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Abstract

Mathematical models for the tumor control probability (T)@Re used to estimate the expected
success of radiation treatment protocols of cancer. Thereeveral mathematical models in the
literature, from the simplest (Poissonian TCP) to well ambesl stochastic birth-death processes.
We made the experience that simple and complex models oftdee the same predictions, and
hence, here, we present a systematic study where we companéthese TCP models: the
Poisson TCP, the Zaider-Minerbo TCP, a Monte Carlo TCP, Aed torresponding cell cycle
(two-compartment) models. Several clinical non-uniforeatment protocols for prostate cancer
are employed to evaluate these models. These includedinatéid external beam radiotherapies,
and high and low dose rate brachytherapies.

Indeed, we find that in realistic treatment scenarios, al-oompartment models and all
two-compartment models give basically the same results. ifidarence occurs between one-
compartment and two-compartment models due to reducedsemsitivity of quiescent cells.
We find that care must be taken for the right choice of parammeseich as the radio-sensitivities
« and 8 and the hazard functioh. Typically, different hazard functions are used for franti
ated treatment (fractionated survival fraction) and f@dbrytherapies (Lea-Catchside protraction
factor). We were able to combine these two approaches irgeftactive hazard function.

Based on our results, we can recommend the use of the P@ssb@iP for every day treat-
ment planning. More complicated models should only be udseivabsolutely necessary.

*Corresponding author: jgong@math.ualberta.ca
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1 Background

A standard treatment for the control of tumor growth is ridia Many mathematical models have
been developed to help to predict the outcome of a given tiadiéreatment schedule. One such
mathematical tool is the tumor control probability (TCPRheTTCP is a measure for the probability of
tumor cell eradication and it can be used to compare the égsaccess of different treatment pro-
tocols. The very nature of tumor control, i.e. the eradaratf clonogenic cells, requires a stochastic
approach for the TCP. There are several TCP models in thatlite, which are based on Poisson
statistics, on general birth-death processes, on bragghnotesses, and on individual based models.
Several of these models have been validated using clinatal @33], [15]) hence we are confident
about the significance of these models. While the first mouhethis class are based on a single
clonogenic population[([46][ [13]), extensions have bemsented which aim to include cell cycle
or quiescent stated ([14], [23]). Some of these models ang fample (for example the Poissonian
TCP), while other are very complex (for example a TCP modehfa cell-cycle birth-death process).
In practice it is hard to judge which of these models to useat/db we loose if we still use the simple
model and not the more complicated alternatives?

The purpose of this paper is to show that, in realistic treatrscenarios for prostate cancer, all mod-
els give very similar results. Discrepancies can be obsetvewever, these are small compared to
other uncertainties that are intrinsic in these models.d@aclusion is that the Poissonian TCP model
is just good enough for every day treatment planning. Ini@agr when it comes to the comparison
of different treatment protocols. More complicated mod#isuld only be used if there is a striking
reason to do so. This confirms theoretical results by Hanlfj, fitho showed that in the limit for
large tumors and not too fast growing tumors the distributibsurviving tumor cells approximates a
Poisson (or generalized Poissonian) distribution.

Some work has been done on the comparison of different TCRelstotuckeret al. [39] first ques-
tioned the efficacy of the Poissonian TCP by numerical sitrariaand found that the Poissonian
TCP might underestimate the correct TCP. In an example ofyafast growing tumor the discrep-
ancy was about 15%. Yakovlev [44] confirmed these findingsrttecally, and Hanin and his group
[13,/12)11] proved, mathematically, that the TCP based eitéhative birth-death process converges
to a Poissonian TCP for uniform fractionated treatment.

The six TCP models, which we compare in this paper are

(1-P): The Poissonian TCP. The Poissonian TCP is the standard formula for TCP comunsti
for uniform fractionated treatments. There are severaresibns of this model which include
re-growth or lesion repair mechanisms and we discuss tladseih Section 2.

(1-ZM): The TCP of Zaider and Minerbo [[46]: The TCP of Zaider and Minerbo is based on a birth
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death process for tumor growth and decay. It is the first mathéth allows for any temporal
form of radiation treatment and the approach of Zaider andeMio has revolutionized the
field.

(1-MC): Monte-Carlo TCP. Here we explicitly simulate a large number of cells and usentdo
Carlo simulations to estimate tumor survival.

(2-P):two-compartment Poissonian TCP. Here we aim to include cell-cycle mechanisms. For that
we split the cell populations into two compartments whicpresent an active phase (G1, S,
G2, M) and a quiescent phase (GO0). If the clonogenic cellsal@nter a GO phase, then the
model equally applies for a splitting into active (S, G2, Midaquiescent (G1) phases. The
major assumption is that active cells are more radiosgasitmpared to cells in the quiescent
compartment.

(2-DH): two-compartment TCP of Dawson and Hillen [6]. The Dawson and Hillen TCP is based
on a birth-death process and generalizes of the ZaiderEE® {6 aim to include cell cycle
effects according to the splitting mentioned in item 4.

(2-MC): two-compartment Monte-Carlo TCP. Here we extend the Monte-Carlo simulations to the
two-compartment scenario.

