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ABSTRACT. Transport equations are intensively used in Mathematical Biology.
In this article the moment closure for transport equations for an arbitrary
finite number of moments is presented. With use of a variational principle the
closure can be obtained by minimizing the L?(V)-norm with constraints. An
H-Theorem for the negative L?-norm is shown and the existence of Lagrange
multipliers is proven. The Cattaneo closure is a special case for two moments
and was studied in Part I (Hillen 2003). Here the general theory is given and
the three moment closure for two space dimensions is calculated explicitly. It
turns out that the steady states of the two and three moment systems are
determined by the steady states of a corresponding diffusion problem.

1. Introduction. In this article the moment closure for a class of transport equa-
tions is studied, which are used in mathematical biology. Based on a variational
principle the moment system will be closed for general turning kernel, for general
bounded spaces of velocities and for an arbitrary finite number of moments. The
L?-moment closure was introduced in an earlier paper (Part 1) [6], where the 2-
moment closure (Cattaneo approximation) for a specific transport equation was
studied in detail. In Part I nonlinearities due to birth, death, cell interactions,
and oriented movement were also studied. The general theory is developed further
in this paper for linear transport equations. Extensions to the nonlinear case are
briefly mentioned.

The moment closure procedure is based on an L?-norm minimization method.
Besides of a careful notation of tensor indices, the moment closure requires two
main ingredients, which are proven in this paper. First an H-Theorem for the
negative L?-norm (Theorem 3.5), which ensures that the negative L?-norm can be
seen as a physical entropy for the transport equation. The closure then corresponds
to entropy maximization. Secondly, the existence of Lagrange multipliers for the
associated variational problem is proven in Theorem 3.6.

In Hadeler [4] and Hillen [5, 6, 7] the relevance of transport equations and mo-
ment closure to biological applications is discussed in detail. The relations to other
moment closure methods as they are known for Boltzmann equations [3], for the
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semiconductor transport equation [15, 10] and in the theory of Extended Thermo-
dynamics [11] are presented. A large number of references is given in Part I. For
this paper, a short introduction is sufficient.

The paper proceeds as follows. In Section 2 a class of transport equation in a
general form is introduced. Some basic notations for moments, moment tensors
and velocity tensors are given. Section 3 presents the L2-moment closure proce-
dure. The H-Theorem (Theorem 3.5) and the existence of Lagrangian multipliers
(Theorem 3.6) are proven. The latter is a key to obtain the moment closure. In
Extended Thermodynamics the existence of Lagrangian multipliers was shown by
Liu [9]. Liu’s result is specific to the physical application and not applicable to the
case studied here. Theorem 3.6 is proven with the use of basic variational princi-
ples. Also in Section 3 explicit formulas for the closed systems are given (equations
(28)-(31)). In Section 4 two examples of the theory are given: the 2-moment Cat-
taneo closure, which was discussed in Part I [6] in detail, and the 3-moment closure
in two spatial dimensions. “Three-moment closure” refers to closure for the fourth
order moment. In 3-D the three-moment closure consists of 13 dependent functions
(MO, MY, M2, M3, MY ... M33). Finally, in Section 5 the steady states are calcu-
lated for the 2- and 3-moment closures and it is shown that they are steady states
of the corresponding diffusion limit.

2. Transport Equations. As shown by Stroock [16] and Othmer et al. [12] the
movement characteristics of flagellated bacteria and other organisms can be modeled
by a linear transport equation for the population density p(t,z,v) at time ¢ > 0,
space ¢ € R™ and velocity v € V' C R™. The set of velocities V is compact and in
some cases, where indicated, symmetry is assumed. The linear transport equation
reads
%p(t,x,v) +v-Vp(t,z,v) = —up(t,z,v) + ,u/ T (v, v )p(t,z,v)dv';, (1)
\%
where p denotes the turning rate and T'(v, v’) the distribution of newly chosen veloc-
ities. Transport equations with nonlinearities and with terms for oriented movement
are discussed in Part I [6] and also in [1]. In Hillen and Othmer [8, 13] the diffu-
sion limit of transport equations was considered in great detail. General conditions
were given such that a diffusion limit exists, which usually is non-isotropic. More-
over, applications to reaction-transport equations and to transport equations for
chemosensitive movement were considered. See also the review [5].
As in Hillen et al. [7, 8] the following basic assumptions are made:
(T1) T(v,v') >0, [, T(v,0")dv=1, and [, [, T?(v,v")dv'dv < oc.
(T2) There exist some ug 2 O with ug #Z 0, some integer N and a constant p > 0
such that for all (v,v") € V xV

up(v) < TN (W' v) < pug(v),
where the N-th iterate of T is
T (v,0") / / (v, w1)T(wy,wz) - T(wn_1,v )dw; ...dwx_1.

