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We consider an anisotropic diffusion equation of the form u, = VV(D(x)u) in two dimensions,
which arises in various applications, including the modelling of wolf movement along seismic
lines and the invasive spread of certain brain tumours along white matter neural fibre tracts.
We consider a degenerate case, where the diffusion tensor D(x) has a zero-eigenvalue for
certain values of x. Based on a regularisation procedure and various pointwise and integral
a priori estimates, we establish the global existence of very weak solutions to the degenerate
limit problem. Moreover, we show that in the large time limit these solutions approach profiles
that exhibit a Dirac-type mass concentration phenomenon on the boundary of the region in
which diffusion is degenerate, which is quite surprising for a linear diffusion equation. The
results are illustrated by numerical examples.

Key words: Anisotropic diffusion; Degenerate diffusion; Large time behaviour; Singularity
formation; Pattern formation

1 Introduction

In this paper we consider a linear parabolic equation of the form
u; = VV(D(x)u) (1.1)

on a bounded domain in IR" with homogeneous Neumann boundary conditions. The dif-
fusion coefficient D(x) = (D”(x));; is an n-dimensional tensor which describes anisotropic
diffusion in different directions of the environment. We use the notation

n

VV(Du) =Y

ij=1

0 90
—— (DY .

2 (PH)
Here we assume that D(x) is positive semi-definite, and we show an example where model
(1.1) has solutions that converge to Dirac-type singularities as ¢t — co.
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FIGURE 1. Left: Schematic of high anisotropy on the path between y = a and y = b, and isotropic
diffusion off the path. Middle: Diffusion coefficients for the degenerate problem (1.4) are smooth
approximations of the values that are indicated in this figure. Right: Construction of the smooth
domain €y, which is used for the smooth approximation in problem (3.2).

This problem arises in the modelling of individual movement in strongly anisotropic
environments. Two examples, both under current investigation, are the patterns of wolf
movement [13,18] and the invasive spread of gliomas (a certain class of brain tumour)
[2,4,9]. In the former, wolves in Northern Canada have been observed to exploit the linear
roads and seismic lines cut into the forest by oil exploration companies to increase their
hunting range. This presents a significant threat to caribou populations, and strategies to
reduce the impact of these lines are required. In the latter, glioma cells are believed to
follow the aligned fibre tracts in white matter, facilitating the invasive spread into healthy
tissue. Predicting the pattern of glioma growth promises the design of more efficient
treatment strategies [5, 14].

A common feature to these and other problems is the directional guidance provided by
roads, seismic lines or white matter tracts. Mathematically these linear features present
a highly anisotropic environment, where individuals preferentially move along these
features [13]. Here we focus on an idealised stretch of road or white matter tract:
oriented horizontally and embedded in an otherwise homogeneous tissue, as illustrated in
Figure 1 (left). We specifically consider the singular case of individuals that never escape a
linear feature once entered. Although degenerate, we argue that this model offers a good
explanation of overshooting, which we observe in numerical simulations. In Figure 2 we
show a numerical simulation, where in the aligned region, the diffusion in the y-direction
is close to zero. We see clearly the formation of highly concentrated aggregates along
the lines y = a and y = b. We will prove in Theorem 1.2 that for ¢ — 0 these solutions
approach J-singularities. The details of the simulations are given in Section 6.

Models of the form (1.1) have been derived from detailed transport equations for the
movement of wolf, or cells, respectively (see Section 1.1 and [11,13]). Usually, anisotropic
diffusion is associated with a term in divergence form,!

u; = V(D(x)Vu). (1.2)

Equation (1.2) obeys the maximum principle, and steady states under homogeneous
Neumann boundary conditions are constant solutions. The maximum principle does not

! Note that (1.1) is also in divergence form, however, the term ‘divergence form’ is usually
associated with (1.2).
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FiGURE 2. (Colour online) Simulation of the anisotropic diffusion model, system (1.4) together with
up(x, y) = 1 and smooth diffusion coefficients given in (6.1). Time evolution showing solutions using
€ =0.001, a =09 and b = 1.1. The population accumulates into two extremely concentrated ridges
at the interface between the isotropic and aligned regions, with negligible subsequent movement
within simulation timescales. Simulations are performed as described in Section 6.

apply to (1.1) and non-constant steady states are typical for (1.1) (see [13]). This can easily
be understood in the one-dimensional situation: Considering u, = (d(x)u)yy, d(x) > 0 and
defining v(x,t) := d(x)u(x,t), we see that v solves v; = d(x)vy, Which is a standard
diffusion equation. Hence, v satisfies a maximum principle and, under homogeneous
boundary conditions, v has constant steady states, e.g. 7(x) = c¢. The corresponding steady
state for u is then a heterogeneous solution given by u(x) = ﬁ).

In this paper, we go one step further and show that in a certain degenerate limit
case, equations of the form (1.1) when posed in bounded two-dimensional domains under
no-flux boundary conditions can give rise to solutions that exhibit d-singularities in the
long time limit as t — oo. The model below characterises a typical piece of a road (or
white matter track), and the singular behaviour describes individuals which get trapped
at the side of the road.

1.1 Model derivations

The classical anisotropic diffusion model (1.2) follows directly from the assumption that
the particle flux is a linear transformation of the particle gradient (like a Fourier law,
or a Fick law) of the form J = —DVu. The flux of the fully anisotropic model (1.1) is
J = —V-(Du), i.e. the divergence of a matrix quantity, and a direct physical interpretation
is uncertain. There are, however, biological models which naturally lead to the forms such
as (1.1) and we briefly discuss three such models:

(i) Transport equations: We have extensively worked on the modelling of cell (or
organism) movement with transport equations (see [10-13,21,23]): this work is the
main motivation for the present study of (1.1). The transport equation is a mesoscopic
model for movement, treating cell density as a continuum and based on individual
movement parameters such as speeds, direction of movement, turning rates and turning
angles. Developing a full theory of transport equations for cell movement (see, for
example, [10-13,21,23]) is outside the scope of the current paper and we simply summarise
the major steps.
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Our principal application has been the movement of individuals in a heterogeneous
environment that contains directional information, e.g. collagen fibres in tissue, neural
fibre tracks in the brain, roads or seismic lines in forests or the slope of the terrain. The
directional information can be encoded in a directional distribution ¢(t,x,0), 0 € S"1,
Jq(t,x,0)d0 = 1, g > 0, and individuals moving in such an environment are modelled
through their density p(t, x,v) that satisfies the transport equation

pt+v-Vp=u(5/pdv—p>,

where v € V and V is a bounded set of possible cell velocities. The parameter y describes
the turning rate and § denotes the distribution ¢ lifted to the space V (§(t,x,v) =
Ba(t,x,v/||v]]), where B is chosen such that [, g(t,x,v)dv = 1). As shown in detail
in [11,13], a parabolic scaling of the form t = &’t, ¢ = ex leads, in the limit ¢ — 0, to the
fully anisotropic diffusion model (1.1) and a convergence result for the isotropic case is
given in [12]. For example, if ¢ is symmetric (¢(t, x, —v) = ¢(t, x,v)), then

1
D= f/ ool §(t, x,v)dv,
rJy

i.e. the diffusion tensor is the variance—covariance matrix of the underlying fibre network
distribution (see [11,13]). The formulation of a diffusion tensor from the underlying
network structure allows one to directly connect the impact of environmental structure on
the movement paths of a typical individual to diffusion-type models: for example, in [13]
we employed this formulation to connect a network of seismic lines in boreal forest to
the spread of wolves, while in [24] we connected brain-imaging data to diffusion models
for anisotropic invasion of gliomas. For further details on the employment of anisotropic
diffusion models in brain tumour spread, see the references in [14,15,19,24].

(ii) Random walks: A random walk on a one-dimensional equidistant grid can be
described through a master equation for the density u(x,t) of stochastic independent
random walkers as follows:

d _ _
Eui = Titluifl + Tiiui — (Ti+ + T ui,

where u; = u(x;,t) and TiiAt are the transitional probabilities for a jump to the right (+)
or left (—) per unit of time At. The choice of

TF = (4x)>T(x;) (1.3)
leads in the limit of 4Ax — 0 to the fully heterogeneous model (in 1 — D) [20,22]:
Uy = (Tu)xy.

Other choices of TiJ—r lead to other diffusion models. For example, TI.J—r = (Ax) T (xix1)2)

leads to the physical form of u; = (Tuy),. The choice of (1.3) is a natural choice, for
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example to model a ‘myopic walker’ that jumps according to information at its current
location, and hence the model of the form (1.1) is a natural candidate for heterogeneous
and anisotropic diffusion.

(iii) Ideal free distribution: The ideal free distribution refers to a spatial distribution of
species in heterogeneous landscapes, where each individual has the same fitness [6,7]. Given
a spatially heterogeneous landscape, as described by a non-constant carrying capacity u(x),
the concept of an ideal free distribution requires the existence of a heterogeneous steady
state proportional to u(x). Cosner and Cantrel [6,7], Lewis [17] and others have studied
the forms of reaction—diffusion models that support the ideal free distribution, showing
that a choice of D(x) = u(x)~! and

Uy = (D(x)u)xx + ci(p(x) — u)

has this capacity. Again, the diffusion part has the form (1.1).

The above examples provide a number of motivating reasons for a deeper understanding
of models of the form (1.1). In the following section we describe the degenerate limit
problem studied in this paper, along with a regularisation through which we shall obtain
solutions for the degenerate problem when the regularisation parameter approaches zero.
‘We next list our main results, the first of which ensures stabilisation of the above solutions
to certain limit profiles in the large time limit (Theorem 1.1); secondly, Theorem 1.2 then
shows that when reduced to a spatially one-dimensional framework on integration with
respect to one of the two space variables, this convergence involves ¢ singularities in the
long time asymptotics. The proofs of the main results are based on a priori estimates
which will be provided in Section 3. These will be used to show global existence in the
degenerate limit problem (Section 4), and to characterise the large time behaviour of
solutions to both the regularised and the degenerate problems (Section 5). In Section 6
we show some typical numerical simulations that support our results.