These models depend on a number of parameters, for exanglaitial number of tumor cells
no, the radiation sensitivities and g, or the so called "hazard functio®(t). We will test several
combinations of the parameter values and we give detailstabe models and parameters in Section
2. In Section 3 we present our results and we conclude the pathea discussion in Section 4.

1.1 Prostate cancer

Prostate cancer is the most common malignant tumor afffjctien in the world([2]7]. Fortunately,
early detection tests - such as digital rectal exam, or deteng the amount of prostate-specific
antigen (PSA) in the blood - increase the chance of earlyndisig and hence successful treatment
[1]. One very important treatment method for prostate caisaadiotherapy, where ionizing particles
(such as X-rays and gamma-rays) transfer energy and kitlecazells in the treated area. Over half of
all cancer patients receive radiotherapy at some stagenfdisease, either alone or in combination
with other types of treatment (such as surgery or chemaqply{d6,25]. Two types of radiotherapy
methods are available: brachytherapy, whereby a radigtiobe is inserted into the tumor; and
external beam radiotherapy, in which the tumor is irradidtem outside the patient. Generally
speaking, in external beam radiotherapy, the total@itsseplit into several fractions to allow the
patient’s normal tissues to recover between fractions.

lenergy per unit mass in unit of gray (Gy).
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Brachytherapy is more efficient for early stage, localizeastate cancer. There are two brachyther-
apy methods for prostate cancer: high dose rate and permaeeds (also called low dose rate)
brachytherapy [4]. High dose rate brachytherapy involmnesiiting several fractions of seeds, over a
span of a few days, through very tiny plastic catheters plaw® the prostate gland. In low dose rate
brachytherapy, seeds are injected into the glands. Thesls 8all irradiate off at a low dose rate and
remain in the gland for a long time. If we denote the initiabd@sRk, and the seed decay rate gs
then the total dos®(t) absorbed up to timeis given by

Ry

D(t) = 7(1 — e, (1.1)

2 TCP Modds

Before we introduce the TCP models, we briefly discuss trealimuadratic model for cell survival
and the hazard function.

2.1 Survival Fraction

If D denotes the radiation dose, then we denote the survivaldraof cells asS(D). A widely
accepted survival fraction model is the linear-quadratcel (LQ):

S(D) = exp(—aD — D?), (2.2)

wherea (Gy~') and 8 (Gy2) are radiosensitivity parameters depending on the tisquestyThe
parametersy and 5 are empirically estimated parameter values and they irectadio sensitivity as
well as repair mechanism. The ratig( is a rough characterization of the sensitivity of tissues to
radiation and it can be used to differentiate tissues intly eesponding tissuex(/ 5 = 10, typical for
clonogenic tissue) or late responding tissue (the ratibdaia3, typical for healthy tissue) [41]1[7].
When the treatment dose is split into n fractions of dosel, D = nd and the survival for each
fractions is independenf, (2.2) changes into

S(D(n,d)) = exp(—ad — $d?) - - -exp(—ad — 3d*) = exp(—aD — $dD) = exp(—(a + Bd)D).

7

(2.3)
Equations[(2J2) and (2.3) assume there is no regrowth dtnéagment. However proliferation plays
an important role when the treatment time is long comparetedumor doubling time. Travis and
Tucker [38] were the first to include a time factor in the LQ rabdy fitting mouse lung cancer data
of Mah et al. [22], they found the regrowth is exponential with paraméteand the isoeffect curves
E (= —InS(D)) are constant,
E =p3D(a/B+ D/n)—bT, (2.4)
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wheren is the number of fractions arilis the total treatment time. Some other scholars[[211, 36, 42,
143] also study regrowth and regrowth delay in the LQ modelker&fore by using this exponent in
the LQ model, we have an LQ model as a function of dose and time,

n(2)
S(D,t) = e~ @P=0Dng T, (1K), (2.5)

whereT; = In(2)/b is the tumor doubling time and, is a time delay between the beginning of
treatment and measurable re-growth of the tumor.
In Brachytherapy (continuous radiation over time), the siagl modified using the Lea-Catcheside
factorG(t) [17]

S(D) = ¢~ *P=AGIOD? (2.6)

The Lea Catchside factor describes the interaction of @aBation damage with current damage,
where the interaction probability decays exponentialiynwatey. The Lea Catchside factor is usually

written fort > T" as 5 - .
Gl = /_ b /_ ID(s)dsdr

G(T) = ﬁ/_ D(7) /_T e "9 D(s)ds dr,

whereD(t) is the dose ratd)(t) is the cumulative dose, affddenotes the end of treatment. The Lea-
Catchside factor for endpoints> 7' has a clear physical derivation from a model of lesion damage
and lesion repair (se€]). Another approach, which is also based on clear physitatiples, is the
assumption of an effective interaction window for lesioig)( If two single hit events occur close in
time, then there is a chance of an interaction. In this cassuhvival fraction reads

or

t
S(D) = exp (— [ e+ 500 - Dl - w>>D<s>st) ,
0
wherew denotes the size of the effective interaction window.

