solution given by (28), (29) only depends on the values of the solution in the
characteristic cone © := {(5,§) € Qo : 0 < s <t,x—(t—35) <<z +7(t—s)}.
For each 0 <7 <t withz —v(t —7) >0 and = + v(t — 7) <[ we can write

z4+y(t—7)
ut(t,z) = u(r,z —~(t—1))e 7 4 / K(t,z,y)u (7,y)dy
z—v(t—7)
z4y(t—7)
s Kt (rady (39)
z—y(t—T7)
x4+ (t—7)
u(t,x) = u (1,2 +y(t—71))e T +/ K(t, 2, y)u' (7,y)dy
z—y(t—T)
zty(t—7)
s Ky (rady (40)
z—y(t—T)

with the integral kernels K, K1 from (30).
For each (t,x) € Q. we define two characteristic time values 7+ and 7~ at which the
characteristics leave the domain [0,[] (see Fig. 2).

x—y(t—TJr):O = T+(t,x): - —

r+yt—7)=1 = 71 (t,x)=t+

The values 7% are smooth functions of ¢t and x. Next we show the differentiability of
u™. The arguments for u~ are similar.

Let t > %, then 77 and 7~ are positive for each z € [0, 1].
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(t.x)

Fig. 2: The exit times 7" and 7~ of the backward characteristics.

Case 1: Assume (t,z) € Qq := (I/,00) x [0,1/2). Then (39) reads

2x
ut(tz) = ut(r¥(t,x),0)e 0D 4 / K(t,z,y)u (¥ (t, x),y)dy
S——— 0

=0
2
[ Kttt (e iy (41)
0

As show in Theorem 3.7 we have u € C''([0, 00), £F). Additionally, 7+ € C'(Q1,IRy)
and the kernels K and K, are analytic in their arguments. Hence u(t, x) is continu-
ously differentiable on Q).

Case 2: Assume z = [/2:
Here we use (39) with 7 = ¢ —1/(4v). Again, the integral terms are smooth. The first
term from (39) reads now u* (7,2 — y(t — 7)) = u™(7,1/4) and we apply Case 1.

Case 3: Assume (t,2) € Q2 := (I/v,00) x (1/2,1):

In this case the equation (41) does not hold, since 2x > [. Hence now we use (39)
with 7 = 77 (¢, ). Then we obtain

[
WHtx) = ut(r(tz), 20 — et 0 | / K (2, y)u (v (t,2), y)dy
2x—I1

+/2 Kty (7 (1), )y, (42)

The integral terms are smooth, and we only need to study the first term u™ (77 (¢, x), 22—
[). We introduce t(t,x) := 7~ (t,z) and z(t, x) := 2z — . If x; < /2, then we apply
Case 1 and u™ (¢,(t,x), z1(t,x)) is continuously differentiable in (¢, z). If 1 = /2 we
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apply Case 2. If 21 > [/2 we repeat the construction above (42) with u*(¢1, 1) and
ty = 77 (t1,71) (see Fig. 3). We obtain a finite sequence {(tx,Tr)}req1,...ny With the
property that

!
ut(ty, mp) = U+(tk+17$k+1)€7u(tkitk+1)+ K(tg, v, v)u (tigr, y)dy

2z —1
l

+ K+(tk,xk,y)u+(tk+1,y)dy-

2xp—1

(43)

The sequences {t;} and {x;} are both monotonically decreasing and we have x —
Thi1 =l—x > 1—x =:7r>0. Hence 1 < x—kr and there exists n € IN such that
x, < 1/2. Now we can again apply either Case 1 or Case 2. Notice that the sequence
t), stays non-negative, since for xy > [/2 we have t, 1 — 7+ = %(mk +x—1) > 0, hence
tht1 > 7t > 0.