1.2 The model

We consider the initial-boundary value problem

u = (di(y)u)sx + (da(y)u)yy (x,y) € Q2, t>0,
((di(y)u)x, (d2(y)u)y)) - v = 0(x,y) € 0Q2, t >0, (1.4)
u(x’ y,O) = M()(X,y), (X,y) € Q,

in the two-dimensional rectangle Q := (0, Ly) x (0,L,) with L, > 0 and L, > 0, where v
denotes the outward normal vector field on 0Q.

The coefficient functions d; and d, are supposed to be smooth approximations of the
prototypical choices

1 ifyelab],
5 ify e[0,Ly]\ [a,b]

0 ifyelab],

3 ify € [0.Ly]\ [a,b],
(1.5)

dl,prot(Y) = { and dl,prot(y) = {



6 T. Hillen et al.

where 0 < a < b < L, as shown in Figure 1 (middle). More precisely, we shall assume
that there exist a,b € (0, Ly) such that a < b and

dy € C°([0, L,]) is positive in [0, L,], and that
d, € C([0, L,]) is positive in [0, L,] \ [a, b] and (1.6)
d, =0 in [a,b].

As for the initial data, we shall assume that
up € C°(Q) is non-negative. (1.7)

Observe that according to (1.6) the diffusion in (1.4) is degenerate throughout the sub-
domain Q,, := (0,Ly) X (a,b) of Q. Not only for technical reasons, but also in order
to compare the respective solution properties, we shall study (1.4) along with certain
regularised problems with non-degenerate diffusion. For this purpose, we suppose that
we are given two families (di;)sc(0,1) and (da;):c(0,1) of functions dy,, d>; € C*([0, L,]) such
that

e<dy <dr+1 in [0,L,] for all e € (0,1),
dr,=c¢ in [a,b] forallee (0,1) and (1.8)
(diedae) = (d1,dy)  in CO([0,L,]) x C*([0,L,]) as & 0.

For instance, if both d; and d, are smooth in [0, L,], this is consistent with the choices
dy; =d; and dy, = dp + ¢. For ¢ € (0,1) we then consider the problem

Ug = (dls()))us)xx + (d2s(y)u8)yy (X, y) €D, t> Oa
((dia(y)ut)xs (dae(¥)uz)y)) v =0 (x,y) €02, t >0, (1.9)
uz;(xa y90) = uo(x,y) (X,_V) €Q,

with ug as before. For later reference we call (1.9) the u,-problem. Since (1.9) is a linear
uniformly parabolic problem in a bounded domain with Lipschitz boundary, various
standard approaches may be applied to see that (1.9) indeed is solvable in a natural weak
sense. In order to be able to deal with smooth functions, we prefer a method based on
smooth approximations of Q (cf. (3.2) and Lemma 4.1).

We shall then see that indeed some globally defined generalised solution u of (1.4)
can be obtained as the limit of the above solutions u, along an appropriate sequence of
numbers ¢ = ¢; N 0 in the sense specified in (4.5) (cf. Definition 2.1).

1.3 Main results

The main results of this paper characterise the large time behaviour of this solution.
Firstly, we show that outside the closure of the alignment domain Q,, = (0, L) X (a,b)
the solution converges to zero and inside €, it converges to a steady state which is
independent of x.
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Theorem 1.1 Let u denote the global very weak solution determined by (4.5) below, and let
Qap = (0, Lx) X (a,b).
(i) We have

u(t) >0 in L2 (Q\Qu) ast— . (1.10)

loc

(ii) The solution satisfies
u(x,y,6) = To(y) in L, ([0, Ls] X (a,b)) as t — oo, (L11)

where Ty € C%([a, b)) is the function defined by

Ly
up(y) = Li/o uo(x, y)dx, y € [a,b]. (1.12)

X

Since u enjoys a natural mass conservation property (see Corollary 4.3), (1.10) and (1.11)
entail that a mass concentration must occur at the horizontal boundaries (0, Ly) x {a} and
(0, Ly) x {b} of Q. Since one can show that u(-,t) is bounded in L*(Q) for each finite ¢
(Proposition 4.2), this happens only in the limit t — co. Indeed, we have the following.

Theorem 1.2 Let u denote the global very weak solution of (1.4) given by (4.5), and set

LX
U(y,t) :=/ u(x,y,t)dx, yel[0,L,], t>0, (1.13)
0

and
LX
Vi) i= [ ey, v e 0.L,) (1.14)
Jo
Then in the sense of Borel measures over [0,L,] we have
U, t) = x@b(y) - Uo(y) +my - 0(y —a) +my - 6(y —b) ast— oo, (1.15)

where y.p) is the characteristic function of (a,b), 6 denotes the one-dimensional Dirac meas-
ure and
a pLy L, pLy
my = / / uo(x, y)dxdy and my = / / ug(x, y)dxdy.
0o Jo b Jo

The above type of behaviour is in sharp contrast to the asymptotics in each of the
regularised problems (1.9), since for ¢ > 0 the solution converges to an x-independent
steady state.

Proposition 1.3 For all ¢ € (0,1), the weak solution u, of (1.9) constructed in Lemma 4.1
satisfies

us(,t) > ey in LA(Q) as t — oo, (1.16)
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where

A

(1.17)

u
U (X, y) == (x,y) € Q, with A, = ff 0

) 7ol g
d2z:(y) Ly fO d(y) dy

Taking the limit of ¢ v 0 in (1.17) we directly see that the asymptotic profiles of the
solutions of the u,-problem (1.9) approach a step-type distribution

Jouwo
erlx,y) = Tt 1Y€ (D)
0 if y € (0, Ly) \ [a, b],

a.c. in 2, which is different from (1.15) and no extreme mass concentration phenomenon
occurs.

Before going into details, let us finally mention that in view of our choice (1.6) of
the diffusion tensor, investigating the dynamics in (1.4) and (1.9) partially reduces, after
integration, to studying the corresponding one-dimensional initial-boundary value problem

U= (bO)U),,. ve©.L,). >0,
U, =0, yel0L,), t>0, (1.18)
U(y,O) = UO(y)a S (07 Ly),

formally satisfied by the function U defined in (1.13), with Uy as in (1.14). Accordingly,
our analysis on (1.4) will in many places reflect the distinctiveness of the direction of the
spatial variable y. In particular, it will turn out that U in fact is a very weak solution of
(1.13) in an appropriate sense (see Proposition 4.4), and that this solution in fact is unique
within a certain function class (cf. Proposition 4.5).

Of course, one-dimensional parabolic problems with prescribed spatially fixed degen-
eracies have been studied quite thoroughly in the literature, yielding expected [3] and
unexpected results [8]. An important peculiarity of the problem considered here, however,
is that the diffusivity is supposed to vanish in a spatial region which has positive meas-
ure, and which does not touch the boundary parts where y € {0,L,}. Correspondingly,
phenomena like the somewhat counterintuitive observations made in Theorem 1.2 and
Proposition 1.3 apparently have not been detected before in any related context.

2 Very weak solutions

To be able to include the mass concentration phenomenon in our solution theory, and to
be able to pass to the appropriate limits for ¢ \v 0, we define very weak solutions for the
degenerate problem (1.4).

Definition 2.1 Let T € (0,00]. By a very weak solution of (1.4) in Q x (0, T) we mean a
function u € L}OC(Q x [0, T')) which satisfies

-/ ' L o= [ wotor+ [ ' [ {ttmon+ o, } 21
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for all ¢ € Cy*(Q x [0, T)) which are such that (d(y)@x,d2(y)@y) - v =0 on 3Q x (0, T).
In the case T = oo we also call u a global very weak solution of (1.4).

2.1 Conservation properties of arbitrary very weak solutions

Let us state some useful mass conservation properties of arbitrary very weak solutions
of (1.4), regardless of whether they can be approximated by solutions of regularised
ug-problem (1.9).

Lemma 2.1 Let T € (0,00] and u be a very weak solution of (1.4) in Q x (0, T). Then for
all y« € [a,b] there exists a null set N < (0, T) such that

Vx Ly Yx Ly
/ / u(x, y,t)dxdy = / / ug(x, y)dxdy for allt € (0, T)\ N (2.2)
o Jo o Jo

and

Ly pLg Ly Ly
/ / u(x, y, t)dxdy = / / up(x, y)dxdy for all t € (0, T)\ N. (2.3)

Vx 0 Vx 0

Proof Given y« € [a,b], we introduce

YN
z(t) == /0} /0 u(x, y, t)dxdy, te€(0,T). (2.4)

Then clearly z € L}OC([O, T)), and hence almost every point in (0, T') is a Lebesgue point
of z. Therefore, there exists a null set N < (0, T') such that

to+h
%/ z(t)dt — z(tp) ash ~ 0 forall g€ (0,T)\ N. (2.5)
to

In order to use this in an appropriate way, we fix to € (0,T)\ N and h > 0 such that
to+h < T, and pick sequences (x;)jen = Ci°([0,Ly)) and (y;)jen = Ci°([0, T)) such that

xj=1 in[0,a] and x; =0 in[b L] for all j € N,
and such that

2 — x in L*((0,Ly)) and w; =y in W((0,T)) as j — oo, (2.6)

where
L ify €[0,y4],
x(y) = . (2.7)
0 ifye(y,Lyl,
and
1 if t € [0, 1],
w(t) = —3(t—to)+1 ift € (to,t0 + hl, (2.8)

0 if t € (to+h, T).
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We now choose ¢; with ¢;(x,y,1) = x;(»)w;(t), (x,y,t) € @ x [0, T), as a test function in

(2.1), which is possible since evidently % =0 on 0Q x (0,00). We thus obtain

T
- / / (. v, (e, ) = / uo(x, 1) (). )
0 Q Q

T
4 /0 /Q do(y)u(x. 3. 1) - 2 (v) - (O (x, p)t,

because ¢, = 0. Here the last term vanishes due to the fact that supp y;,, < (a,b) and
dy =0 in (a,b). But thereupon (2.6) allows us to take j — oo to gain

T
- / / u(x, v, DO, )i = / o, 1)) (x. ),
0 Q Q

which in view of (2.7), (2.8) and (2.4) is equivalent to saying that

1 to+h 1 to+h Vx L,
f/ z(t)dt = f/ / / u(x, y, t)dxdydt
h to h to 0 0

T
=— / / u(x, y, (v (t)d(x, y)dt
0 Q

v« rLx
_ / / uo(x, y)dxdy
0 0

holds for all h > 0 with to + h < T. In view of (2.5), this shows that indeed (2.2) is valid
for all ty € (0, T) \ N. The proof of (2.3) can be run in quite a similar way. O

An immediate consequence is that the total mass is conserved in the following sense.