2.2 Hazard Function

We can use the concept of a hazard function to unify the abaw#els into one formalism. The
hazard functiork(t) describes the decay of survival fraction as

= —h(t)S(D(t)). (2.7)
Zaider and Minerbo advertise the following hazard funcfmmany form of treatment

hi(t) :== (o + 28D(t))D(t) (2.8)
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If we solve for the surviving fraction according to the mod&I4) we obtain

S(D(#)) = exp <— /O t h(s)ds) — exp(—aD(t) — BDX(t)). (2.9)

Casel: If we only give one treatment of dogeand evaluate the above formula at the end of treatment
T, then we get
S(D(T)) = e~ =7+,

which is the LQ model.
Case 2: If, however, we give: fractions of dose/, then at the end of treatment we obtain

S(D(T)) = exp(—and — B(nd)?) (2.10)

which does not correspond to the fractionated LQ fornful@)(2n (2.10) the3-term is over-amplified
by an additional factor ofi, which, as we argue, leads to over optimistic estimatesiTiCP.
Based on[(2]8) we rather propose the following form of hasandtion for fractionated treatment:

ho(t) := (o + Bd)D(t). (2.11)

The termgdD(t) describes the interaction of previous lesions with curradtation, which is on a
small time scale compared to the treatment tifnéf we solve [2.7) usings(¢), we obtain

S(D(t)) = exp(—(a + Sd) D(1)),

which is exactly the LQ mode[(2.3).

In more generality, we propose an effective interactionedfyg which then will include the Lea-
Catchside factor, the fractionated schemes from abovelenihteraction window approach into one
framework:

ha(t) i= (o + Bdes(t)) D(2), (2.12)

where
(@) de = d for fractionated treatments,
(b) d«(t) = 2D(t) as in Zaider-Minerbo’s formula(2.9) ,
(©) () = 2f e~(=%) D(s)ds for the Lea-Catchside factor, and
(d) dei(t) = 2(D(t) — D(t — w)) for the finite interaction window.

The corresponding survival fractions are then

(D) = exp (—aDlt) ~ 5 [ t da(s)D(9)ds )
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Then we compute

@  SuD(t) = exp(—(a+pd)D(1)) (2.13)
(b)  SyD(t) = exp(—aD(t) — FD*(t)) (2.14)
©  S.D(t) = exp(—aD(t)— BG(t)D(t)?) ,with G(t) from @I7)  (2.15)

(d) Sa(D(t)) = exp (—aD(t) — B/O 2(D(s) — D(s — w))D(s)ds) , (2.16)

There are several interesting special cases:

Case 1: If we consider fractionated treatment, and the intewvaicludes one fractionation then we
can compute the integral in case (d) and fify¢t) = S, (¢) which is in agreement with the LQ-model.
Case 2: If v — 01in (c), thend.s(t) = 2D(t) and we obtain the Zaider-Minerbo formula (b). This
shows that the approach (b) is useful if early lesions areepaired and are always able to interact.
Case 3: If the interaction window in (d) is larges — oo) we use the fact thab(—occ) = 0 to see
that (d) corresponds to (b). Hence we get the same picture @ase 2 above; model (b) implicitly
assumes that interactions of radiation induced lesioneragelong time scale.

Case 4: If the interaction window is small{ — 0) then we redefines = Sw and we obtain

hs — (a+ BD(t))D(t).

In this scenario, interactions would be strictly local imé&.

Case 5. The Lea-Catchside factor has originally been derived frdettzal-potentially lethal model
(LPL model) (seel[17]) for an end point that is well after treantt > 7. We can, however, use the
same LPL model to derive a time-dependent Lea-Catchsiderfachich applies to all times > 0.
This formulation leads to our choice af;(¢) in (c). In that case, the Lea-Catchside factor becomes:

Glt) = D(Qt)Q /_ D(r) /_ "9 (s) ds dr, (2.17)

In the sequel, we will compare these different forms of hdfanctions for the six models mentioned
above. We find that the results for (c) Lea-Catchside and iid@gfinteraction window are virtually
identical, while case (b) gives over-optimistic results.

2.3 Poissonian TCP

The simplest TCP models are based on the Poisson or the Bihalmsiribution and the linear
guadratic survival fraction model. They both assume thatitiitial number of tumor cellsV, is
large. LetX denote a random variable for the amount of surviving ceflshd death of tumor cells
is stochastically independent of each other, and cell galis a rare event, then we can assukhes
given by the Poisson distribution. The probabilitykofumor cells surviving is then,
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)\ke—)\
k!
Since the expectation of this distributioni§.X') = A, we use the number of surviving cell§ S(D)

as an estimator fok. Therefore we have the Poisson TCP as

p(X =k) = (2.18)

TCPp=p(X =0) =e = M5D), (2.19)

Similarly, the Binomial TCP has the form,

TCPg = (1 - S(D))™, (2.20)

if the number of surviving cellsX satisfies a Binomial distribution. The Poisson approxioratells
us that the Binomial distribution approaches the Poissstmidution whenV, — oo, S(D) — 0 and
the product ofVy.S(D) approaches the constan{i.e. NyS(D) — ).