(T3) We introduce an integral operator 7 by

Tp:/VT(v,v’)p(v')dv
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and we assume that || 7|4y < 1, where (1)* denotes the orthogonal comple-
ment of the subspace (1) C L?(V) of functions constant in v.

(T4) [, T(v,v)dv' = 1.
The turning operator is defined as £ := —u(I —7) and Proposition 2.1 of [8] applies:
Proposition 2.1. Assume (T1)-(T4). Then

1. 0 is a simple eigenvalue of L with eigenfunction ¢(v) = 1.
2. There exists an orthogonal decomposition L*(V) = (1) @ (1) and for all
¥ € (1)1 we have

/wﬁwdv < —Vz”’(/JH%Q(V), with vy = p(1 — |7 ||(1y2).

3. Each eigenvalue \ # 0 satisfies —2u < Re A < —vy < 0, and there is no other
positive eigenfunction.
4. Ll ezevy,L2(vy) < 2
5. L restricted to (1)+ C L?(V) has a linear inverse F with norm
1
[Fll ey sy < s

In addition to (T1)-(T4) we assume that
(T5) For each v/ € V there exists a moment-generating function for 7'(.,v").

Assumption (T5) ensures that the v-moments of the kernel T" are bounded and
that the distribution T'(.,v’) can be generated from its moments (see Billingsley [2]).

With use of Stone’s theorem (see e.g. Pazy [14]) it is straightforward that under
the above assumptions the transport equation (1) generates a strongly continuous
solution group on L?(R™ x V). For initial data

o €D :={p € L*(R" x V); ¢(.,v) € H'(R™)}
a unique solution exists globally in

X = C([0,00), L*(R" x V)) N C([0, 00), D). 2)

2.1. Notations. A careful notation of tensor indices is absolutely necessary for
the theory to be developed further. The following notations turns out to be very
helpful.

The velocity moments of a distribution function p(t, x,v) are defined as

mi(t,x) = /p(t,x,v)dv

mi(t,x) = /vip(t,x,v)dv, ie{l,...,n}

mit (¢, ) /vil vtz v)de, k€N, (iy,...,i0k) € {1,...,n}"

Here tensor notation is used, which means that m® % denotes the (i1, ...,i)-
component of a k-tensor. In Euclidean space R™, both sub and super indices are
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used and the summation convention is applied on repeated indices, e.g.

Ailmikmil.“ik _ Z Azlzkm“lk
(i s0eyin) E{L ..}k
It is, however, ensured that a specific function or parameter appears only covariant
or contravariant, respectively.
For fixed k € N the tuple of all tensor indices for tensors of lower than or equal
to order k is denoted by

ar = (0,1,2,...,n,(1,1),(1,2),...,(n,n),...,
(1 D)y (ny e m). (3)
—— ——
k times k times

The index-vector oy has the length

k
lag| = an =: Nj.
1=0

Then m®* denotes a vector of length N}, of all moments of order < k:

« — 0 1 2 n 11 12 nn
mek = (m,m,m,...,m,m ,meo,o.,mM

(4)

Combeto 7m”'“”) .
This notation is used for products of velocity components as well; v = it ... %
and it makes sense to write v®*.
To distinguish between different summations Gy is used equivalently with ay.

2.2. The Velocity Tensors. The mean of the velocity tensors are defined as

gt = /v“ <.

For the specific choice of V = s8™~! the 9" can be calculated explicitly: It is
clear that v = [dv = w = wes™ !, with wy = [S"7!|, and that v° = [v'dv = 0.
Moreover, explicit formulas for the velocity tensors ot for odd and even orders
are given.
Lemma 2.2. Assume V = sS"7 !,
1. If k € N is odd, then
ot =0, forall iy,...,ip €{1,...,n}.

2. If k € N is even, then there is a constant cp > 0 such that

gitie = ghtn=leo, Z PRIZENN LIS L I (5)
P(81,---50k)
where the set of all pairs of indices out of (i1,...,ix) is defined as

Plir,. .. ix) ;:{ ((ijl,ijz),...,(z‘jk_lyijk)) ey =1, k) }

The constants ci are given by

o ) o Ck—2
Co =Wwo, C2=—, Cp=

_ k> 4.
n E—2+n’ for k=
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Proof. 1.: Let (i1,...,i;) € {1,...,n}*. In case of k odd we split V into V*+ and
V'~ defined by

Vti={veV:v" >0} Voi={veV: v <0}

Then for each v € VT we have —v € V ~. Since the set of {v* =0} C V is a set of
measure zero we get

Pt — / Y ~~~Ulkd’l)+/ v vt do
v+ B

= / (—l)kvi1~~vi’“dv+/ vt viEdy = 0
- v

since k is assumed to be odd.