Corollary 2.2 Let T € (0,00] and u be any very weak solution of (1.4) in Q x (0, T). Then

/ u(-,t) = / uy for ae. te (0,T). (2.9)
Q Q

Proof We only need to fix an arbitrary y« € [a,b] and add the resulting identities (2.2)
and (2.3). O

In the alignment domain Q. = (0, L) X (a,b) where formally no diffusion occurs in the
direction of the variable y, more detailed information is available.

Lemma 2.3 Let u be a very weak solution of (1.4) in Q x(0,T) for some T € (0,00]. Then

there exists a null set N« < (a,b) with the property that for all y € (a,b) \ N« one can find
a null set N«(y) = (0, T) such that

Lx Lx
/ u(x, y, t)dx = / up(x, y)dx for all t € (0, T)\ N«(y). (2.10)
0 0
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Proof Sinceu € L}, (2x[0, T)), the function z defined on (0, L,) by z(y) : fo u(x, y,t)
y € (0,Ly), belongs to L'((0, Ly)) for all t € (0, T')\ Ny, where |N1| = 0. Taking N < (0, T)
as provided by Lemma 2.1 and letting N, := N; U N, twice applying (2.2) we infer that

1 y++h L, 1 y++h L,
[ ueernasay = [T [T ot asay
h Vx 0 h Vx 0
for all t € (0, T)\ N», any y« € [a,b] and each h € (0,b — y«). (2.11)
Now by definition of Ny, for each t € (0, T)\ N, < (0, T)\ N; we know that almost every

point in (0, L;) is a Lebesgue point of z as defined above; that is, for any such ¢ we can
find a null set N,(t) < (a,b) such that

ya+h x Ly
ﬁ/ / u(x, y, t)dxdy — / u(x, ys,t)dx as h N~ 0 for all y« € (a,b) \ Na(t).
Vs 0 0

Since by continuity we have

yxth N Ly
f/ / ug(x, y)dxdy — / ug(x, yx)dx for all y« € (0, L)),
0 0

we thus obtain from (2.11) that

Ly Ly
/ u(x, y, t)dx = / up(x,y)dx forallt € (0, T)\ N, and any y € (a,b) \ Na(t).
0 0

(2.12)
Now by the Fubini-Tonelli theorem, the exceptional set

N = ((0, Ly) X Nao)U {(y,t) € (a,b) x (0,T) | t € (0,T)\ N, and y € N»(¢t)}
has measure zero in (a,b) x (0, T) and can be rewritten in the form
N = (N« x (0, T) U {(y.1) € (a.b) x (0, T) | y € (a.b) \ N« and t € Na(y)}

with certain null sets N« < (a,b) and N«(y) = (0, T) for y € (a,b) \ N«. Therefore, (2.12)
is equivalent to (2.10). Ul

For later use, let us state the following immediate consequence of the above lemma.

Corollary 24 Let T € (0,00] and u be a very weak solution of (1.4) in Q x (0,T). Then
there exists a null set Nx» < (a,b) such that whenever ty € (0, T') is such that to+1 < T, we
have

to+1 Ly Ly
/ / u(x, y, t)dxdt = / ug(x, y)dx for all y € (a,b)\ Nx. (2.13)
to 0 0

Proof We only need to integrate (2.10) over ¢t € (o, to + 1). O
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3 A priori estimates

In our arguments below it will be convenient to deal with smooth solutions, which (1.9)
does not necessarily possess in view of the fact that the rectangle Q only has Lipschitz
boundary. We therefore approximate solutions of u.-problem (1.9) as follows: As shown
in Figure 1 (right) we fix a sequence (2 )ren of bounded domains @, = R? with smooth
boundary such that

L,—b
k

(0, L,) X (g,L}, - ) cQ cQ forallkeN, (3.1)

and consider the problems

Ugkr = (d1a(y)ugk)xx + (dZS(Y)“sk)yy (x,y) € , t >0,

((dlé:(y)“é:k),\‘a (d21:(y)“1:k)y)) v=0 (X, y) € 0, t >0, (32)

ugk(x, ¥, 0) = uo(x, y), (x,y) € Q.
For later reference we call (3.2) the ug-problem. Parabolic theory ( [16]) ensures that
for each fixed ¢ € (0,1) and k € N, (3.2) admits a global classical solution uy €
CoUQ x [0,00)) N C>(Q, x (0,00)). We shall see in Lemma 4.1 that these solutions
approach a weak solution of the u,-problem (1.9) for k — co. In order to prepare this,

and to collect some useful properties that will be inherited by u, and eventually also by
u, let us collect some a priori estimates for the solutions of the u,-problem (3.2).

3.1 Pointwise a priori estimates

In this section we will apply parabolic comparison arguments to derive some pointwise
estimates for the solutions of (3.2). For convenience in presentation, let us introduce the
functions v, defined by

Uz:k(x: y, t) = d21:(y) ' usk(xa y, l’), (X, y, t) € Qk X (O, OO) (33)
It can then easily be checked that v, satisfies
Ugkt = dla(y)vﬁkxx + dZE(y)UL‘kyys (X, Y, t) € O X (09 OO), (34)

along with the boundary conditions

dls(y) L
( 0] ugkx,uuky) v=0 ondQ. (3.5)

The first observation that can readily be made is that v, is non-negative and bounded
from above by an e-dependent constant. Restated in the original variable this reads as
follows.

Lemma 3.1 For all ¢ € (0,1) and each k € N, the solution of (3.2) satisfies

(Idall Lo,y + 1) - luoll L)
d2e(y)

0 <ug(x,y,t) < for all (x,y,t) € Q x (0,00). (3.6)
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Proof First, since vy (-,0) = ug is non-negative by assumption (1.7), in view of (3.4) and
(3.5) the parabolic maximum principle ensures that v, = 0 in @ X (0, c0). Since (1.8) entails
that d»; > 0 in (0, L,) for each fixed ¢ € (0, 1), this implies the left inequality in (3.6). To
see the right one, we let v(x, y, ) := ([|d2[L=(o.L,) + 1) * [uollL=(@) for (x,y,t) € L x (0, 0).
Then clearly 7 is a solution of (3.4) and (3.5) which dominates v, initially because, thanks
o (1.8), we have

v (X, y,0) = dag(y)uo(x, y) < (da(y) + Duo(x, y) < 0(x,y,0) for all (x,y) € Q.

Therefore, the comparison principle states that vy < 7 in @ X (0,00), which is equivalent
to the right inequality in (3.6). O

At the points where d; vanishes, the upper estimate in (3.6) breaks down in the limit ¢ ~ 0.
An ¢-independent bound can be derived by using more complicated comparison functions.

Lemma 3.2 There exist C > 0, 2 > 0 and ko € N such that for any ¢ € (0,1) and all
k = ko, the solution of (3.2) satisfies

ug(x,y,t) < Ce*  for all (x,y,t) € Q x (0,00). (3.7)

Proof We fix an arbitrary number 5 € (0,min{a, L, — b}) and then can choose a non-
negative y € C*([0,L,]) with the properties 0 < y < 1 in [0,L,], y = 1 in K :=
[0,n] U[L, —n,Ly] and y =0 in [a,b]. Then,

$e(y)
dZS(y)’

define two non-negative functions belonging to C?([0, L,]). Clearly, ¢, = 1 in K so that
in particular

Go(y) = 7(y) + (1 — 1(»)) - doe(y) and  ¢y(y) := € [0,Ly],

Vp.=0 in K. (3.8)
Moreover, using that 0 < y < 1 we see that

¢:(y) <1 = su

H +1 forallye[0,L,]andee (0,1),  (3.9)
16(01) dy;

L*(supp )

where ¢; is finite because d, is positive in supp y and dp, — d; uniformly in suppy by

(1.8). On the other hand, being a convex combination of 50 (y and 1, ¢,(y) satisfies

1

Tdaloeory + 1 for all y € [0,L,] and ¢ € (0, 1),

(3.10)

¢(y) = min {%(y), 1} ==

again in view of (1.6). As a final preparation, we observe that for all ¢ € (0, 1),

|¢£yy| =1[1- d2£)ny - 2Xyd2sy +(1 - X)d2syy|
< ¢ = (I dallz=o.L,) + Dy 2oL,
+2 sup daey |l 12 ((0,Ly) o s 0.L,) + sup ldogyy Il oo ((0,Ly)) (3.11)

e€(0. £€(0.
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holds throughout (0, L), where we note that c3 is finite due to the fact that (da;)sc(0,1) is
bounded in C?(|0, L,]) by (1.8).
We now introduce

T.(x, ,t) == Bo(y) - €, (x,y.1) € Q x [0,00),
with

Uu, o C
g Il o oG
(&) (&)

Then at t = 0 we have

T,(x,,0) = Bds,(y)po(y) = c2Bda(y) = ol L=(0) - d2e(y) = daa(p) - uo(x, ¥) = va(x, y,0)

for all (x,y) € Q by (3.10), whereas (3.8) and (3.1) entail that Vo, = 0 on 0 x (0,0) for

all k > ky = max{%, L}'n_b}. Furthermore,

I:=v,;— dl(y)ﬁz;xx - dZIJ(y)Ex:yy
= JBo.e" —dy. - Be" - ¢,
= Bdy.e™ - {A, — ¢oyy)  in Q x (0,00)

so that using (3.10) and (3.11) and the definition of 4 we obtain
I > Bdy.e™ - {icy—c3} =0 in @ x (0,00).