To include cell regrowth, we generalize equation|(2.5),clhs based on linear regrowth

N =(b—d)N(1), (2.21)
dt
whereb denotes the mitosis rate addhe natural death rate. A more general form of cell growth is
given by a Bernoulli model[40]
dN DN N\“
—=— 11— (= . 2.22
a0 (7)) 222)

Here the parametets (> 0), b andd (> 0) are determined from the growth characteristics of the
cells. We can easily see that the exponential growth modsawhern: — 1 andf — oo. The
logistic growth model follows when — 1 and the Gompertzian growth model follows whenr- 0.
Combined with a hazard function for radiation treatment Ww&am the following ODE model for he

tumor cell population
dN  bN N\
—=— 11— = — h(t)N. 2.2
- (7))o @23)

a

Again, we estimate the parametkrin the Poisson distribution (2.119) as the expected number of
surviving tumor cells and obtain the one-compartment Poiss TCP

TCPp,(t) = e N0, (2.24)

In [9], we derive an explicit formula for non-uniform treagmts: treatments with breaks over the
weekend. It is considerably more complex thien](2.3) , sineeaed to keep track of different time
intervals (weekday versus weekend). Nevertheless, a farcan be obtained and we refer [t [9] for
details.
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The two-compartment Poisson TCP can be calculated by tlesviolg system of ODEs for active:)
and quiescent cellg) ([14]),

% = —pa+vq— (d, + hy(t))a (2.25)
d
d_(i = 2pa—vq— (d,+ hy(t))q. (2.26)

Hereh, andh, are the hazard functions for active and quiescent cellsigng, are the natural death
rates, respectively. The termgives the regrowth rate of active cells, andjives the switch rate of
quiescent cells to active cells. We solve it numerically] #ren evaluating

TC’PP2 (t) — 6_(a(t)+‘1(t)). (227)

The two compartment model ih (2]45, 2.26) is based on a marergketwo compartment model in
[14]. The model in[[14] allows cells after mitosis to becomeegcent, or to continue in the cell
cycle. Two special cases lead to the one-compartment m@d&)(on the one hand , and two the
two-compartment mod€el (2.25,2]26) on the other hand. kghper we focus on these two extreme
cases. For a full discussion of the two compartment modelsetee to the literature |6, 14].

2.4 TCP Based on Birth-Death Processes

When the number of tumour cells are small, stochastic effdominate. In this case, deterministic
models seem to be inappropriate for predicting the numbsupfiving cells. To accommodate the
stochastic effects, Zaider and Minerlo [46] employed alststic birth-death process. That is, the
probability P; of < tumour cells surviving at timeis given by the master equation

dFi(t)
dt

with the convention thaP_; = 0. The expected number of tumor ceNgt) = ) iP;(t) satisfies the
mean filed equation

= (i— )Py (t) —i(b+d+h(t))P(t) + (i+ 1)(d+h(t) Pas(t), i=0,1,2,3,... (2.28)

dN (t)

Cdt
The mean-field descriptio (ZJ29) of tumour cell prolifevatand its death due to radiation is a rea-
sonable approach when the number of cells is large. Howtes, relatively small cell-population
(e.g., at the end of the treatment), the average behavioo isnmger adequate as probabilistic or
stochastic noise becomes dominant.
By introducing a generating function, Zaider & Minerbo soihe master equation (2128) and obtain
an explicit expression for the tumour control probability,

= [b—d—h®)]N(), N(O) =N, (2.29)

No

Sh(t)ﬁ’bt

1= bt [t__dr

TCPyu(t) = Polt) = (2.30)
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Here .
Sp(t) = exp (— /O d + h(r) dr) (2.31)

is the probability of cell survival for a given hazard furmtii(¢) and natural death raté In [6],
Dawson and Hillen simplified the Zaider-Minerd@' P into

N(b) ] .

No+bNoN (1) [+

TCPyzu(t) = [1 (2.32)

where N solves the mean field equatidn (2.29). Note that whea 0, the Zaider-Minerbo TCP
reduces to the binomial TCP.

In the previous section we discussed the use of a two-compattmodel to describe cell-cycle
effects. This exptension can also be done for the birthrdpedcess of Zaider and Minerbo (see
Dawson and Hillen([6], Hilleret al. [14], McAneneyet al. [28]). The basic idea is the same as
above, i.e. a detailed Master equation for two compartmienised as a starting point. The mean-
filed equations are given by equations (2.25, 2.26) and thiticontrol probability can again be
expressed by the corresponding solutions of the mean fileatiens. The resultingC Ppy formula

is very complex and we refer to the original papers for refeeg([6], [14]).

25 MonteCarlo Method

Another class of models for tumor growth are individual lwhs®dels ( e.g. 7], [?]). Here we use
the Monte Carlo method as representative for this class afetso The Monte Carlo method allows
us to explicitly model the stochastic nature of cell - raidiatinteraction, cell proliferation and cell
death. For the Monte Carlo simulations we use the same hbididaath probabilities as used in the
Master equation approadh (2128). The probability distidns for the random sampling in each time
interval At is given by:

e bAt for the probability of regrowth in a time interval of lengtk¢, whereb is the cell growth
rate;

e (d+ h(t))At for probability of death in a time interval of length¢, whereh(t) is the hazard
function (2.12);

e 1 — (d+ b+ h(t))At is the probability the cell remains unchanged in a time ireteof length
At.