(t.x)

Fig. 3: Construction of the finite sequence {(tx, Tr) }ref1,...n}

Case 4: Assume x = [: In this case we use an implicit representation of the solution
if we use the method of characteristics for (2). The characteristics of (2) are

x(s) =2 —(t —s), r(s) =z +y(t—s).
Let u™ and u~ denote the components of the solution w of (2). Then v*(s) :=
ut(s,27(s)) and v~ (s) := u~ (s,x(s)) satisfy the ODE’s (ordinary differential equa-

tioins)

0T(s) = —pvT(s) + pu(s,27(s))
0 (s) = —pv(s) + put(s, 27 (s)).
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Using the variation of constant formula we get the following implicit representation
ut(t,z) = e Pyt (r 2t (7)) + u/t ey (s, 27 (s))ds (44)
u(t,z) = e My (1,27 (7)) + ,u/t eyt (s, 27 (s))ds, (45)

where 0 < 7 < t, such that 0 < x — (¢ — 7). In particular for z = [ we obtain
ut(t, ) = e Py (r =t — 1) + p /t "y~ (5,1 — y(t — 5))ds. (46)

Now we choose 7 such that 0 < [ —y(t —7) < [/2. Then we see that the integral
term in (46) is continuously differentiable and we apply the Case 1 to the first term.

The proof of smoothness for v~ (¢, x) is similar, where Case 1 corresponds to [/2 <
x <[, Case 2 corresponds to x = [/2, Case 3 corresponds to 0 < z < [/2 and Case 4
corresponds to x = 0. qged.

5 Correlated Random Walk and Kinetics

We like to include population dynamics described by u; = f(u) into the random walk
equations. For diffusion models it is typically assumed that diffusion and reaction are
independent processes and they are modeled through addition of the corresponding
terms, leading to reaction-diffusion equations (see [42]). In case of correlated random
walk, we split the population into right and left moving compartments. This allows
for a finer inclusion of reaction kinetics. In particular, we need to make sure that
right moving particles die as right moving particles, i.e. we need appropriate death
terms.

We follow Hadeler ([13], [14], [15]) and discuss a hierarchy of models:

(i) Holmes [24] introduced reaction as to be symmetric between the two classes. She
assumed that (i,a) reaction is independent from the movement direction and
(i,b) that newborn particles choose either direction with the same probability.
The corresponding model reads

uf b = (e — )+ L f(ut +u)

g (47)
=y = e — o)+ Lt o).

(ii) The reaction can be split into gain and loss (birth and death) terms as f(u) =
um(u)—ug(u), where m(u) denotes a birth rate and g(u) a death rate. Now we
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assume (ii,a) that the death rate g(u) is independent of the movement direction,
but right moving particles can only die as right moving particles and vice versa.
Hence a death term for right moving particles appears only in the equation for
right moving particles and vice versa. (ii,b) We assume that the birth rate m(u)
is independent of direction and newborn particles choose either direction with
the same probability. The corresponding reaction-random walk model reads

(ut+u)mut+u") —ut glut +u")
(ut+u)mut +u”) —u glut 4+ u).
(48)

uf +yuf = plum —ut) +
uy —yuy, = plut —uT)+

NI= N~

(iii) Here we consider the same reaction terms as in (ii) but we additionally assume
(iii,a) that the movement direction of newborn particles correlates to the di-
rection of their mother by a parameter 7 € [0,1]. The corresponding model
equations are

by = (e —ut) 4 (et (= ) mt ) -t glut + )

uy —yuy = plut—u )+ (1 —7)ut +7u)mut +u”) —u glut +u).

(49)

If 7 =1/2 we have case (ii). For 7 > 1/2 the daughter particles tend to prefer
the same direction as the mother and for 7 < 1/2 they prefer the opposite.

Holmes [24] and Hadeler [13], [14] studied travelling front solutions for these systems
and they compare the wave speed with the corresponding reaction-diffusion equa-
tions. Hillen studied the corresponding hyperbolic Turing model [18] and he found a
Lyapunov function for a class of nonlinearities [20].