The comparison principle thus entails that 7, > v, in @ X (0, 00), which after division by
d,, means that

ugk(x, 1) < B, (y)e™  for all (x,y,t) € Q x (0,00).

In light of (3.9), (3.7) thus holds if we let C := Bc; and take any integer ko = k;. O

3.2 Entropy estimates

We next derive appropriate integral estimates, the first family of which will involve powers
of ug, whereas the second will be related to spatial derivatives thereof. Following common
practice in PDE analysis, we will call the former entropy estimates and the latter energy
estimates without having a particular physical concept in mind.

The following basic statement will be applied twice in the sequel: First, it will be the
source of the entropy estimate in Lemma 3.4 and thereby entail the space-time integrability
property (5.10), which will be useful in deriving the stabilisation result outside Q,, in
Theorem 1.1 (i). On the other hand, an appropriate choice of the function ¢, appearing
below will enable us to obtain bounds for u, and u inside Q. (cf. Lemmas 3.6 and
5.4).
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Lemma 3.3 Let ¢ € (0,1) and suppose that ¢, € C'([0, L,]) is positive and such that
@s(y) = dae(y) for all y € [0,Ly]\ (a,b). (3.12)

Then for any p > 1 and each k € N, the solution of the ug-problem (3.2) satisfies

d B _
4 / o+ pp—1) [ du)er e,
dt Q Q
+p(p—1)e / P!l b, + p(p — 1) (dae (¥t )" (oo (Y )utzk )7
Qup Qk\gab
— p(p— 1D / o200 Oy for all £ > 0. (3.13)
Qap

—1

Proof Since ¢, € C'([a,b]) and ¢, > 0, we may choose (¢.uy)?~" as a test function in

(3.2) to obtain
1d
pdt o QD? ! fk =/ GDF ! fk {(dlx:usk)xx+(d21:ut:k)yy}
k
/((pp ! p (dleuek /((/)p ! gk y d2£u£k)
=:—I1—1, forallt>0. (3.14)

Since both ¢, and d;, depend on y only, we compute

h= [ et 0l s = (0=1) / dip? " (3.15)
k

As for I, we use (3.12) and our assumption that d,, = ¢ in (a, b) in splitting

I, = / (d5, ! fk y(dosey)y + 9/ (qo‘s’*lui’ljl)yugky =:1 +In, (3.16)
Q\Qap Qap

where clearly

= =1) [ (s ) (3.17)
Q\Qab
and
I, =(p— 1)8/ Qb tuly 2“?1@ +(p— 1)8/ R T T
Q(,h Quh
Combining this with (3.14)—(3.17) and multiplying by p, we arrive at (3.13). O

Lemma 3.4 For all ¢ € (0,1) and any k € N, the solution of (1.9) satisfies

t t
/ dao(y)ud(x, y, 0)d(x, y) + 2 / dro(y)dae (Y +2 / (dae(y)uise);
Q 0 Q 0 Q

< / do:(y)ud(x, y)d(x,y) for all t > 0. (3.18)
Q



16 T. Hillen et al.

In particular, writing C := sup,¢( 1) Jo dae(y)uo(x, y)d(x, y) < oo, we have

/ / dio(y)das ()2, + / V (dzs(y)usk)i <C forallee(0,1) and k € N. (3.19)
0 Qk 0 Qk

Proof We apply Lemma 3.3 to p := 2 and ¢, = dy,. Then ¢,, = 0 in [a,b], and hence
(3.18) directly results upon integrating (3.13) in time. The consequence (3.19) is immediate,
where C indeed is finite according to (1.8). O

We next plan to apply Lemma 3.3 to differently chosen ¢,. To this end, we let

m(y —a)

O(y) :=sin P

y € (a,b). (3.20)
Then a simple but useful observation is the following.

Lemma 3.5 Let © be as in (3.20). Then for all 6 > 0 we have the inequality

0% (»)0;(y) .

< ( ,b). 21
@20) + 07 S ab—a for all y € (a,b) (3.21)
Proof Obviously, |0, (y)| = | 3= cos (b a”)| < ;5 for all y € (a,b). Next, it can easily be
checked that y(¢) = 2w +a’ é 0, attains 1ts max1mum at &y = \f with (&) = 7
Therefore, )

O (»)0i(y) - ( T )2. ( 1 )2

(02(y)+6)* ~\b—a 2677
which implies (3.21). O

Using this function appropriately, we shall obtain another entropy-like estimate as follows.

Lemma 3.6 Let © be as in (3.20). Then there exists > 0 such that for any p = 2 and
each ¢ € (0,1) and k € IN, the solution of (3.2) satisfies

2 NP,
: (@ 1)+ ) x, 3, 0d(x, )
ab
#r0-0) [ [ a) @(y>+w) T
—1
p )8/ / +F P )p Pk Zugky
Qap

p—=1

S P 2 a%t
S{/Q\Quh a5, (y)ug(x, y)d(x, y)+/gah (@2(y) +¢&v ) ub(x, y)d(x,y)} s (3.22)

for all t > 0.
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Proof We let

0uly) = dZL(y) if ye [09 Ly] \(Cl, b)a
ST @ +ET)F iy € (ab).
Then ¢, is positive and both ¢, and ¢,, are continuous in [0, L], and hence Lemma 3.3

applies to yield the identity (3.13). Its right-hand side can be estimated using Young’s
inequality according to

_ —1 plp—1)e 1 p2 plp—1)e _
—p(p—1)e / OL ot sy < = | ol g, + = | el gl
Qup Qup Qap

(3.23)
Here we split @77 ulj = %23 (P~ 'ub ) and compute in (a,b)
P 2, 1)

g (#0800} oo

o7 (O2+ &7 )i (P=17 (@247 )
Using Lemma 3.5 and our assumption p > 2 we therefore find that

pp— 1) @3, () - plp—1e  4p* 2 _ n2p3g% - pzﬁs%
2 Py) 2 (=17 4p—ape’s  20b—aPp—1)

for all y € (a,b), where f = ﬁ Thus, inserting (3.23) into (3.13) and dropping
non-negative terms we obtain the inequality

d _ _ _ p(p— 1) _ _
- / o () +p(p— 1) / dio ()l Dy e, + =5 / oF (g gy
dt Qr Q 2 Qap
< pzﬁ‘e% / !l for all t > 0.
Qap '
This says that writing z(t) := [, @?~'uf; and

NP pp—1)e RPN
10 = pp=1) [ el o+ B [t
k ab

we have z/(t) 4+ f(t) < yz(t) for all t > 0 with y = pzﬁs%. Since f = 0, this first yields
z(t) < z(0) - ¢’ and then upon another integration

z(t) — z(0) + /Otf(s)ds <y /Ot z(0)e’ds = z(0)e’ — z(0) for all ¢t > 0.

Upon splitting the integrals into ;\Q2,, and Q,, and dropping two positive integrals on
2\Qup, and in view of the definition of ¢,, we readily obtain (3.22). O
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3.3 Energy estimates

We proceed to derive integral estimates of energy-type, involving time derivatives of
ug. Parallel to the previous section, we begin with a basic estimate containing a weight
function which is at our disposal and will be chosen in two different ways below.

Lemma 3.7 Given ¢ € (0,1), let ¢, € C'([0, L,]) be positive in [0, L,] and such that

@u(y) = das(y)  for all y € [0,Ly]\ (a,b). (3.24)

Then for all k € N, the solution of (3.2) satisfies

d 2
/ (/’Eugkz + i { dls(Psugkx + 8/ q’sugky +/ (dzsu&k)y}
Q t Q Qb Q\Qap

al

&

2 (p2
< = 2T 3.25
5 P, (3.25)

Proof Using ¢,.u as a test function for (1.9), we obtain

2
/ Pl
Q

_/ (dlsusk)x((psuskt)x_/ (d2susk)y(@suskl)y
Q

Q

= _/ dlz:goé:“e:kxué:kxl _8/ u::ky(q)suskz)y _/ (dZJ:ué:k)y(dZnunk)yt
Q Qap Q\Qq

=:I1+I,+1I3 forallt>0, (3.26)

where we have used (3.24) and our assumption that d,, = ¢ in (a, b). Clearly,

1d 1d
L =—=— [ dipal, and I;=—=— otk )} 327
1 5 dt o 1ePelgy, AN 3 2 dt /Q,\,\Qub( 28usk)y ( )
and
I, = _8/ PellekyUekyr — 3/ PeyUekyUekt
.Q(,h Qub
ed )
= _Ea Aa,, Py — 8~/Q“h PeyUelcyUekt- (328)
Here we use Young’s inequality to estimate
1 ) L P -
—¢ DeyUekyUek < 7/ P:U, + 7/ —Ugky» (329)
/le Y y t 2 2, kt 2 o, P ky
and collect (3.26)—(3.29) to complete the proof. O

A straightforward consequence is the natural energy inequality associated with (3.2).
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Lemma 3.8 For any ¢ € (0,1) and k € N, the solution of (3.2) fulfils

t
/ / A (Vi + Ea(t (1) < Ene(te(-10))  whenever 0 < 1o <1, (3.30)
Q
where we have set

Eulz) = /Q dyo(y)dao(y)z3 + /Q (das(y)2);  for z € W (). (3.31)

Proof Choosing ¢, = d», in Lemma 3.7, from (3.25) we obtain

d
dosti’, + —Eg (g (1)) <0 for all t > 0,
Q dt
because d; = ¢ and hence ¢, = 0 in (a,b). An integration in time yields (3.30). 0

A different and less standard energy-like estimate can be obtained by choosing ¢, in a
way similar to that in Lemma 3.6.