2.: In the case of k even we use an induction argument and the divergence
theorem on the ball B;(0) in R™.
k=070 =wys" 1.
k = 2: For any two vectors a',a? € R™ we obtain

aj al o = / (aj v a? v™)dv
v
= s &(al’ilaz vi2)dv
= 2
v vl
= s/ O, (a""a? v"™)dv
B (0)
= s/ dv al’ilaiéff
B;(0)
Now we have
s" ; s™ ; s"
|Bs(0)] = s"|B1(0)| = —/ Oy, v"dv = —/ 0;0'do = —uwy.
n B1(0) n Jgn-1 n
Then we get
aj al v’ = s”“ﬂaglai’émz,
n
which shows that
giriz — nt1%0 sivis (6)
n
Since in the case k = 2 the set of pairs P(i1,iz2) for i1,i2 € {1,...,n} reduces to
Pliviz) = {(ij. i) {d1,d2} € {1,2}* with {j1, 2} = {1,2}}

= {(i1,42)},

3 ginte =g,

P(i1,i2)

we obtain

and (6) is (5) for k = 2.
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k — 2 — k: Assume (5) holds for k—2. For any vectors a’,...,a* € R" we have
a;, ...afk@““'i’“ = /V(azllvi1 ...afkvi’“)dv

= s/ Uir gliia (a?zv”...afkvik) dv
v vl

= s o a; v
[ o (Hl )

k
_ 1,41 7 .1
= 5/ dv a E a“5l: H a;,v
B, (0)

r=2 1=2l#r
= sa® Zahéx/ H al ' dv. (7)
s(0) 1 =2 14y
To exclude one entry from a tuple we will now use the notation for | <r < k,l <k
(’il+17...,ik)7 if’l’:l,
(il,---,ik)\{r} = (il7~--,ir—17ir+1;-~-ik) ifl<r<k,
(il,...,ik_l), ifr==k%.

With use of this notation we study the integral term in (7) separately. We will use
the assumption that (5) holds for k — 2.

k

/ H aélv“ dv
Bs(0) 1 =914,
s k
= // H aélvil dvdo
0 JosSn—1

1=2,l#r

S
k—2 —1 2 k E P 14 15
= / ag +n Ck—2 (aig e alh)\{r} 51111]2 e (S Ik—3"Tk—2 dO'
0 P (150500 )\{r})
Sk—?—i—n

2 k iy g gl
il S CART AN DI R R
P (0150580 )\{r})

Using this equality in (7) we finally get

1 b ik
ag, -0 U
k4+n—1 Ck—2 111 E b
= 8 a 5
k—2+n Ea

(a222 - afk)\{T} Z (Sijl iy - 51.]"“’31.]%72
P((i1,080)\ ()

sktn=le, E Slintiz  §hik—1t
P(i1,e-yik)
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Example for P(iy,...,i4):
Pliv,oia) = {5015 (rin)) -
{1, 42} {ds, ja} € {1,2,3,4}%, with {ju, ja, js, ja} = {1,2,3,4}}
R (CEONCEA) N (CRANCRAY N (CRANCRA) I S
In case of n = 2 with polar representation v = s(cos 8, sin ) we explicitly calculate,

e.g.
27 . 2m T
g1t — / cost 0do = 3=, pil22 — / cos? 0 sin® 0df = —,
0 4 0 4

27
1222 = / cos 0sin® 0d = 0.
0

2.3. Symmetry of the Moments and the Velocity Tensors.

Lemma 2.3. The tensors m* % and v are invariant with respect to exchange
of two indices.

This follows directly from the definitions of m?® % and #%1~%*. For later use we
will introduce an operator for change of two indices. For 1 <r <[ <k, 1 < k we
define

nr,l(ila-~-;ir7-~-77;l7~--,ik) = (il,...,’L'l,...,ir,...Jk).
And we allow 7,; to act on tensors and vectors as well, i.e.

nrlah.--ik — am,z(il..-ik)’ ete..
3. Moment Closure. We derive the system of moment equations by multiplying

with combinations of v ---v% and integrating along V: Integration of (1) leads,
with [T'(v,v")dv =1, to a conservation law for the particle number:

my 4+ 9;m’ = 0. (9)

For higher-order moment equations we use the following abbreviation. Let the
T-modulated moments of p(t, z,v) be denoted by

ik ._/ / .. “CT 1) v )p(t,x,v/)d’u/d’u. (10)

Using this definition, multiplication of equation (1) by v* and integration leads
to

mi+0;mY = —um’ +u// (v,v")dv p(t, z,v")dv’
= p(w' —m') (11)
and analogously we get for the [-moment, [ < k :
mil...il +ajm21”] — ’u(wll’bl _ mil-'-il). (12)