Using operator notation we can write the above systems (47), (48) and (49) as

ye=(G+B)y+ Fly), (50)
with F'(y) = (f1(y1,2), f2(y1,2)) and

( sfy + y2) in case (i),
filyr,v2) = s+ v2)m(yr + v2) — v19(ys + 42) in case (ii),

[ (Ty1 + (1= 7)y2)m(y1 + y2) — y19(y1 + ) in case (iii),

( %f(yl + o) in case (i),
fo(y1,92) = 51+ v2)m(yr + v2) — v29(y1 + 42) in case (ii),

(

1
L (1= 7)1 + 7y2)m(ys + y2) — y29(y1 +y2) in case (iii).

We use a perturbation argument for Lipschitz continuous perturbations to show ex-
istence for the above models.
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Theorem 5.1 Let yy € LP.

1. If F: LP — LP is locally Lipschitz continuous then there exists a unique (local)
solution y € C([0, tnaz), LP) of (50). If the mazimal time of existence is tyar <
00, then limy .. ||ly(t)|| = co. Furthermore, if F' is differentiable with Lipschitz
continuous derivative and yo € D(G), then y(t) is a classical solution.

2. If F: LP — LP is globally Lipschitz continuous then t,,.,, = 00.

Proof.

1. See Pazy [37] Kap. 6, Theorem 1.4 and 1.5, as well as Grabosch und Heijmans
[12] Theorem 3.2.

2. Grabosch und Heijmans [12] Theorem 4.6.
ged.

6 Reaction—Telegraph Equations

It is well known that correlated random walk systems can be transformed into a
telegraph equation [16] (second order, damped wave equation). These systems are
nearly equivalent. In this section we will study the reaction-telegraph equations
which correspond to the reaction-random walk equations studied above. If we ignore
boundary conditions, then we find that to each solution of the reaction-telegraph
equation corresponds a one-parameter family of solutions to the reaction-random
walk system (Section 6.1). For Neumann or for periodic boundary conditions, we find
equivalence only if the initial conditions for the reaction-telegraph equation satisfy
a certain compatibility condition (Sections 6.2, 6.3). Surprisingly, the corresponding
Dirichlet problems cannot be related in a straightforward way (Section 6.4).

To use Kac’s trick [26] we write the systems (47), (48) and (49) in terms of the total
particle density © = v + v~ and the particle flux v = u™ —u™.

Ut +’71}x = f(u)

o1
U+ YUy = —h('LL) v, ( )
with
B f(u) in case (i)
flu) = { um(u) —ug(u) in case (ii) and (iii),
21 in case (i)
h(u) = 26+ g(u) in case (ii)

2p 4 (1 = 27)m(u) + g(u) in case (iii).

The boundary conditions transform as
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e Dirichlet (4):
u(t,0) = —v(t,0), u(t,l)=wo(tl), t €10, tmax)- (52)
e Neumann (5):
v(t,0) =0, wo(tl) =0, t € [0, tmax)- (53)
e Periodic (6):
w(t,0) = u(t,l), v(t,0) =v(t,]) € [0, tma). (54)

To investigate the relation to a telegraph equation, we focus on case (i), i.e. F(u) :=

2(f(u), f(u)). System (51) reads in this case

Ut + YV = f(u>

(55)
v yu, = —2uv.

We assume that solutions are twice differentiable and we differentiate the first equa-
tion with respect to t and the second with respect to x

Uy + YUt = [ (u)uy. (56)
Vg + Vlgy = — 20 Uy (57)
Then we multiply (57) with v and substitue into (56).
U+ (=72 Uge — 2p05) = f ().
The term —2pwv, can be substituted from the first equation of (55).
w4+ (20— [ (W)t = Y uge + 20 f(u). (58)

We call this equation a reaction-telegraph equation.