For each simulation run and for each time-step we define gagntrent success indicatdr{) r as:

[0, ifN(t) >0
T5¢) _{ 1, N(t)=0.
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whereN(t) is the number of tumor cells at tinte The tumor control probability (TCP) is therefore
defined as the average df independent such simulations and given by

M
TOP(t) = % SO TS, (2.33)
i=1

According to the law of large numbers, the error aftérsamplings is the order df/+/M. In order

to keep this error on an acceptable level, we we simulate easé 300 times and the outcome is
averaged. The output of the TCP curve as a function of timeletively smooth, with a small
standard deviatiors{ 0.05).

For the two-compartment models, we have two subpopulagiowsrned by their own probability
distributions according to Table 3.2:

e 1At for the probability of regrowth in a time interval of lengtk¢, wherey is the cell growth
rate;

o (d, + he(t))At and(d, + h,(t))At for probability of death in a time interval of lengtht for
the active and the quiescent cells, respectively,/and), h,(t) are their hazard functions;

e vAt for the transition probability from quiescent into activells in a time interval of length
At;

o 1 — (u+d,+ ho(t))At andl — (v + d, + h,(t))At are the probabilities that the cells remain
unchanged in a time interval of lengtky for the active and the quiescent cells, respectively.

The main drawback of the Monte Carlo method lies in its randaiare: all the results are affected by
statistical uncertainties which can be reduced at the esgoehincreasing the sample population and,
hence, the computation time. This method is very conveniien the system has several degrees of
freedom such as fluids [31] and cellular structurés [8], oemimputs are very uncertain, such as risk
in business[[24]. More broadly Monte Carlo simulations hagen applied to species dynamics in
ecology, spatial sciences and oil exploration [10, 30].

3 Treatment Protocols and Parameter Values

In this section, we use seven treatment protocols for pi@stncer from the literature to compare
the six models described in the previous section. Among tlieree are standard treatments (labeled
as A,C, D). These are given once per day on weekdays with weekendsTo#. others are one
hyperfractionated treatment (labeledeasone high dose rate brachytherapy (labeled)aand two
permanent seed brachytherapi€$Rd, 12°1) (see Tabl€3]1).

For computational simplicity, we assume that all radiapootocols start on a Monday. Fractionated
treatmentsd, C', D, e andf are given on weekdays with weekends off. We assume it takesiites
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Protocol Dosel/fracdgray) days/week Totaldays Times/day Totaldose Reference

A 2 5 53 once 78 [[32]
C 3 5 26 once 60 [12]
D 4.3 5 16 once 51.6 []20]
e 1.2 5 44 twice 76.8 [129]
f 6 5 4.5 twice 54 [45]
Protocol Init. Dose Decay Rate Total days Half Times Total dose Reference
103 pd 5.71 0.0408 47.63 16.99 120 [ ]26]
1257 1.86 0.0117 207.8 59.4 145 [ [26]

Table 3.1: Seven treatment schedules for prostate carcér, D are standard treatments andf

are two hyperfractionated treatments whéris a high dose brachytherapy, aldPd, *°I are two
permanent seeds brachytherapy treatments. Note thatableybnerapy treatments have no end time,
since the radioactive seeds remain in the body. The colurotal'@iays” indicates the time when the
total treatment dose is reached.

to deliver each fraction of the dose at a constant dose Hattee protocols prescribe one fraction per
day (called standard treatments), treatments are dediarE2pm (noon); in the case of two fractions
per day (called hyperfractionated treatments), treatsna® delivered at 12 pm and 6 pm.
To compare parameter values between one- and two-compamnoelels, we use weighted averages.
In the two-compartment modé€l(Z]25) ahd (2.26), the trasitate from active to quiescent isand
the transition rate for quiescent to activeris Hence, assuming Poisson process for the transition
events, the average time spent in the active phasgiisand in the quiescent phasér (see [37]).
The parameter values will be different for active and queescompartments, for example the
value of the radiosensitivities. In general, tgt. be a parameter in the one-compartment model and
Pa, Py Parameters for active and quiescent cells, respectivéignThe parameters are related by the
following equation

/1 1/v

Pe v 1w TP 1
The parameters used in the two-compartment model are listdw 7'C' Pp; column in Tabld_3]2,
and the parameters for the one-compartment model are imedltC' Pz,,. In most publications
on cancer growth the effective net growth rate is reporte@ U4 this to estimate these values to
estimate the net growth rabe— d. The parameters of the one-compartment models are retatbad t
parameters of the two-compartment model via the weightedaging described abovie (3134). We
will see later that this is indeed a good choice as the moagiave quite similar.