Lemma 3.9 Let g > 2 and
d2s(y) if y € [0,Ly]\ (a,b),
(0201 +6%)" iy eab),

for ¢ € (0,1), with © as defined in (3.20). Then for all k € N we have

Pe(y) = (3.32)

2,2

g

t e I
/ / Py + Fae(uge (-, 1) < Foe(uge (-, 1)) - e50-a7 (=10 \henever 0 < to <t (3.33)
Q
where

Fu(z) = | du(v)e:(v)z} + / (d2e(y)2); + & / 0:(y)z; for z € W (). (3.34)
Qk Qk\Qub

ab

Proof By (3.32) and Lemma 3.5,

2, 2@2@2 2
(/)sé» _ 17 < — T in(ab)
(%7 (@2 + 85)2 4(b - a)285

Therefore, the right-hand side in (3.25) can be estimated according to

‘/’sy Lo<El n ( / 2 )
& APy (e Puti,
/ab ?s ak» 2 Ab— a)zgﬁ 0 eMeky

_2
n2q2e!

S80b—a?

Fx:k (uz:k)'

Thus, (3.33) results upon an integration of (3.25). O
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4 Global existence

Let us now make sure that along suitable subsequences, the global solutions of the u-
problem (3.2) converge to global weak solutions of the u.-problem (1.9), and that the
latter approach some global very weak solution of the degenerate problem (1.4) as ¢ N\ 0.

4.1 Global weak solutions in the non-degenerate problem

Lemma 4.1 Let ¢ € (0,1). Then there exists a sequence (k;)jen = N such that k; — oo as
[ — oo, and a non-negative function

u; € Li,o([0,00); W'(Q)) N C*1(Q x (0,0)) (4.1)
such that
ux — u, in L3, ([0,00); L7, (Q)) and
Uge — U, € CIOC(Q x (0,00))

as k = k; — oo. The limit function u, is a global weak solution of (1.9) in the sense that
Sor all ¢ € CF(Q x [0,00)), the identity

[ Lot [T [ (@) ot (dnm) 0. h = [mot0r @3

(4.2)

is valid.

Proof We let yq, denote the characteristic function of €, in Q. Then from Lemma 3.1 we
know that (o, U )ken is bounded in L¥(Q X [0, c0)), whereas Lemma 3.4 in conjunction
with the positivity of both di, and d», in [0, L,] entails that (o Vuu)ken is bounded in
L2(Q x (0,00)). We therefore can pick a sequence of integers k; — co and two functions
u, > 0 and z such that

Yok — U, in L7 (Q x [0,00)) and

. (4.4)
10, Vug — z in L2(Q x (0,0))

as k = k; — oo. In order to identify z = Vu,, given p € C5°(2 x (0,00)) we recall (3.1) to
find k; € N such that supp y(-,t) < @ for all k = k; and ¢t > 0, and hence in fact we have

e'e] « ’
[ v ez [ s
o o0
_ lim / /uska__ lim / /XQkquVw =—/ /ung
k=kj—0 k=ki=e Jo @ ’ !

for any such .

Moreover, since (3.2) is non-degenerate, interior parabolic Schauder estimates ( [16])
show that (uy )en is also bounded in C*H1+2(Q x (0,0)) for some 0 > 0. Thanks to the
Arzela—Ascoli theorem, we thus may pass to a subsequence if necessary to conclude that
indeed (4.2) and (4.1) hold.

To verify the claimed solution property of u;, we fix ¢ € C5°(Q x [0,00)) and then have
¢ € CF(Q, x [0,00)) according to (3.1). We therefore may integrate by parts in (3.2) to
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find
o0
/ /stkuewz-l-/ up(-,0)
0 Q Q

= /) ,/Q {dlz:(y) ’ (XQ;(ul:kx) “Qx +dae(y) - (XQkuf:ky) “Qy + d21:y(y) ’ (XQAUI:) : @y}

for all k € IN. Here we use (4.4) to see that in the limit k = k; — oo, the first term on
the left and each of the integrals on the right approach the respective terms containing u,
instead of u,, whereas clearly fgA upp(-,0) — fg up@(-,0) as k — oo. This establishes (3.2).

O

4.2 Global very weak solutions in the degenerate problem

Based on the pointwise estimate in Lemma 3.2, we can proceed to show that indeed the
above solutions u, approach a limit which satisfies (1.4) in the sense specified in Definition
2.1.

Theorem 4.2 There exists (&j)jen < (0,1) such that ¢; ~ 0 as j — oo, and such that for
the weak solutions u, of (1.9) constructed in Lemma 4.1 we have

U, Souin L (2 x [0,00)) ase=¢; N0 (4.5)
with some non-negative global very weak solution u of (1.4). This solution satisfies
u(x,y,t) < Ce*  for ae. (x,y,t) € Q x (0,00) (4.6)
with some C > 0 and A > 0. Moreover, u has the additional property
u € Cpu([0,00); L*(Q)); (4.7)

that is, upon a modification on a null set of times we can achieve that u is continuous on
[0,00) as an L*(Q2)-valued function with respect to the weak-* topology on L*(Q).

Proof Thanks to the Banach—Alaoglu theorem, the statement (4.5) is an immediate
consequence of (4.2) and the estimate in Lemma 3.2, whereupon (4.6) easily follows from
Lemma 3.2 and (4.2). Upon another integration by parts in (4.3), the integral identity (2.1)
results in a straightforward manner from (4.5).

To see (4.7), we fix T > 0 and observe that the given ¢ € C°(£), zi}f)(t) =
ka ug (-, 1), t € [0, T, satisfies

| =[5 [ el =

for all t € (0,T) with some ¢;(T) > 0 independent of & and k so that the family
(zi,‘f))ge(o,l),keN is bounded in C!([0, T]). Thus, using the Arzela-Ascoli theorem, for any
such @ we may extract subsequences (kj,)men Of (ki)iew and (g)ien of (g))jen along

m

< c(T)lellwa(a)

dls(y)usk(pxx + / d2s(y)usk(pyy
Q Q
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which z(‘/’ converges in C°([0, T]), and we can thereby introduce a time-dependent
functional f(t) on C{(Q) by defining f(£)[¢] = lim,—,, o lim—k, . 2 (1), t € [0, T], ¢ €
Cy(RQ). Moreover, since we may use Lemma 3.2 to find ¢»(T) > 0 such that |z£,‘f)(t)| <
T)lellpiq) for all ¢ € C(L), it is obvious upon a density argument that f(f) can
be extended to an element ii(t) of (L'(Q))* = L*(Q), where it is easy to see that still
t— fQ t)¢ is continuous on [0, T] for all ¢ € LY(Q). Now since for any ¢ € C{(Q)
and each p € C((0, T)) we have

T
/f(t p()dt= lim - lim //Quak(x,y,t)(ﬂ(x,y)w(t)d(x,y)dt

e=gj, N0 k=kj,, >0 Jq
T
k

it follows that actually [, (-, t)p = f(t)[@] = [,u(,t)p for all ¢ € CF(RQ) and ae. t €
(0, T'), which entails that &i = u a.e. in 2 X (0 T). This implies that rearranging u on a null
set of times we may indeed assume that (4.7) is valid. O

Using (4.7), for the particular solution constructed above we can sharpen the assertions
in (2.9) and (2.2) so as to hold for all times without any exceptional set. Inter alia this
will be helpful in the proof of Theorem 1.2.

Corollary 4.3 The solution u defined in (4.5) satisfies

/ u(-,t) = / uy forall t >0, (4.8)
Q Q

and moreover for each y« € [a,b] we have

Y= L« Vx Ly
/ / u(x, y, t)dxdy = / / uo(x, y)dxdy for all t > 0. (4.9)
o Jo o Jo

Proof Using Q > (x,y)— w(x,y) =1 as a test function in the weak continuity statement
(4.7), we see that (2.9) immediately implies (4.8) because the complement of a null set
in (0,00) clearly is dense in (0,00). Similarly, the choice y(x,y) = y@,.)(y) with the
characteristic function y(o,,) of (0, y«) shows that (4.9) is a consequence of (2.2). O

4.3 Solution properties of U

In this section we briefly address the one-dimensional problem (1.18) and discuss in how
far the function U defined by (1.13) indeed is a solution thereof. Our main results say
that indeed U is a global very weak solution of (1.18), and that according to the above
regularity properties of u, this solution in fact belongs to a function class where solutions
are uniquely determined.

Proposition 4.4 Let U and Uy be as defined in (1.13) and (1.14) respectively. Then U is
a global very weak solution of (1.18) in the sense that U belongs to L} ([0, L,] x [0,00))



Anisotropic diffusion in oriented environments can lead to singularity formation 23

_ /0 N /0 Y Ve, = /0 " Ue(-0) + /0 : /0 " () UB, (4.10)

Sor all @ € C([0, Ly] x [0,00)) fulfilling @, =0 on {0,L,} x (0,00). Moreover, we have

and satisfies

U € C)_.([0,00): L((0, Ly))). (4.11)

Proof As shown in Theorem 4.2, u belongs to C_,([0,00); L*(Q)). Furthermore, u is
a very weak solution of (1.4) and by integration and choosing ¢(x,y,t) = ®(y,t) in
Definition 2.1 we obtain 4.10. D

Proposition 4.5 There exists at most one function in C9_,([0,00); L*((0, Ly))) which solves
(1.18) in the very weak sense specified in Proposition 4.4.

Proof We follow a duality argument which is well established in the analysis of degenerate
parabolic equations, also involving nonlinear diffusion [1]. Here due to linearity we only
need to show that if Uy = 0 in (0,L,) then U = 0 in (0,L,) x (0,00), and this will be
accomplished in two steps.