The above construction defines a map which maps solutions (u,v) of (55) onto solu-
tions of (58). We see immediately, that a term of the form v*e™2** with v* € IR can
be added to v without changing the equations. Hence the systems are not equivalent.
Initial conditions for u and v transform as

u(0,7) = =702(0,2) + f(u(0, 7)) = —yvp(w) + f(uo(x))- (59)

The above transformation applied to cases (ii) and (iii) would not lead to a single
telegraph equation, unless 7 = 1/2 and g = 0, which is case (i) (see also [16, 15]).
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Definition 6.1 Let 1 < p < oco. The function u € C*([0,T), L?([0,1]))NC([0,T), W»([0,1]))
is a weak solution of (58), if for each test function ¢ € C?([0,T) % [0,1]) with ¢|sq, = 0
we have

T
/0 /0 ( —uppy + (2p — () up + YUy, — 2Mf(u)g0> dxdt = 0.

We abbreviate the relevant function spaces as

E = CY[0,T),LP(I))nC([0,T), W(I))
E* = CY[0,T),£°)nC([0,T), W),

with I =[0,{] and 0 < T < tpax.

We formulate the corresponding initial value problems

Uy +/7Ux - f(u)

(60)
v+ YUy = —2uv

with initial conditions

u(0,z) = up(x), v(0,z) = wvo(x), rel (61)
and

Ut + (2/1’ - f/(u>>ut = 72uw:v + 2:“ f(u) (62)

with initial conditions
uw(0,z) = ap(z), u(0,2) = ay(x) rel (63)

We study the boundary conditions separately.

6.1 No Boundary Conditions
Theorem 6.1

(a) Assume (ug,vy) € WHP(I) with corresponding classical solution (u,v) € E? of
(60), (61), then u is a weak solution of (62) with initial condition

ap =uy € WH(I) and ay = —yvy + f(uo) € LP(I). (64)

(b) If ag € W'(I), a; € LP(I) and u € E the corresponding weak solution of (62),
(63), then the pair (u,v) € E? defined as

v(t,x) = ﬁ(x)e2“t—/0 e 2y, (1, ) dr (65)
U = 0F 1 ' ao(s)) — ay(s))ds
o) = o= [ () - an(s)s
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defines a solution of (60) for each v* € IR. The initial conditions are

Lp an v:v*l | ao(s))—ai(s))ds Lp
wo=ay € WD) and v, +7/0(f(o()) (s))ds € W(1). (66)

Proof.

(a) Let (u,v) € E? solve (60) with initial conditions (ug,vy) € W'P(I). Then for
each ¢ € C*([0,T) x [0,1]) with ¢|aq, = 0 we have

T
/ / —uppdadt / / Yoo — f(u)py)dadt
o Jo o Jo
T
// — YU — f(u)py)dxdt
o Jo

T

~

~

Yo, + f(w)upp)dadt

~

—Uyipr — 2009, + [ (w)up)dadt

I
s

0

=]
~

T
0

[e=]
~

T

o

Hence
T l
| [ (= o+ = e + 4w, — (e )dode =0
0 0

and u is a weak solution of (62). The initial conditions are ay = ug and a; =
—yvp + f(uo)-

(b) Let u € E solve (62), (63) with ap € W'P(I) and a; € LP(I). Define v by
(65). According to the assumptions we have v € WP(I). The first term in
(65) satisfies ve~ ' € E. The gradient of u satisfies u, € C([0,T), LP(I)),
and the integral term fot ey, (1, 2)dr € C*([0,T), LP(I)). Hence indeed
v € CY[0,T),LP(I)). We still need to confirm that v € C([0,T), WhP(I)),
which we achieve by using (62)

¢
0
ot o~ —2ut S P . d
xv( ,x) = U(x)e /0 e VoY (1, x)dT

Ty / 2 (2 — f(u))ug — 200 ()} dr.