Finally, for all k € N we have the system of moments which consists of equations (9),
(11) and (12) for all [ < k. In the highest-order equation for m % the divergence
of the next higher moment m? *J appears, hence the system is not closed. If,
moreover, the T-modulated moments depend on moments of p of order > k, then
these higher moments appear as well. We will show that in some important cases
the T-modulated moments of order & are linear functions of p-moments of order less
than or equal to k (Lemma 3.3). We give two examples first:
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Example 3.1. 1. Assume T(v,v’) = 1/w describes uniform choice of any direc-
tion. Then o
1.tk
witir = 2 mO.
w

2. Assume, for example, that T'(v,v") = §(v —v") (which is not included in our
general hypotheses, but illustrates possible dependencies). Then

w'ttt = mtk

Since we aim to close the moment system (9), (11) and (12) with respect to the
k-th order moment we distinguish two cases:

Definition 3.2. The system of moments (9), (11) and (12) is called k-quasi closed
if all T-modulated moments of order less than or equal to k depend on p only via
the moments of p of order less than or equal to k, but not higher, i.e.

w* = w** (m**).

The moment systems in both examples in Example 3.1 are k-quasi closed for
each k e Nk > 1.

If the moment system is not k-quasi closed then we have to use the minimization
procedure below to find good approximations for w* as well.

Lemma 3.3. 1. If wh % depends on some moments of p it is a linear function
of these.
2. System (9), (11) and (12) is k-quasi closed if and only if the moments of
T(v,v") are linear in v'®, i.e. for each v € V there exists a linear mapping
Royxp, : RVE — RN% such that

/va’“T(vw’)dv = Rakxgkv”@k. (13)

Proof.
1. We write

whte = /Qil“'i’c (Wp(v)dv', with Q" (v) = /vil T (v, v")du'.

Now assume w* = w* (m*) for some j € N. Then for two functions p, ¢ €
L3(V) and ¢; € R we have

W (cxm -+ )

[ ent) + ay
= cw®* (m;‘j) + wk (mg‘j) .

2. We assume that the moment system is k-quasi closed. Since w®* is a linear
function in m*, we can find a linear map Rq, x3, : RV — RMr with

W = Ry xp,m = /Rakxgkv’ﬁ’“p(v’)dvl. (14)
On the other hand
w = //vakT(v,v')p(v’)dv’,

which equals (14) if and only if

/ {Rakxgkv/’g’“ — /’UakT(U,U/)dU:| p(v)dv' =0, forall pe L*(V).
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This is true only if

Ry xp, V"% = /’UakT(U,U/)d’U.
U

Example 3.4. Besides the ezamples shown above we get a k-quasi closed moment
system if T' has the form

T(v,v") = ag(v) + a; (V)" + - + as, i, (V)™ .. V™ (15)
for some I < k and bounded integrable coefficients aq, (v).

Note. If a system of moments is I-quasi closed it does not need to be k-quasi
closed for k > I.

3.1. Minimizing the L?-Norm. First we show that the negative L?-norm is an
entropy for the transport model (1). We denote the L?(V)-norm by

2
:/%dv

Flu) = /vu;dv.

Theorem 3.5. (H-Theorem) Assume (T1)-(T4). Solutions p(t,z,v) € X of the
linear transport equation (1) satisfy
d
dt

and the corresponding flux by

E(p) + 0;F’(p) < 0.

Proof.

d : )
EE(p) = /p(—vjajp + Lp)dv = —9;F’ (p) + /pﬁpdv.

In Proposition 2.1 it has been shown that on (1) the operator L, satisfies

/pﬁpdv < —pus|lpll3.

For p(t,z,.) € (1) we have [ pLpdv = 0. Hence the entropy estimate follows. O

For now we fix (¢,z) as a parameter and consider the dependence on v. For
functions in L?(V) we aim to minimize the functional E(u) with constraints of
given moments m®* of order less than or equal to k:

G(u) =0, with G(u) = /Ua’“u(v)dv — m**
Note that aj defines a multi-index such that G : L%(V) — RMx.
For minimization of E under the constraint G = 0 we use the framework of
Lagrangian multipliers as presented e.g. in Zeidler [17]. If ug is a minimizer, then

E'(ug) : L*(V) = R : h /uo

G'(ug) : L*(V) — RNx . h— /U“’“h(v)dv
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Theorem 3.6. Assume ., is a minimizer, then there exist Lagrangian multipliers
Ay, € RNe such that all ¢ € L2(V) satisfy
El(umin)¢ + Aak G/(umin)d) = 07

where the summation convention is applied for Ao, G' (Umin)®, since G'(Umin)P €
RNk,
Proof. For the existence of Lagrangian multipliers we have to check two conditions
(see Zeidler [17])

: (i) For each h € L?(V) with G'(umin)h = 0 there exists a curve 4(s) such that

@' (0) = h and @ is admissible, which means that @ is differentiable at s = 0

and G(u(s)) =0 for s € (—¢,¢) for some € > 0.
: (ii) The range R(G’(umin)) is closed.
We first check (i): Consider h € L?(V) with G’(umin)h = 0. Then

/va’“h(v)dv = 0%, (16)

which means that the first £ moments of A vanish identically (here 0% denotes the
zero of RMr.) We define a curve

w(v,s) :==p(v) + h(v)s

which satisfies

and
G(u(v,s)) = /va’“p(v)dv + /vo"“h(v)dv s —m% = (0%,

with use of (16). Then u(v, s) is admissible, i.e. It is tangential to relative minima

of the functional E. Then indeed for each h € L?(V) with G’ (umin)h = 0 there is

an admissible curve @ and condition (i) is satisfied.