The permanent seeds have dose fatg) = Roe—, which is a continuous function of timte In the
case of fractionated treatments (protocdls”, D, e and f from Table3.]1),D(t) are jump functions.
Because of the differences in the dose rates, we reportrémeitts separately.

Pone = (334)
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TCPyzy TCPpy Unit Reference
Init. cell N(0) =10%  a(0)+q(0) =10% cells [34]
netgrowthrate b —d =0.0273 u—d, =0.0655 1l/day [35]
v—d,=0.0476 1/day [3]

a a=0.1531 a, = 0.145 Gy~ [5]

a, = 0.159 Gy~ [5]

15} 28 =2%0.0149 28, =0.070646 Gy=? [5]
28,=0 Assumption

Table 3.2: Table of parameters and references. Colilii®,y refers to the two-compartment
model, i is the birth rate of its active tumor cells andis the transition rate from quiescent into
active cells. a,, 8,4, oy, B, are radiosensitive parameters of the LQ model for active qanescent
cells respectively. Columfi'C Py,, refers to the one-compartment models, values are calcdulate
from those in columi’C' P by weighted averaging Equatidn (3134). Besides the irtitialor size
10, we also simulate foiV (0) = 10,10, 105, 10'° , which all give similar results, hence we choose
to only present the result fan®.

4 Results

4.1 Fractionated Treatments

In Figurel4.1 we show the time course of the tumor control pbility for the three one-compartment
models (1-P), (1-ZM), (1-MC). The five subplots refer to thefiractionated treatment$, C, D, e
and f, where the vertical line indicates the end-time of thesattnents. Within each figure we
show two groups of three curves. The left group of three @iogresponds to the survival fraction
described by[(Z.14), whereas the right group of curves spaeds to the survival fraction for frac-
tionated treatment§ (2.113). Instead of using (2.13) diyeate use[(2.16), which is equivalent with
(Z2.13) for fractionated treatment, as mentioned earlidris Thoice allows us later to use the same
formulation for brachytherapy as well as for any other tidegpendent treatment method. In][19], the
best estimate of the average tumor DNA repair time is 16 remuthat is to say, one DNA damage
can only interact with another to create a double strandkbreley occur within 16 minutes. Hence
we choose an interaction windowof= 16 min, such that any dose delivered to a patient within this
window will count towards the hazard function, as Dawson Hiilgn [6] proposed.

The simulations clearly show that the three models makeaheegredictions. The hazard function
(2.8) shows clearly over-optimistic results, while theules using the effective interaction dodg
are more plausible. The computation of absolute TCP vakiestithe point of this paper. The point
is to show that these three very different methods showalistudentical TCP predictions. Hence
they are equally useful for treatment outcome predictions.

In Figure[4.2 we plot the TCP’s as function of dose. Again, we that the curves that correspond
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Figure 4.1:TCP for treatmentd, C, D ande, f as function of time, with survival fractiofi (2.114) (and a@r

sponding hazard functiof (2.8)) and survival fractibn 8.(or equivalently[(Z.16)). Each subplot shows two
groups of three curves. The left groups correspond o 2vE the right group corresponds o (2.13). The
vertical line on each subplot is the treatment ending timeelines are for Poissonian TCP (1-P), cyan lines
for Zaider-Minerbo TCP (1-ZM) and red for Monte Carlo TCPNIEG). All the parameter values are from Table

B2.
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Figure 4.2:TCP for treatmentd, C, D ande, f as function of dose, with survival fraction (2]14) (and eerr

sponding hazard functioh (2.8)) and survival fractibn 8.@or equivalently[(2.16)). Each subplot is for one
of the treatment protocol with results by usifig (2.14) gatigeon the left part of each subplot and those with
(2.13) sitting on the right part. Horizontal line denote g, position wherel'C P = 0.5. Blue lines are for

Poissonian TCP, cyan lines for Zaider-Minerbo TCP and rednonte carlo TCP. All the parameter values are

from Tabld3.2.

to the same choice di(t) are very close. The numbers in each subplot are2hevalue for the
Poissonian TCP. We do not show thg,-values for the other models, since they are very close as
we can see from the graph. We compared By values with those reported by Levegretral [18]
from clinical data for prostate cancer. Our values@oiD, f are all in the 95% confidence intervals
of their D5, values. OurDsy-values forA, e are a bit higher than the values reported by Levegtun
al. [18].

We also compare the three one-compartment models with titheicompartment models by using
the parameters from Table B.2. The results for proto€knde are reported in Figure 4.3. We
find that the difference between the one-compartment anectwgpartment models are negligible
for hyperfractionated treatmeat while for standard treatment schedu@swo-compartment TCPs
are shifted to the right by at most 5 days. We have similarlte$or the other treatment protocols.
Hence the existence of a quiescent compartment allows géomo cells to sequester from radiation
and repopulate the tumor between treatments.
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Figure 4.3: TCP as a function of time, using protoddl& e, for both the one- and two-compartment
models. The left panel is for the Poisson TCPs ((1-P) and))2tfe middle panel is for the Zaider-
Minerbo and Dawson-Hillen TCPs (1-ZM) and (2-DH)) and thghtipanel is for the Monte Carlo
TCPs (1-MC) and (2-MC)). All parameters are taken from T&hl and theeffective dose hazard
function (2.12)(d) is used.