With the abbreviation w := f(u) — u; we have w(0,x) = f(ao(x)) — a1(x) and
after multiplication with ~

t
VU = w(O,x)e_Q“t—/ e 2T (—2pw — wy)dr
0

t
0,z)e 2 +/ 9 (6_2“@_7)@0(7', x)) dr
o OT

= flu) —u (67)

Hence v, € C([0,T),LP(I)) and consequently v € E. Furthermore, (67) is
identical to the first equation of (60). To obtain the second equation of (60) we
compute

8 t
av(t,x) = —2ud(z)e” " — yu,(t, v) +/ 2pe” My, (1, 2)dr
0

For the corresponding initial conditions (61) of (u,v) we find ug(z) = ag(x) €
WhP(I) and
* 1 *
(o) ="+ = [ (Flao() — an(s))ds € WD)
0
Here we clearly see where the free parameter v* enters the equations. There is
a one-parameter family of solutions v, which all correspond to the same wu.

ged.
6.2 Neumann Boundary Conditions
The homogeneous Neumann boundary conditions read in the (u,v) notation
v(t,0) =0, w(tl)=0, tel0,7), (68)
and for the reaction-telegraph equation (62), (63)
u.(t,0) =0, wug(t,1)=0, te[0,7). (69)

Theorem 6.2

(a) Let (u,v) € E? solve (60) and (61) with homogeneous Neumann boundary con-
ditions (68), then u € E solves (62) with initial conditions (64) and Neumann
boundary conditions (69).
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(b) Let u € E solve (62), (63) with homogeneous Neumann boundary conditions
(69), then the pair (u,v) € E? defined by (65) with initial conditions (66) is a
solution of (60) with homogeneous Neumann boundary conditions (68) if and
only if

!
v"'=0 and /0 (fap(s)) —ai(s))ds = 0.

Proof.

(a) Since (68) is true for all ¢ € [0,7), we can deduce that v;(t,0) = v:(¢,1) = 0 for
all t € [0,T). The second equation of (60) evaluated at x = 0, and at = = [

reads
1 20
Uy(t,0) = —0v(t,0) — —v(¢,0) =0
(t,0) 7( ) S e(t,0)
1 21
ug(t,l) = —wv(t,l) — —uv(t, 1) =0.
(t,1) 7( ) S e(t,1)

(b) We evaluate (65) at = 0 and obtain
t
v(t,0) = 7(0)e 2 + / e~ 2y, (7, 0)d
0
= 9(0)e " = pre 2t

Hence v(t,0) = 0 if and only if v* = 0. If we evaluate v at = [ and use v* =0
then we see that

v(t,l) =0 <= /0 (f(ap(s)) — ai(s))ds = 0.

qged.
6.3 Periodic Boundary Conditions
The periodic boundary conditions for (60), (61) are
w(t,0) = u(t,l), o(t0)=0v(t,1), tel0,T), (70)
and for (62), (63)
w(t,0) = u(tl), u(t,0) =us(t,0),  te0,T). (71)

Theorem 6.3
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(a) Let (u,v) € E* solve (60) and (61) with periodic boundary conditions (70), then
u € E solves (62) with initial conditions (64) and periodic boundary conditions

(71).

(b) Let u € E solve (62), (63) with periodic boundary conditions (71), then the pair
(u,v) € E?, defined by (65) with initial conditions (66) solves (60) with periodic
boundry conditions (68) if and only if

/0 (f(ao(s)) —ai(s))ds = 0.

Proof.
(a) Since (70) holds for all t € [0,T") we find v;(¢,0) = v(¢,1) for all t € [0, 7). The

second equation of (60) evaluated at x = 0 reads

1 2
ux<t70) = ;U(uo)_?uvt(t?o)
1 2u
= —v(t,l) — —uv(t, 1) = uy(t, ).
7( ) S e(t,1) = ua(t, 1)

(b) By definition (65) we have

v(t,0) —v(t,l) = (9(0) —o(l))e 2 +/0 e 2y (uy (7, 0) — ug (7, 1)) da

- / (f(aols)) — ax(s))ds e 2,

Hence v(t,0) = v(t, 1) if and only if fol(f(ao(s)) —ay(s))ds = 0.
qed.