Condition (ii) is immediate in this case. Since G’(umin) is a linear mapping into a

finite dimensional space, its range is closed. O
From Theorem 3.6 it follows that for all ¢ € L?(V) we get

/umin(v)qﬁ(v)dv + Ao, /vo"“qﬁ(v) dv = 0.
Hence the integrand vanishes pointwise and the minimizer satisfies:
Umin = —Aq, V. (17)
The first kK moments of the minimizer w,i, are given by the constraints G(umin) = 0,
hence we obtain for I < k (i1,...,i;) € {1,...,n}!

it — _/Uil .. .q}ilAakvo‘" dv. (18)

This is a linear system for the Lagrangian multiplier A,,. Since from Theorem
3.6 we know that this multiplier exists it must be a linear function of the first k
moments. Hence there is a N x Np-matrix By, xg, with

Aak - BOL;C Xﬂkmﬁk? (19)

hence
Umin = —UO"“BakxgkmB’“. (20)
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With use of the notation of the velocity tensor 7% introduced above we can write
the linear system (18) in explicit form.

0 — A — AT — s — A pIredk
m° = Ao?” — A0 A5,
7’TLZ = —Ao’l_}l — Ajﬁ” — e — Ajl_“jkﬁwl'””“
(21)
mil...’ik — _Ao,l—}il...ik .. AJljkﬁllzkjljk

In case of V = s5"~! the odd velocity tensors vanish identically (see Lemma 2.2),
and the system de-couples into two independent systems for odd and even multi-
pliers.

If k € Nis even and V = sS™~! then we obtain for the even indices

0 _— _ A9 A, mdide oo A, . piie-dk
m - Aov A]l]ZU AJ1~-JkU
f1t2 A miite AL mtit2did2 ... A . . ptiieji--Jk
m = AoD Aj .0 Aj . 5,0
(22)
Bk — A il . A a1kl R
m = Ao Aj . 5,0
and for the odd indices
o _ AT o A 781 Jk—1
m - AJU AJ1~~Jk71U
(23)
e lk—1 — A atietk—1J o 0 A 71tk =101 Jk—1
m - AJv A]1~~-Jk71v :

In case of k € Nis odd and V = sS™~! then we obtain the following two de-coupled
systems. For the even indices:

0 _ ~0 T T
m = A" = = Aj1~~~jk71U]1 Jh—1
(24)
iredip_1 i PR TR FON T
mit-tk—1 — _onl kl_,,,_Ajlu.jk71,Ul k—1J1---Jk—1
and for the odd indices
T — AT o A plJiedk
m! = Ao Aj 40
(25)
TR 1 W S T Y W S PR 11
m = Ao A 50 .

We will use these equations to consider explicit examples later.
The above systems of equations are invariant under exchange of pairs of indices.
Hence it follows that

Lemma 3.7. The Lagrangian multipliers AU % are symmetric with respect to
exchange of indices.

Now we proceed with the general notion of (18) to find the general moment
closure.
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3.2. Moment Closure. We consider the unknown (k + 1)-st moment of wupip-
Using (20), we get

/v“ co Py (V) do = — /v“ C R B 8, AU mPe.

Hence the (k + 1)-st moment of wup;, is a linear combination of the lower-order
moments of the form
mi1-~~ik+1 :Azﬁllk+lmﬁk (26)
ke b)

with mappings .Agk‘”ik“ : RMs — R given by
‘Agku'ikﬂ = /’Ui1 --'vi’““va""Bak x gy . (27)

The next step to obtain the moment closure is to assume that the highest mo-
ment m®-+1 of p(t, z,v) has approximately the same relation to the lower order
moments as Ui, has, and to replace m®-+J in (12) with (26). Since this is an
approximation we switch notation to capital letters M% % to distinguish from the
original (exact) values mi-,

In cases where the system (9), (11) and (12) is k-quasi closed (see Def. 3.2 and
Lemma 3.3) we obtain the following closed system:

MY +0;M? = 0
M +0,M% = p(wi — M)

1. 1. (28)
‘u(w 1t e z)

Mtil---iz + 8jMi1...ilj

with w® = w* (M) as given in Lemma 3.3.