4.2 Brachytherapy Treatments

A standard model for brachytherapy treatments is the hdmaadion with the Lea-Catchside protrac-
tion factor [2.12) (c) and survival fraction (2]15). We véhow that this choice of hazard function can
be approximated by the effective interaction window haZandtion (2.12) (d) and survival fraction
(2.18). The Lea-Catchside protraction factor is simpleugiito program directly. However, by using
the time-window approach, we will be able to find a hazard fiemcwhich is equally applicable to
fractionated therapies and to brachytherapy.

Choosing the total dose as for a radioactive seed ds ih (hel),ea-Catcheside factdr (2117) can be
explicitly computed as

2R3 1— e—2>\t N e—()\-‘r'y)t -1
D(t)2(y — ) 2\ A+
Once againpR, is the initial dose rate)(¢) is the total dose absorbedlis the average half-life for
the permanent seed and= In(2) /v is the life time of the DNA double strand breaks, which was
chosen to be the same as in #iilective dose, 16 minutes. In what follows, we show mathematically
that theeffective dose hazard function and Lea-Catcheside hazard function arestlthe same, when
both have the same parameters.

From [2.T) we can compute the Lea-Catcheside hazard funasio
_ dSic(t)/dt d(G(t)D(t)?)

hLC(t) = Tc(t) OzD(t) + dt

G(t) =

(4.35)

= aRpe M + ﬁﬂi(e_”‘t — e~ (1) (4.36)
fy —
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where we use Equation (4]135) in the last equality.
update the following computations with the inclusion of theright factor 2 in (2.12)(d)

By using the formulal(1]1) in(2.12)(d), we have effective dose hazard function as follows

R2
heff(t) = OéR()6_>\t + 2570(6_2”—’_)@ — 6_2>\t). (437)
The difference betweel, ;¢ (t) andhpc () is
heff(t) _ hLC(t) 6—2>\t+>\w _ 6—2>\t 6—2)\15 o 6—(fy+>\)t
28R2 B A a v =X
€—2>\t+Aw(7 —\) — e_2>‘t(7 —\) — e 2At L e~ (A
N Ay =)
€—2>\t+Aw(7 _ )\) _ 76—2>\t e—('y-l—)\)t
Ay = A) 7 =A
— o2 i . i e (T
A A=A =

Becausey = In(2)/w = 62.38 > A, we have the following estimate

G P
A 7= A
The last expression equals 0.0626 ¥5r”d and 0.0066 fot?°I, when using the parameters in Table
[B.2. Hence the difference between those two approachesyiskwll. We show numerical simu-
lations of our three one-compartment models for these twesyf hazard functions in Figure .4
and we find them to be indistinguishable. Also, if we compaeeTCP for the three models (1-P),
(1-ZzM), (1-MC), they are also virtually identical, hencesyhgive the same predictions.
Note that the!®® Pd curves for the Poissonian model do start to decay after abb@itdays. The
Poisson TCP formula is based on the mean field differentiad&ons and consequently, the number
of tumor cells can never be identical to zero. Hence aftaatech subsides, the tumor will re-grow.
The other two models (1-ZM), (1-MC) have the advantage thatamor can be eradicated in finite
time and it does not recur. Hence the decline in TCP aftetrireat is an artifact of the Poissonian
model.

el 1
AN S N 438
N At (438

herr — hrel < 2BR; < 28R}

4.3 Dependence of Growth Rate b and Survival Fraction S(d)

In order to investigate how the models depend on the tumavthroate and the radio-sensitivity of
the tumor, we compute the TCP for different effective grovetesh and survival fractions$'(d). For
matters of space we show only proto€al The behaviour is the same for the other protocols.
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Figure 4.4:TCP as a function of time for permanent seed treatr&itd,'?> I, with theeffective dose hazard

function [4.3Y) and the Lea-Catcheside hazard funcfiaBa(4.The left panel is for the Poissonian TCP, the

middle panel is for the Zaider-Minerbo TCP and the right paséor the Monte Carlo TCP. Parameter values
are from Tablé_3]2.

We study the TCP dependence on the growth rate in Flgule @& &) we plot the pairwise distance
of the TCP curves between the three one-compartment mosl@l$umction of the growth rate in a
semilogarithmic plot. We measure the distance in BRenorm, which corresponds to the squared
error sum. We see that the distance between Zaider-Mine@f® dnd Poissonian TCP is always
smaller thare=2 = 0.14 when the regrowth rates are in the interval of [0, 0.07], Inat distance
increases with increasing however, it is still very small over all{ ¢~!). The Monte Carlo TCP
shows a bigger distance to the other two, but sill smallen tHaeven for the highest growth rate.
In Figure[4.5 (b) we record the time when the TCP values re&él Success. Again the model
predictions are very close, with a slight increased difiesefor large birth rate values.