6.4 Dirichlet Boundary Conditions

The homogeneous Dirichlet boundary conditions of (60), (61) are
u(t,0) = —o(t,0), wu(t,l)=0v(t,1), te€l0,7), (72)

and for (62), (63)
u(t,0) =0, wu(t,l)=0, tel0,T). (73)

These boundary conditions only match if v(¢,0) = v(t,l) = 0. These are, in fact,
Neumann boundary conditions (60) for the hyperbolic system. From Section 6.2 we
know that then the solution of the reaction-telegraph equation satisfies w,(t,0) =
ug(t,1) = 0, which is not generally true for the Dirichlet problem. It is quite surprising
that there is no direct equivalence between the two models for homogeneous Dirichlet
conditions.
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7 Global Existence for Reaction—Telegraph Equa-
tions

In this section we review results on existence and uniqueness for reaction telegraph
equations. The equivalences from the previous section make some of these results
available to the reaction random walk systems as well.

Matsumura [32] studies a general class of damped wave equations of the form

wy — Ao(t, z,u, ug, Vu)u + auy + f(u, uy, Vu) = 0. (74)

He proves global existence and uniqueness of solutions u(t,z) € IR™ in IR". He
assumes that Ag is smooth, symmetric with respect to the spatial coordinates, coercive
with respect to u, and some further regularity properties of Ag. For f he assumes
that there is a 0 < s € IN such that for all multi indices |a| < s+ 1

fly) € CFHIR™?), Df(0) =0, [D*f(y)| < hi(lyl)
and that
f(u,ug, Vu) = fi(u) + fo(u, ug, Vu)
with
A u=>0, foy) < ylPha(yl), ¥yl < 1.

Where h; denotes a continuous non negative and non decreasing function. Notice
that the nonlinearity is used with the opposite sign as in (62).

Reed [39] shows global existence of solutions for equations of the form
Ut — Uy = f(xa t? Uy Uy, ut) (75>

on IR. Reed uses energy estimates and assumes f € C* and that 0/(0Ju,)f and
0/(0uy) f are uniformly bounded on compact sets for (z,u) and there exists a potential
function F' € C'°° with the properties that

d
EF(x,u,ux,ut) = f(z,u,uz,us) uy and  F(z,0,0,0) = 0.

It appears that we also need F' > 0 (see [39], p.165 middle), which is not spelled out
in [39].

Ball [2] studies the telegraph equation

g + a(u, t)uy — Au+ f(u) = 0 in QCcR

u = 0 on Of). (76)
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To prove global existence it is assumed that a(u,t) and f(u,t) are smooth and there
exists a continuous function #; : IR — IR and a locally integrable function m(t) with
. t+s

lim,_gsup,>o [, m(7)dr = 0 such that

|a(u, )] 4 [ f (u, )] < m(t)0:(w).
Webb [45] studies an eigenvalue problem for the telegraph equation
U + 20Uy — Uz = Nf(w), auf (0,7), (77)
with periodic boundary conditions. The assumptions on f are

(i)  feC? f(0)=0, f(0)>0,
f(z)

(i7)  limsup —= <0, signf’(z) = —signz.
T

llz[|—o0

To prove existence of eigenfunctions, Webb uses an explicit representation of solutions
as given in Weinberger [46] and the following Lyapunov function. Let w = wu; and

define
1 ™ ) u
Viww) = (lulfy + o) = [ Flue)ds, with F) = [ fs)as, ()
0 0
where the B-Norm denotes a norm of an appropriate dense subspace of L?([0,7]).