Step 1. We first claim that for any to > 0 and each ® € C*([0, L,] x [0, to]) satisfying
@, =0 on {0,L,} x (0,t), we have

/OL)' U to)®(-, 10) = /Oto /OL {@, " dz(y)(pyy} U (4.12)

Indeed, given ty > 0 and any such @, it is clear upon a standard approximation argument
that (4.10) continues to hold with @ replaced by

D5(y,1) == y5(t) - P(y,1), y€[0,Ly], t =0,

where
1, t € [0, to],
2o(t) = Q =Lt e (1,80 + ),
0, t=t)+0,

for 6 € (0,1). Therefore, (4.10) yields

0 Ly, 1 to+o L, 0 Ly,
—/ / L UP, + 5/ / Ud = / / xs - da(Y)U Dy, (4.13)
0 0 to 0 0 0

because Uy = 0. Here we have

1 to+9 L, L,
5/ / Uo —»/ U(,t0)@(-,t9) as o N 0,
to 0 0

for U belongs to C2_,([0,00); L*((0, Ly))). Therefore, (4.12) is a consequence of (4.13).
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Step 2. We are now in the position to make sure that for any ty > 0 and each
¢ € C5((0, Ly)), the identity
L,
/0 U(y,to)p(y)dy =0 (4.14)
holds, which will evidently yield U = 0.
For this purpose, we first fix a sequence (daj)jen = C*([0,L,]) such that dy; > 0 in
[0,L,] for each j € N and
dyj —dy
Vdoj

which can easily be seen to be possible because d, = 0. Now given ¢ € C3°((0, L,)), for
j € N we consider

—0 in L*((0,Ly)) as j— oo, (4.15)

II/],[ = dzj(y)qjjyy, y e (0, Ly), t> 0,
W, =0, yel0L) t>0, (4.16)

¥i(y,0) = ¢(y), ye(0,Ly),
which possesses a solution ¥; € C*([0, L,] x [0,0)) according to standard parabolic the-
ory, because dy; > 0 in [0, L,] and ¢ vanishes near the boundary of (0, L,). Consequently,
Di(y,t) == ¥;(y,to — 1), (y,t) € [0,L,] x [0, 1] satisfies the backward problem

]t = d2j()’)(p]y}a y € (Oa Ly)a (S (O: t())a
jy = 09 y € {07 Ly}a tE (07 to),
Pj(y.to) = P(y), vy €(0,Ly),

and using ®; as a test function in (4.12) yields
[ vt = [ [ {01 - e} (417)

In order to estimate the integral on the right, we multiply (4.16) by ¥;,, and integrate by
parts to obtain the energy inequality

td [~ , Ly )
E%/O ¥y = _/0 drj(y)¥;,, forallt>0,

which upon a time integration shows that

to Ly L}.
/ / dyi()¥5,, < / o) (4.18)
0 0 0

for all j € N. Therefore, using the Cauchy—Schwarz inequality we find that

{(d20) = das)byy } ]

L, d d 2
S WUl 0.0 x0.10)) <// daj(y) m) (// () yc;z, 2(y)))

— 0 asj— oo
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Accordingly, (4.14) results from (4.17), (4.18) and (4.15) in the limit j — oco. O
Remark Unfortunately, the corresponding uniqueness question for the two-dimensional
degenerate problem (1.4) has to be left open here. Indeed, it would be interesting to see
whether effects stemming from either the mere presence of a second independent variable

or from the non-smoothness of the spatial rectangle Q may result in non-uniqueness
within our very weak solution concept in appropriate cases.

5 Large time behaviour

We now address the main topic of this paper by turning our attention to the large
time behaviour of our solutions to (1.4) and (1.9). As a general functional analytic
ingredient, let us recall a known observation which provides an elementary but highly
useful tool not only in several places in this paper but also in the description of large time
behaviour in many related evolution problems with dissipative structure (cf. [1] or [25], for
instance).

Lemma 5.1 Let n> 1, G = R" be measurable and ¢ = ¢(&,t) € CO([0,0); L*(G)) be such
that

/1V/G¢z2(§,t)d§dt<oo. (5.1)

Then for any sequence (tj)jen < (1,00) such that t; — oo as j — oo we have

ti+1
/. /G |[p(&E, 1) — ¢(f,tj)|2d§dt —0 asj— oo (5.2)

Proof Since ¢(-,t) — ¢(-t;j) = fli ¢¢(+, s)ds, using the Cauchy-Schwarz inequality we can
estimate ‘

/rj[jH/G"5“’”—¢(5,tﬂlzdédt< / " / ( / [ ¢?(é,s)ds> (= tpdedr
<( [ [orcoaas) ([ e )
-5/ e

Therefore, (5.2) results from (5.1). O

The following statement on large time behaviour is basically well known and implicitly
contained in several arguments in the literature (see [1], for instance). We include proof
for the sake of completeness.
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Lemma 5.2 Let n > 1, G = R" be a bounded domain and ¢ = ¢(&,t) € C°([0,0); L*(G))

satisfy
/loc/c¢f<oo and /IOC/G|V(;’>|2<OO. (5.3)

Then the w-limit set of ¢ in L*(G) exclusively consists of constants; that is, if (tj)jen < (1,00)
and w € L*(G) are such that tj = oo and ¢(-,tj) > win L*(G) as j — oo, then there exists
¢ € R such that w = c a.e. in G.

Proof We let (tj)jen and w be as in the above hypothesis and abbreviate P(t) =
Ilﬁ J5 @, 1) for t > 1. Then the Poincaré inequality provides Cp > 0 such that

/\¢(',I)—$(f)|2<cp/|V¢(-,t)|2 for all t > 1
G G
so that using (5.3) we find that
tj+1 o0
i) — )= d(D? 2, j —
1()) —/ /Gw,r) 30| <cp/t/_ /G\Vqsw 0 asjooo.  (54)

We now apply Lemma 5.1 twice to ¢ and ¢ to see that

ti+1
= [T [ 1600 =9ta)P =0 asj— e (55)
and
b+ B
nOv= [ [0 =B)F =0 as o (56)

Combining (5.4)—(5.6) and using our assumption that ¢(-,t;) — w in L*(G) as j — o0, we
infer that

s 3
i) sl = ([ [0 —w?)

tj+1 3
<VED VG VG ([ 1ot - )
< VEG) + VEG) + VEG) + 160, 1) = w2

—0 asj— oo,

which, combined with the fact that G is connected, means that indeed w must coincide
with a constant a.e. in G. O

5.1 Large time behaviour in the regularised problem. Proof of Proposition 1.3

Without any further preparation, we can immediately pass to the proof of Proposition
1.3.
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PrOOF of Proposition 1.3  We apply Lemma 3.4 and recall (4.2) to obtain

/0 ) /Q {dlg(y)dzg(y)uﬁx + (dzg(y)ug)y} <o

Since d“ is bounded in [0, L,] for each fixed ¢ € (0,1), this entails that the function v,
defined by v.(x, y,t) := da:(y) - us(x, y,t), (x,y,t) € 2 x (0,00) satisfies

/O /Q Vo, |* < o0. (5.7)

Similarly, Lemma 3.8 and (4.2) yield

[ [ sop [ o, + () | <o

and thereby imply that
/ /Ugﬂrsup/ IVu, (-, 1) < oo. (5.8)
>1

In particular, the latter in conjunction with (3.6) shows that (u.(-,?));~1 is bounded in
W12(Q) and hence relatively compact in L*(2). Now, in order to show that

v,(, 1) > A, in L}(Q) ast— o, (5.9)

let us assume on the contrary that this was false. Then we could find a sequence
(tj)jen < (1,00) such that t; — oo as j — oo but liminf; ., [|v,(-,t;) — 4.l 12(0) > O.
Extracting a subsequence, if necessary, we may assume that v,(-,¢;) — w in L*(Q) as
j — oo, whereupon in view of (5.7) and (5.8), Lemma 5.2 applies to ensure that w = 4
in Q for some constant 4 € R. However, since by integration of (3.2) in space and using
(4.2) we know that [, u,(-,t) = [, uo for all £ > 0, this implies that

1 / w . (", t5) . /
= = lim =Ilim [ u/(,t;))= [ u
o do(y) o dx(y)  Jmw o da(y)  Jmw Jg (-43) Q °

and thereby identifies A = A;. This contradicts our assumption on the distance of v;(, ;)
to A, and hence proves that actually (5.9) must be valid. Since d,, is bounded from above
and below by positive constants throughout [0, L,], (1.16) now results as a consequence
of (5.9). O

5.2 Estimates for u

In order to determine the large time behaviour in the degenerate problem (1.4) on the
basis of the estimates obtained so far, let us draw some consequences of the integral
estimates gained in Section 3 for the limit function u. We first exploit Lemma 3.4 in a
way convenient for our purposes.
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Lemma 5.3 Let u denote the function defined in (4.5). Then (x,y,t) — dy(y)u(x, y,t) be-
longs to L2, ([0,00); WL2(Q)), and we have

/ : / Vida(y )P < oo (5.10)
0 Q

Proof According to (3.19) and the fact that d" is bounded in (0,L;) uniformly with
respect to ¢ € (0,1) and k € N by (1.8) and (1. 6) (3 19) and (4.2) entail that (V(da.u:))ec(0,1)
is bounded in L?(Q x (0,0)). Hence, passing to a subsequence of (¢j)jen in (4.5) we can
achieve that V(dy.u,) converges weakly in this space to some limit which can readily be
identified to coincide with V(d,u) a.e. in Q x (0,00). The pointwise bound in Lemma 3.1
along with (4.2) thus completes the proof. O

Taking ¢ \ 0 appropriately, we next obtain from Lemma 3.6 a bound for u, inside
the domain Q,, of degenerate diffusion. This will enable us to conclude that u becomes
homogeneous with respect to x as t — oo in Theorem 1.1 (ii). Apart from that, as a
by-product the above entropy estimate will also provide a weighted pointwise bound for
u in Qg which might be of independent interest.