If the moment system is not k-quasi closed, then the terms w® - in (12) depend
on the original distribution as well. Hence we also assume that they are appropri-
ately approximated by using the minimizer u,;, instead of p. This way they will
depend on moments of order less than or equal to k. We carry out this approxima-
tion in equation (12) and obtain a closed system for approximations to the first k
moments:

M) +0;M7 = 0
Mj+8;Mi = p(Wi— M)
. o . - (29)
Mtll...lz + ajlei..uj _ M(W’Ll../u _ le.i.zl)
Mtil...ik + 8]' (.A;lklkJMak) — H(W“lk _ lezk),

where for 1 <[ < k we have approzimate T-modulated moments

Vi ::/ / v T (0, VU (¢, 2, v )do' dv (30)
vJv
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with an approximate minimizer
U(t,xz,v) :== —va"’Bakxngﬁ’“, (31)

and Ba, x3, is given by (19).

Note that the system (29)-(31) indeed defines a closed system for M.

4. Examples.

4.1. The Cattaneo Approximation. To obtain the Cattaneo model as a second-

order moment approximation we recall the arguments from Part I [6]. We study a

transport equation with fixed speed s, and constant turn-angle distribution T'(v,v’) =
L In this case V = sS"! with s > 0 and we denote w = |V| = s"~!wy, where
wo = |Sn_1|.

Then the linear transport equation (1) reads

mO
pt+v-Vp=u(7—p>~ (32)
The system for the first two moments is
m +0;m! = 0,
mi+0;mY = —pm'.

The entropy maximizer can be explicitly calculated as

tmin(t,2,0) = = (m0(t,) + Ty (oim(1, ) ) (33)

where the Lagrange multipliers are given by

1 .
Ao=—m" A; = %ml, for:=1,2,3.
w ws

The second moment of the above maximizer is

82

ij B T
M (Umin) om0,
with transition matrices
1 0 0 0
2
ij i ij 0 0 0 O
A 2 0 0 0 0 O
00 0 O

Since T is constant the moment system is 2-quasi closed. Hence the two-moment

closure is given by a linear Cattaneo system
MQ + 0, M =0
e (34)
M{ +>-0;M° = —uM".

In Part T we also consider nonlinear terms and drift terms and we prove approxi-
mation properties for the two-moment closure. For details we refer to Part I [6].
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4.2. The Three-Moment Equations. In case of k =3 and n = 2 and V = 55!
we study the above procedure explicitly to find a closed system for the first three
moments M®, M M2 iy iy € {1,2}. The 3-moment system reads:

my+9;m’ = 0
mi+0;md = p(w' —mb), i=1,2 (35)
mp? £ oymiied = p(whiz — miriz) 1,02 = 1,2.

We use systems (24) and (25) to find expressions for the Lagrangian multipliers
Ao, Ay, Ajyi,. In the present case system (25) for odd indices is

(Z;>=—<@i ;Z)(/A\;) (36)

Now, with use of Lemma 2.2, we obtain, with wy = |S*| = 2,

<

ol — 522 — 5377, 12 — 52 — .

Then (36) is immediately solved with
1 .
A= f@ml, fori=1,2. (37)

The system (24) for the even indices reads in this case:

mO 'l_)O 1—)11 ’1_212 1—]21 ,522 AO
mll @11 751111 ,[)1112 @1121 ,[}1122 All
m12 — _ 1712 @1211 ,171212 @1221 ,171222 A12 . (38)
m21 @21 172111 ,52112 {}2121 172122 A21
m22 1722 1—}2211 @2212 @2221 1—)2222 A22

Again we use Lemma 2.2 to obtain explicit values for the velocity tensors. Especially
in (8) we explicitly calculated the four-velocity tensor. In the present case the
relevant constant is ¢4 = 7. Then the matrix in (38) is given by

$2r st 0 0 s%w

st 3¢ 0 0 o
0 0 o o 0 with o = s5_.
0 0 o o 0 4
$r o 0 0 30

Hence the equations for the mixed indices de-couple and due to symmetry (see
Lemmata 2.3, 3.7) we have m!'? = m?! and Aj3 = As;. Then it follows from (38)

that

2 12
A12 = A21 = 75771 . (39)

The remaining system for Ag, A1; and Ags reads

mO 2 sSw o $ew Ay
mt = — 8t 30 o A1
m?? st o 30 Aoo

We denote the above matrix by J and observe that

det(J) = 2511 £ 0.
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Hence J is invertible and we get

AO mo
A11 = —J_l mll . (40)
A22 m22

When we denote J~' = (04;); je(1,2,3} then formula (19) can be written explicitly
as