Lopes [29] [30] studies telegraph equations
wy — Au+ cuy + f(u) = h(t, x) (79)

on [0, 27]? with periodic boundary conditions. He assumes that f(u) is twice contin-
uously differentiable and that there are constants k; > 0, ko, k3, 0 < 3 < 4 with

uf(u) > ke + kg, |f'(w)] < Ks(1+[ul”).
Lopes shows a—priori estimates for the norms of the solution in appropriate Sobolev
spaces.
Li [28] shows existence of global classical solutions for
Uy — Au+ g(ug) + flu) =0 (80)

in a bounded domain in IR", n > 2 with Dirichlet boundary conditions. He assumes
that g and f are smooth enough and that

(i)  ¢(0)=0 and g is monotonically increasing,
y
(i) VyelR: / f(s)ds >0,
0

@ii)  [F] < KA+, VyeR, withk>0,1<p< ——.
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As can be seen here, the existence of solutions to nonlinear telegraph equations has
been studied by many people. The same questions for the nonlinear random walk
models of this paper have not been studied in such detail. The relation between
telegraph equations and random walk systems as described in the previous section
allow us to apply many of the result of this section to reaction-random walk equations.

References

1]

2]

[10]

[11]

[12]

J.M. Ball. Strongly continuous semigroups, weak solutions and the variation of
constants formula. Proc. Amer. Math. Soc., 63, 370-373, (1977).

J.M. Ball. On the asymptotic behavior of generalized processes with applications
to nonlinear evolution equations. J. of Diff. Eq., 27, 224-265, (1978).

Th. Beck. Korrelierte Bewegung und nichtlineare Telegraphengleichung. Diplo-
marbeit, Tiibingen, (1993).

A. Bressan. Hyperbolic Systems of Conservation Laws. Oxford University Press,
(2000).

D.E. Edmunds and W.D. Fvans. Spectral Theory and Differential Operators.
Clarendon Press, Oxford, (1987).

R. Eftimie, G. de Vries, and M.A. Lewis. Complex spatial group patterns result
from different animal communication mechanisms. Proc. National Acad. Sci.,

104, 6974-6979, (2007).

R. Eftimie, G. de Vries, and M.A. Lewis. Weakly nonlinear analysis of a hy-
perbolic model for animal group formation. J. Math. Biol., (2008). online: DOI
10.1007/500285-008-0209-8.

K. Engel. Polynomial Operator Matrices. Dissertation, Uni. Tiibingen, (1988).

D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second
Order. Springer, Berlin, (1977).

J.A. Goldstein. Semigroups of Linear Operators and Applications. Oxford Univ.
Press, New York, (1985).

S. Goldstein. On diffusion by discontinuous movements and the telegraph equa-
tion. Quart. J. Mech. Appl. Math., 4, 129-156, (1951).

A. Grabosch and H.J.A.M. Heijmans. Cauchy problems with state-dependent
time evolution. Japan J. of Appl. Math., 7, 433-457, (1990).

33



[13]

[14]

[15]

[24]

[25]
[26]

K.P. Hadeler. Travelling fronts for correlated random walks. Canadian Applied
Math. Quart., 2, 27-43, (1994).

K.P. Hadeler. Travelling fronts in random walk systems. FORMA, Japan, 10,
223-233, (1995).

K.P. Hadeler. Reaction telegraph equations and random walk systems. In: S.J.
van Strien and S.M. Verduyn Lunel, (eds), Stochastic and Spatial Structures of
Dynamical Systems, pages 133-161. Royal Academy of the Netherlands, (1996).

K.P. Hadeler. Reaction transport systems. In: V. Capasso and O. Diekmann,
(eds), Mathematics inspired by biology, Lecture Notes in Mathematics 1714, pages
95-150. CIME Letures 1997, Florence, Springer, (1999).

T. Hillen. Nichtlineare hyperbolische Systeme zur Modellierung von Ausbrei-
tungsvorgangen und Anwendung auf das Turing Modell. PhD thesis, University
of Tiibingen, (1995). in German.