Lemma 5.4 The limit function defined in (4.5) lies in L}, .(Qap X [0,00)) and satisfies

C

SGZarkb—y)y Jor ae. (x,y,t) € Qg x (0,00) (5.11)

u(x, y,t) <

with some C > 0. Moreover, u, belongs to L*((0, oo);leOC(Qab)) with

/OX/Q (v — a)*(b — y)*u? < 0. (5.12)

Proof For fixed p > 2, (3.22) combined with (4.2) ensures that (@2(y) + .sl%l)ug)ge(o,l) is
bounded in L, ([0, 00); LP(24)), and hence along a subsequence of the sequence (g;)jen
in (4.5) we have

(@2(y) + "7 s — @2(y)u  in LE,([0,00); L"(Qup)

by the Banach—Alaoglu theorem. We now let ¢ N\ 0 along this sequence to see from
(3.22) and a well-known argument involving lower semi-continuity with respect to weak-*
convergence that

/Q (O < /Q N d;y)(dz(J’)“o) /Q (O forac >0
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Taking the pth root on both sides and using that (4 + B)% < 2%(A% + B%) for A >0 and
B > 0, from this we obtain that for a.e. t > 0,

HQz(y)“('at)HL"(Qah) < 29 - {(/Q\Q d;y)(dz(y)uo)”); + </Q (@2()/)140)1'):’}.

In the limit p — oo we thus infer that @2(y)u € L*(Q,) for a.e. t > 0 with norm controlled
according to

102(n)u(-, 1) | Lo(0u) < €1 = llda(y)uoll L@ 04 + 1©*(V)uoll L@y for ae. t > 0.

Now in view of the pointwise estimate O (y) = c,(y — a)(b — y), valid for all y € (a,b)
with some positive constant c¢;, from this we conclude that (5.11) holds if we let C :=

To verify the statements involving the derivatives with respect to x, we fix p := 2 in
Lemma 3.6 to infer from (3.22) and the positivity of d; in [0, L,] that ((@z(y)—i—s%)zugx)ge(o,l)
is bounded in L*(Q,;, x (0,0)) and hence weakly convergent in this space along a suitable
subsequence of (¢;)jen. Thus, the proof becomes complete upon the observation that the

corresponding limit must evidently coincide with @*(y)u, a.e. in Qu X (0, 00). O

The most important outcome of the next lemma is that the time derivative of u decays
in a certain sense. In view of the weight function involved in the precise version (5.13)
of this statement, in conjunction with Lemma 5.3 this will be the main ingredient for the
proof of the large time asymptotics outside Q.

Lemma 5.5 Let v(x,y,t) := dy(y)u(x, y,t), (x,y,t) € Q x (0,00), where u is the very weak
solution of (1.4) defined in (4.5). Then v belongs to C°((0, oo);Lz(Q))ﬁLl”;c((O, 0); W(Q))
with v; € L2 ((0,00); L?(Q)). Moreover, we have

loc
* 2
/1 /Q (da(y)u)? < o, (5.13)

and there exists C > 0 such that

[ WuenE < ¢ forall > 1. (5.14
Q

Proof We let ¢; denote the constant in (3.19) and then obtain from that inequality that
with E, as in Lemma 3.8 we have

1
/ Eq(ug(-,t))dt < c; forall e € (0,1) and k € IN.
0
Thus, for any 7 € (0,1], each ¢ € (0,1) and all k € N we can pick ty € (0,7) such that

C
Eg(ug (-, ) < ?1
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Hence, (3.30) tells us that for all t > 7, e € (0,1) and k € N,

t t
C
/ / dzz;ufk, + Ez;k(ué:k('t)) < / / d21zu§k[ + E;:k(”sk(', t)) < Eé:k(usk(': téik)) < ?1(515)
T .Qk tek Qk

Now according to (1.6) and (1.8), (d2:)ec(0,1) is bounded in L*((0,L,)) and (di;):c,1) is
bounded from below by a positive constant in [0, L,], whence we can find ¢, > 0 and
¢3 > 0 fulfilling

(st} < ety and  [V(datg) P < 3 (it + (doig)?)  in Q4 x (0,0)

for all ¢ € (0,1) and k € N. Consequently, (5.15) and (4.2) show that ((dau)i):c(0,1)
is bounded in L*(Q X (r,0)), and that (V(d2:ug))ee0,1) is bounded in L*((t, 0); L2(Q)).
According to the boundedness of (dy:u;)sc0,1) in L*(€ x (0,00)) as shown in Lemma 3.1,
the Arzela-Ascoli theorem thus ensures that (da:u,).c(0,1) is relatively compact with respect
to the strong topology in Cﬁw([r, o0); L*(Q)). Since 7 € (0, 1] was arbitrary, it is therefore
clear that along a suitable subsequence of (¢j)jen We have

dos(y)u; — dr(y)u in CP ((0,00); L*(2)) and ae. in Q x (0,0),
V(dag(y)ug) ~ V(dy(y)u) in L} (0,00); L*(Q))
doe(y)uee — da(y)uy in L7, ((0,00); L*(R)).

Finally, choosing 7 := 1 and taking limits in (5.15) we also obtain the inequalities

/ /(dzu)fgclcz and /|V(d2u(-,z))|2<c1C3 for all t > 1
1 Q Q

and conclude the proof. O

Next, inside the domain of degenerate diffusion we shall rely on the following.

Lemma 5.6 The solution u of (1.4) defined through (4.5) belongs to C°((0,0); L}, .(Qap))
and satisfies
/ / (v — a)*(b — y)*u? < co. (5.16)
1 Qab

Proof We let ¢, and F, be as in Lemma 3.9 with g := 4. We then recall the estimates
(3.19) from Lemma 3.4 and apply (3.22) in Lemma 3.6 to p := 2 to obtain ¢; > 0 and

¢ > 0 such that
1 1
/ dlsd2su§kx +/ (dZsusk)i <
0 Q 0 Q

1
/ / dl?(@2+82 Fkx+8/ / @2+82)2 sky
0 Qah ah

and
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for all e € (0,1) and k € N, where we have used that ugy is bounded in Q. Therefore,

1 1
/ Fl:k(uz:k(" [))dt < / dh:d%ufky / / dlz @2 + 82 ;k\»
0 0 Q Qup
+F/ / (@2 + F sky / dzgugk
ah Ql\

<c 4, forallee (0,1)

so that for all 7 € (0,1], ¢ € (0,1) and k € IN we can pick t, € (0,7) such that

61+C2

Fs:k (usk( t:k))

Hence, (3.33) tells us that writing y := % we have

t t .
/ / qol:ufkt S / / qol:u%kr + Fz:k(uz;k('a t)) < Fz;k(“é:k('a tl:k)) : eh'"gu(t_td‘)
T Qk Lok Qk

1
<(c1+ ) €% (5.17)

for all t > 1, each ¢ € (0, l)andanyke]N

In light of (4.2), thls shows that ((p‘ Ugr)ec(0.1) 18 relatively compact in L7 ([t,0); L3(Q)),
which implies that ((pg Ug)ec(o,1) 1s relatively compact in Cla(([r oo) L%(Q)). Since 7 € (0,1]
((0,00); LA(Q))

and (p8 u, — (pzu in C ((0,00); L*(Q2)) along some subsequence of (¢j)jen, where

was arbltrary, in view of (4.5) we thus clearly have (pg Uy — (pzu, in lem

) = dr(y) if y € [0,Ly]\ (a,b),
Y=Y 04y) iy e (ab).

Moreover, on specifying t := 1 and taking limits in (5.17) we also gain that

o0
/ /(/J“12<01+Cz
1 Jo

from which (5.16) follows, because @(y) = c3(y — a)(b — y) for all y € (a,b) and some
c; > 0. |

5.3 Large time behaviour in Q \ Q.. Proof of Theorem 1.1 (i)

We are now in the position to clarify the large time behaviour of u outside the domain
where diffusion becomes degenerate.

PrOOF of Theorem 1.1 (i) We write v(x, y,t) := da(y)u(x, y,t) for (x,y,t) € Q x (0,00)
and then obtain from Lemma 5.5 that

[méﬁ<w (5.18)
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and
/ Vo, 0)> <¢;  forall t>1 (5.19)
Q

with some ¢; > 0. Moreover, Lemma 5.3 ensures that

/IOO/QWUZ < 0. (5.20)

Now from (5.19) and (4.8) we know that the semi-orbit (v(-,t));~; is bounded in W'?(Q)
and hence relatively compact in L?>(Q). In view of a standard argument, in order to show
that

v(t) >0 in L*(Q) ast— oo, (5.21)

it is thus sufficient to make sure that zero is the only element of the w-limit set of v in
L?(Q); that is, (5.21) will be established as soon as we have shown that

{whenever (tj)jen = (1,00) and w € L*(Q) are such that tj = 0 (5.22)

and v(-,t;) = w in L*(Q) as j — oo, then w =0 a.e. in Q.