Now changing the survival fraction by varying the radiostwvisy parameters, we plot the graphs in
Figure[4.6. We show that the lakf distance in Figure4l6 (a) as a function of survival fractitd).
Figurel4.6 (b) shows the time at which TCP=95% as a functia#(dj. We see from (b) that the time
reaching 95% TCP sensitively depends$id) but the three models behave the same.

5 Conclusions

We initiated this line of research since we expected, basezkperience, that the more complicated
models indeed make the same predictions as the simplest nioglé®oissonian TCP. Through our
systematic study we can confirm this observation. We siradlatany more parameter values as
presented here and the discrepancy between Poisson mbiiisjeath models and Monte-Carlo
simulations is always small. During our studies we foundhia literature that the relation between
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Figure 4.5: (a): Semilogarithmic plot of the pairwigé-distance between the TCP curves as a func-
tion of the birth rate, for treatment protocal’. (b): Time at which the TCP curve reaches 95% as
a function of the birth raté. We useeffective dose hazard function(2.12)(d) here and all parameters
except the birth rate are taken from Talbl€g 3.2.

survival fraction and hazard function is often unclear aatiwell presented. Hence we tried to sum-
marize and compare the different formshodind.S(D) which are discussed in the literature. Different
hazard functions are used for fractionated therapies assggpto brachytherapies. As a side result
we found that using the effective interaction window[in @), we were able to unify these two
approaches into one framework. We showed that {2.12)(d)eqally be applied to fractionated
therapies as well as brachytherapies. As for fractionatstrhents, it corresponds to the standard
fractionated survival fraction and for brachytherapy itresponds to the Lea-Catchside factor.

The Poisson TCP is simple and computationally efficient. Weikated the three models on the same
computer: Intel Core 2 Duo, 2.0GHz, 2GB DDR2. For one typstadulation the Poisson TCP takes
3.34 seconds, the Zaider-Minerbo TCP uses 65.4 secondfaridnte Carlo TCP uses up to 2.3
hours. Therefore for slow proliferating tumors, we suggest the Poisson TCP to be used for calcu-
lations. However, when birth rate increases, the diffeedyretween Poisson TCP and Zaider-Minerbo
TCP increases. For example in Figlrel 4.5 the differencedmiviPoisson and Zaider-Minerbo TCP
enlarges to two days when the growth rate is 0.2. This confin@sesults of Tuckest al. [39], who
showed that the Poisson TCP can underestimate the tumoupucel5% when the tumor doubling
time is 2.06 days (or growth rate 0.34), which is a very fastagng tumor. Furthermore, the change
of the survival fraction parameteérwill also slightly magnify the difference between the thie@P
models.

As for the low dose rate brachytherapy, the Poisson TCP isimare sensitive to the number of the
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Figure 4.6: (a): Semilogarithmic plot of the pairwigé-distance between the TCP curves for treat-
ment protocolC”' as function of the survival fractiof(d). (b): Time at which the TCP curve reaches
95% as function of the survival fractiéitd). S(d) is varied by changing and all other parameters
are taken from Table 3. 2ffective dose hazard function(2.12)(d) is used.

tumor cells. After the end of treatment, the growth of tumeltsc(therefore the increase of tumor
cell numbers) causes the Poisson TCP to decrease. On thidatite the Zaider-Minerbo and Monte
Carlo TCP remain constant. This is a clear advantage of thehastic models of Zaider-Minerbo
and Monte Carlo. As soon as all cells are eradicated the tistgune forever. The Poissonian TCP,
however, is based on an ODE formulation. Here solutions oohwerge to 0 but will never reach 0
in finite time. Hence in the Poissonian formulation a tumdt alivays recur.

We also compare Poisson, Zaider-Minerbo and Monte Carlo W@&P their corresponding two-
compartment TCP models, where the cell cycle effect is odithrough a quiescent compartment.
While the result between the two-compartment models argdhee, there is a significant difference
between one-and two-compartment models. The two-compattmodels give less optimistic pre-
dictions and they suggest longer treatment periods. Thiedased to the fact that quiescent cells are
less sensitive to radiation and they can be re-activatedhéyléath of the surrounding active cells.
Nutrients become available to the quiescent cells and th&sr ¢he cell cycle and re-populate the
tumor. Hence it is critical to control the most radio resisteells.

In this paper we use prostate cancer treatments as testfoases simulations. We expect, however,
that similar conclusions hold true for other localized tusmsuch as in pancreas, colon, liver, etc.

Overall, the differences in all the models which we studysarall. We have to evaluate this within
the treatment of a real tumor. There are many important éspédtch we do not include in our
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models, such as imune response, spatial structure of thertwascularization, metastasis, genetic
instabilities, and relevant biochemical pathways. Corag#o all these details, which are still missing
from the models, the TCP models considered here are bgsidalhtical. Our study confirms the
usefullness of the Poissonian formulation and we feel tt@ensomplicated models should only be
used when absolutely necessary.
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TCP - Tumor Control Probability; LQ - Linear Quadratit®’] - lodine 125;!% Pd - Palladium
103; LC - Lea-Catcheside; ZM - Zaider-Minerbo; DH - Dawsoill¢th; ODE - ordinary differential
equation; TS - Treatment success.
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