Ao mO
Al ml
A2 m2
A11 = _Bazxﬁz mH 5 (41)
A12 m12
A21 m21
A22 m22
where
011 0 0 012 0 0 013
0 (¥~ 0 0 0 0 0
0 0 (71‘83)_1 0 0 0 0
Bazxgz = 021 0 0 g922 0 0 0923
0 0 0 0 2(ms?)™t 2(ws5)7t 0
0 0 0 0 2(rs®)™! 2(ms®)”t 0
031 0 0 032 0 0 033
Finally the minimizer u,, given in (17) reads
Umin — 7A0 — Ajvj — AjljZ”UlejQ. (42)

4.3. Closure of the 3-Moment Equations. To close the system (35) for the first
three moments m®, m?, m¥ we consider the third moment of the minimizer umin,
given in (42). For i1,1i9,i3 € {1,2} we obtain, using the representation of v:

m? (Upin) = /v“v”v”‘umindv
A iiigiz A 5i18283) A L. o i1i2037172
= —Agv Ao Aj v
1 o o
— 5 (ml,l—)74112131 +m2,l—)1112132) .
s

Then, with (8), we get

1 3
mlll(umin) = @ (30m1) = ESle
2
S
m112(umin) — m121(umin) — m211(umin) — ZmQ
122 212 221 C
m (umin) =m (Umin) =m (umin) = Zm
3
m222 (Umin) _ 752m2'
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The linear forms A% %% defined in (27) are given by

A = (0,352/4,0,0,0,0,0)
ANZ = A1 — A2 —(0,0,52/4,0,0,0,0)
A2 = A2 = AL = (0,57/4,0,0,0,0,0)

A2 (0,0,3s%/4,0,0,0,0),

which are linear forms for the vector m®2 = (m° m?!, m? m!t, m'2, m2t m22)7.

The crucial term in (35) is 9;m 7. For the moments of umi, we get

81m111(umin) + 82m112(umin) = SZ (381m1 + azmQ)
2
a1m121(umin) + 82m122(umin) — SZ (81m2 + Bgml)
2
81m211(umin) + 82m212(umin) — SZ ((’)1m2 + agml)
2
81m221(umm) + 82m222(um1n) — 54 (alml + 382m2) .
Again we choose capital letters M?, M? M%¥ to finally close the moment system
Mto + 5ij = 0
M+ MY 40, M2 = (W — MY
ME+ oM + 9, M*2 = p(W? - M?)
M+ 5 (300 M + 0o M?) = (W' — M) (43)
2
MP2+ 5 (M2 +0,MY) = p(W2 — M2
M+ 5 (M2 + 8,MY) = p(W? — M2
MP 4 5 (MY +30, M%) = p(W?2 — M?2),

with

B / / .. “T ’U v )U(taxavl)dvl‘

The approximate minimizer is
Ut,z,v) := —Ag — Ajvj - Aj1j2vj1vj2 (44)
and the approximate multipliers are given by (41) with capital M “2 instead of m"2

It is clear that if system (35) is 2-quasi closed then we obtain (43) with w2
instead of W2,

4.4. A Specific Example. We assume for now that T(v,v') = 1 with w =

|sS1| = 2ms. Then the moment system is 2-quasi closed (see Example 3.1) and
we have
itz
w()éz — 0
2ms
Hence
w’ = MY, w! = w! =0,

2
S
U)11:’UJ22:5M0 U}lz:wzlzo'
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Then the closed moment system reads

MY +0;M7 = 0
M} +0;MY = —uM?, i=1,2
MM+ 5 (30, MY + 9, M?) = u(%MO—M“)
MP? + 5 (O M? + 8, MY) = —puM*? ()
MY+ 5 (I M? + 8, MY) = —puM?!
M2 45 (M +30,M2) = p (M0~ M),

We consider a scaling limit for large turning rate p — oo but finite speed s < oo.
Then formally the last four equations of (45) become

Mll — M22 — fMO M12 — M21 =0 (46)
2 ’ '
The whole system (45) reduces to
M) +o,M7 = 0
. 52 )
M} + E&»MO = —uM?’,

which is exactly the two moment - or Cattaneo - approximation in 2-dimensions (34).

It is important to investigate the classical parabolic limit. As shown earlier
there are two ways to obtain the parabolic limit for transport equations. One is
a parameter scaling of s — oo, u — oo such that % — D < o0, the other is to
consider scaled space and time variables 7 = €2t and £ = ez. It is easily checked
that the first limit is not appropriate for the study of (45), since an additional factor
of s2 appears in the equations for M!! and M?2. It is however useful to study the
scaling of 7 = %t and ¢ = ex. In these new coordinates the system (45) reads:

e2M? +e0; M7 = 0
e2M! +ed; MY = —puMt  i=1,2
MU 4 e (3 M + M?) =y (MO — M)
E2MP e (IM? + M) = —uM' 7
M2 4 e (M + oMY = —pM>
M2 4= (M +30,M%) = g (FMO— M),