T. Hillen. A Turing model with correlated random walk. J. Math. Biol., 35,
49-72, (1996).

T. Hillen. Invariance principles for hyperbolic random walk systems. J. Math.
Anal. Appl., 210, 360-374, (1997).

T. Hillen. Qualitative analysis of semilinear Cattaneo systems. Math. Models
Meth. Appl. Sci., 8(3), 507-519, (1998).

T. Hillen. Hyperbolic models for chemosensitive movement. Math. Models Meth-
ods Appl. Sci., 12(7), 1007-1034, (2002).

T. Hillen, C. Rohde, and F. Lutscher. Existence of weak solutions for a hyper-
bolic model for chemosensitive movement. J. Math. Anal. Appl., 260, 173-199,
(2001).

T. Hillen and A. Stevens. Hyperbolic models for chemotaxis in 1-d. Nonlinear
Analysis: Real World Applications, 1(1), 409-433, (2001).

E.E. Holmes. Are diffusion models too simple ? a comparison with telegraph
models of invasion. American Naturalist, 142, 779-795, (1993).

F. John. Partial Differential Equations. Springer, (1971).

M. Kac. A stochastic model related to the telegrapher‘s equation. Rocky Moun-
tain J. Math., 4, 497-509, (1956).

34



[27]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

T. Kato. Quasilinear equations of evolution with applications to partial dif-
ferential equations. In: W.N. Everitt, (ed), Spectral Theory and Differential
FEquations, pages 25-70. Lect. Notes in Math. 448, Springer, Berlin, (1975).

M.-R. Li. Nichtlineare Wellengleichungen 2. Ordnung auf beschrankten Gebieten.
Dissertation Tiibingen, (1994).

O. Lopes. Asymptotic behavior of solutions of a nonlinear wave equation. Bol.
Soc. Bras. Mat., 19(1), 141-150, (1988).

0. Lopes. Compact attractor for a nonlinear wave equation with critical expo-
nent. Proc. Royal Soc. Edinburgh, 115A, 61-64, (1990).

F. Lutscher. Modeling alignment and movement of animals and cells. J. Math.
Biol., 45, 234-260, (2002).

A. Matsumura. Global existence and asymptotics of the solutions of the second—
order quasilinear hyperbolic equations with first—order dissipation. Publ. Re-
search Institute for Math. Sci., 13, 349-379, (1977).

R. Nagel. Towards a “matrix theory” for unbounded operator matrices. Math.
Zeitschr., 201, 5768, (1989).

R. Nagel. The spectrum of unbounded operator matrices with nondiagonal do-
main. J. of Functional Analysis, 89, 291-302, (1990).

A.F. Neves and X.B. Lin. A multiplicity theorem for hyperbolic systems. J.
Diff. Eq., 76, 339-352, (1988).

A.F. Neves, H. Ribeiro, and O. Lopes. On the spectrum of evolution operators
generated hyperbolic systems. J. of Functional Analysis, 67, 320-344, (1986).

A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential
Equations. Springer, New York, (1983).

H. Poincaré. Sur la propagation de I’électricité. Compt. Rend. Ac. Sci., 117,
1027-1032, (1893).

M.C. Reed. Propagation of singularities for non-linear wave equations in one
dimension. Comm. Part. Diff. Eq., 3(2), 153-199, (1978).

M. Renardy and R.C. Rogers. An Introduction to Partial Differential Equations.
Springer, New York, (1993).

W.1. Smirnow. Lehrgang der Hoheren Mathematik. VEB Deutscher Vlg. der
Wiss., 9th edition, (1970).

35



[42] J. Smoller. Shock Waves and Reaction—Diffusion Equations. Springer, (1983).

[43] G.I. Taylor. Diffusion by discontinuous movements. Proc. London Math. Soc.,
pages 25-70, (1920).

[44] R. Temam. Infinite-Dimensional Dynamical systems in Mechanics and Physics.
Springer, (1988).

[45] G.F. Webb. A bifurcation problem for a nonlinear hyperbolic partial differential
equation. STAM J. Math. Anal., 10(10), 922-932, (1979).

[46] H.F. Weinberger. Partial Differential Equations. Ginn-Blaisdell, Waltham,
(1965).

36