We consider solutions of this system which can be written as a perturbation expan-
sion
Qg a2 a2 2 a2
M2 = M(o) + EM(l) + ¢ M(Q).
The order one terms of the above system (47) lead to

2
i 12 _ ag21 _ 11 _ ag22 8 0
M(o) =0, M(o) = M(o) =0, M(o) = M(o) =3 M(o)~ (48)

From the order € system we only need the second equation of (47) which has the
following order ¢ terms:

O M) = —pMyy. (49)
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The first equation of the order 2 system reads
0 ,

Together with (49) and the last identity from (48) we obtain the diffusion limit of

2
S i
Mg,y . = 2Haia M. (51)

5. Steady States. For dissipative processes steady states are typical candidates for
limit sets. Moreover the study of steady states for different levels of moment closure
helps to get insight into the relation of different closures. Here we consider the
example of constant speed V = s-S! in two dimensions with uniformly distributed
velocities T'(v,v') = +

w"

5.1. Cattaneo-Approximation. The system for steady states of the Cattaneo
approximation (34) is

2
oM =0,  9,M°=—MI, for j=1,2.
2p
We introduce the second equation into the first and arrive at the Laplace equation
52 . 52
—AM" =0, and M7 =-—9;M°, (52)
2u 2u
which describes exactly the steady states of the corresponding heat equation (51).

5.2. The Three-Moment Closure. The system for stationary solutions of (45)
is

M +0,M* = 0 (53)
M"Y +o,M*? = —pM? (54)
M +9,M*2 = —pM? (55)

2 2
%(361M1 LM = 4 (%MO - M“) (56)
2
%(alw +OMY = —puM2 = M2 (57)
i 1 2 _ i 0 pg22
T (O +30:M%) = (MO - M) (58)

We solve (56)-(58) for M% i, j = 1,2 and introduce these into (54) and (55), re-
spectively.

2 2 2
o1 <52M0— ;(381M1+82M2)) — 0Oy <ZM(81M2+82M1)> = —,uMl
5> 2 1 52 0 8 1 2 2
*61 <4/L(61M +(92M )) + (92 (2M - @(&M +362M )> = 7,U,M .

Rearrangement leads to

2

(30101 + 0p02) M + £ (0105 + 0201) M

dp
S

uMl + ZjalMO
2

S (10y + 0201) MY + £ (0101 + 30202)M? = M + 50, M°.

(59)
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We differentiate the first equation with respect to x1 and the second equation with
respect to xo and we add the resulting equations. We obtain after rearrangements:

2 2
%@% +33) (O M + 0, M?)) = p(O M + 0, M?) + S AM".

In view of equation (53) the Laplace equation follows
2
2 AM° =0,
2u

To find the corresponding first moments M?!, M? we use Fourier transformation.
Let (£1,&2) denote the dual parameters of (x1,x2), then the transformed system of

(59) reads, with for now d = 2—2
m

2

d(=3¢7 — )M —2d16M> = pM' + %(—Zfl)MO
2

—2dG &N +d(~ — 3N = il + (i) M.

We write this as a linear equation

FL = 2822M0< 2 ) (60)
with L = (M*, M?)T and
re ( —p—dBE ) 2056 ) |
—2d6:18> —p —d(&F + 383)
We find for the determinant that
detF = pi* + dpd(&F + &63) + 3d* (7 + €3)%, (61)

which is positive for each (£1,&2) € R? and p > 0. Hence (60) is uniquely solvable
for each (£1,&2) € R2. The solution is given by

NP S ptd@ ) o &
(M2>_ZETM (5) (62)

Then (M?!, M?) are given by (62) and we can finally calculate the remaining func-
tions from (56), (57) and (58)

MY = S MO — (30, M + 0, M?)

M2 = M?= —g(alM2 + MY (63)
2 2

M* = S M~ (01 M + 30, M?).

Lemma 5.1. The steady states of the three-moment problem for (M°, M", M"7); ;ct1 2}
are given as follows

1. M°(z) solves the Laplace equation AM°(z) =0 on R?.
2. (M%_,MQ) are giwen from Fourier transformation of (62).
3. (M"); jeq1,2y are given by (63).
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5.3. Steady States for the Nonlinear Case. Of course the steady states for the
two examples given above on R? are identically zero. The method, however, carries
over to the nonlinear problem with

M +9;M7 = f(M°)

(see [6]). Then the steady states of the two- and three-moment systems are related
to a semilinear elliptic problem of the form

cAM° = f(M?)

with an appropriate diffusion constant ¢ > 0.

The author believes that, at any level of moment closure, the stationary solution
can be constructed from the elliptic equation AM? = 0 in the linear case and
cAM? = f(MP?) in the nonlinear case. This, however, needs further exploration.
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