To prove the latter, given such (¢;)jen and w we note that due to (5.18) and (5.20) we may
apply Lemma 5.2 to obtain ¢ € IR such that w = ¢ a.e. in Q. Since evidently v = dy(y)u =0
a.e. in Qg x (0,00), we must have w = lim;_,,, v(-,t;) = 0 a.e. in Q. This proves (5.21),
which in turn yields (1.10) in view of the fact that d»(y) > 0 for all y € [0,L,] \ [a,b]. O

5.4 Large time behaviour in Q.. Proof of Theorem 1.1 (ii)

We next determine the large time behaviour of u inside Q.
PrOOF of Theorem 1.1 (ii)) We need to show that for any numbers o and f such that
a<o<f <bwe have

u(-t) =ty in L*(Q,5) ast— oo, (5.23)

where Q.3 := (0, Ly) X (o, ). To this end, we observe that as a particular consequence of
Lemma 5.4, the semi-orbit (u(:,t));~o is bounded in LZ(Qa/;) and hence relatively compact
with respect to weak convergence in Lz(Qmﬁ). Guided by the procedure in the proof of
Theorem 1.1 (i), we note that in order to prove (5.23), it is thus sufficient to show that

{if w € L2(Q,p) and (t;)jen < (1,00) are such that t; — oo (5.24)

and u(-,1;) = w in L*(Q,p) as j — oo, then w(x, y) = tip(y) for a.e. (x,y) € Qyp.
To see this, given (¢;)jen and w as in (5.24), let us set
tj+1
ey) = [ ubxnnd ()€ @ e N,
L

and carry out the rest of the proof in four steps.
Step 1. We first claim that

zj—=w in LX(Q,) asj— oo (5.25)
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In fact, since flao fQ«ﬁ u? < oo by Lemma 5.6, using the Cauchy-Schwarz inequality and
recalling Lemma 5.1, we obtain

tj+1
J = [ [ (0= unya)a
Qs Qg 1 /15

Ij+1
<[;/i (v, 1) — u(x, v, 1) 2ded(x, )
up S

—0 asj— oo

2
d(x,y)

Along with (5.24) this implies (5.25).
Step 2. We proceed to make sure that

Zjy = 0 in L*(Q,p) as j— oo (5.26)

Indeed, as a consequence of Lemma 5.4 we have fofJ Jo , u? < oo. Therefore, again invoking
the Cauchy—Schwarz inequality, we infer that

) tj+1
/ Zj = / / u(x, y, t)dt
Q. Q,p

L
as j — oo, as claimed.
Step 3. Let us next show that

2 Ij+1
d(x,y) < / / ui(x,y, t)dtd(x,y) —» 0
.Qx/g tj

zj =Ty in L*(Q,5) as j— co. (5.27)

For this purpose, we recall that the Poincaré inequality on the interval (0, L,) provides
Cp > 0 such that

~/LY
0

We apply this to ¢(x) := z;(x,y) for fixed y € (o, f) \ N« with the null set N« as given by
Corollary 2.4. Since this choice of y ensures that

L.
¢(x) —— [ d(&)dC

2 L,
T dx < C, P> (x)dx for all p € W3((0,Ly)). (5.28)
x JO 0

1k
= [ s =)
x JO

according to Corollary 2.4, (5.28) implies that
Ly Ly
[l —mPax < o [ Zxndx forall ye @)\ N
0 0

Integrating this inequality over y € (o, f) \ N« and using |[N«| = 0, we find that

/ 12j(x, y) —Ho(y)*d(x, y) < Cp / Zj(x, )d(x,y) for all j €N,

Qup Qup

which combined with the outcome of Step 2 yields (5.27).
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Step 4. We conclude the proof by combining (5.25) with (5.27) to infer that indeed
w(x,y) must coincide with up(y) for a.e. (x,y) € Q,p, as desired. O

5.5 Convergence to Dirac measures. Proof of Theorem 1.2

Let us finally prove that in the sense claimed by Theorem 1.2, in the large time limit all
the mass initially present in (0,Ly) % (0,a) and (0,L,) x (b, L,) will concentrate on the
horizontal lines (0, Ly) x {a} and (0, Ly) x {b} respectively.

ProoF of Theorem 1.2 We fix ¢ € C°([0, L,]) and claim that then for each # > 0 we
can pick ¢ty = to(¢,n) > 0 such that

b
10 =] [ 00001~ [ U0y —m ot —m o] <1 foral e 1
‘ (5.29)
To see this, given # > 0 we choose u € (0,min{a, L, — b, h%”}) small enough such that
writing m := |lug| 1) we have

sup [p(y) = (@) < g and sup [o(y) = p(b)| < 5. (5.30)
ye(a—pa+nu) m yE(b—pb+n) m
as well as
at+u  pLy b Ly
/ / uo(x, y)dxdy < g and / / uo(x, y)dxdy < g, (5.31)
a 0 b—u JO

where we note that (5.30) is possible due to the continuity of ¢. Next, thanks to Theorem
1.1 (i), we know that u(-,t) — 0 in L7 (Q\ Qu) as t — oo, whence in particular we can
find ¢; > 0 such that

a—p L n Ly pLg i
/0 /0 u(x, y, t)dxdy < oM and /b+#/() u(x, y, t)ydxdy < oM for all t > t,
(5.32)

where M := || 1=@). Moreover, Theorem 1.1 (ii) warrants that fb " fOL*'(u(x,y, t) —
up(x, y))e(y)dxdy — 0 as t — oo, whence for some t, > 0 we have

b—u  pLy
u(x,y, t)o(y)dxdy —/ / uo(x,y)q)(y)dxdy‘ < g forall t > t;. (5.33)
a+p 0

Then the expression on the left of (5.29) can be estimated according to
a—pt
io<| [ vwa
0 a—u

+ (/aa+u U(y,t)dy — m1) '(P(a)‘ +

—p

a+u

U0 - [9(y) — plaldy|

b—u b—u
U000) -~ [ Uas)orids|

a+pu a+pu
b+p

+ /biﬂl Uy, 0)le(y) — ﬁo(b)]dy‘ + ‘(/b_

1"

[ vnemal

+u
=:Ii(t)+ ..+ I7(t) forallt>0. (5.34)

Uy, 0)dy = m2) - o(b)|

14
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Here by non-negativity of u and (5.32),

a—p Ly a—p Ly
L(t) = ) /0 /0 u(x, y,t)(p(y)dxdy’ <M- /0 /0 u(x, y,t)dxdy<g for all £ > 1,

(5.35)
and similarly
IH(t) < g for all £ > 1. (5.36)
Next, using (5.30) and (4.8) we can estimate
a+u
u(x, y,t) - [o(y) — @(a)ldxdy
S uC. 0l - sup  lo(y) —ela)l < g for all ¢ > 0, (5.37)
y€(a—pa+p)
and by the same token we see that
Is(t) < g for all £ > 0. (5.38)
We now further split
a—p

no=|( [ vy —m) o~ ( [

and recall (4.9) and (5.31), which state that fa+“ U(y,t)dy—my < § for all t > 0. Therefore,
again by (5.32) we obtain

U(0) - ola)|

n ([ 11
L)<+ / / u(x, y, t dxdy) @) <2 forallt>t, (539
and in the same way it follows that
2n

Is(t) < 5 for all t > t;. (5.40)
Finally, (5.33) precisely says that

Li(1) < g for all ¢ > 1.
In conjunction with (5.35)—(5.40), inserted into (5.32) this establishes (5.29) with ¢y =

max{t, t}, whereby the proof is completed. O

6 Numerical explorations

In this section we perform a numerical study of the initial-boundary value problem (1.4)
to both validate and extend the results of previous sections. We choose the following two
choices for d;: a smooth step

2+tanh¥—tanh¥ 2 — tanh 2=¢ + tanh =2

. L ()= S — 6

di(y) =
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and the piecewise constant form

1—¢ y€la,b] e yE€lab]

hily) = { 05 yel0.L]\[ab]’ hly) = {0.5 ye0.L]\ [ab] (6.2)

Both of the above approach the prototypical form (1.5) in the limit ¢ — 0.

Numerical results were obtained via the Methods of Lines approach, with spatial terms
in equations (1.4) discretised using a second-order central difference scheme. The resulting
ordinary differential equations (ODEs) were solved using a variable time-stepping stiff
integrator. Spatial discretisation in both one and two dimensions has been performed with
a variable mesh, positioning a larger number of lattice points at the interface between the
aligned and isotropic regions to provide greater refinement in these areas. Accuracy of the
scheme has been examined through comparing against analytical steady state predictions,
performing simulations on both fixed and variable-spaced meshes of greater refinement
and employing distinct time integration schemes.

6.1 Quasi-one-dimensional simulations

We begin by considering a quasi-one-dimensional scenario in which uy(x, y) = 1. Figure 3
plots the time evolution of u for system (1.4) together with the smooth form (6.1) for
a=0.9,b=1.1 and (a) e = 0.1, (b) e = 0.001. For both values of ¢ alignment along the
strip acts to trap the population within this region, resulting in increased density.

In accordance with Proposition 1.3, we see in Figure 3(a) that for larger values of ¢
the population quickly evolves to a non-uniform steady state distribution in which the
maximum density lies along the centre of the aligned region. For comparison, the final
frame in Figure 3(a) plots the analytically determined steady state solution obtained by
setting u;, = 0: we observe negligible difference with the computed solution at ¢ = 10.

For smaller ¢, however, we instead see extremely steep ridges of high population density
form at the interface between isotropic and aligned regions (i.e. along the lines y = a and
y = b). Subsequent dispersal of these ridges within the aligned region is extremely slow.
While the expected final steady state pattern would be a single highly concentrated ridge
lying along the midline, this is never observed within simulation timescales. Simulations
(not shown) for the piecewise linear form (6.2) show similar behaviour as ¢ — 0.

We exploit the quasi-one-dimensional nature of the simulations to perform a refined
and extended analysis. Specifically, we consider the equivalent one-dimensional model

U = (dZ(Y)u)yy ) (dZ(y)u)y =0 at y = 0’ Ly ) u(y,O) = Mo(y) ’ (63)

together with the previously proposed forms for dy(y). Setting u, = 0 in (6.3), integrating
and applying the boundary conditions gives (for nonconstant d,) the heterogeneous steady

state
C

da(y)”
In the above, the constant ¢ is determined from the conservation of mass and the imposed
initial conditions, cf. also the corresponding brief discussion in the Introduction, and
Proposition 1.3. For the smooth form (6.1) we have a single minimum at y,, = (a + b)/2

ugs(y) = (6.4)
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FiGURE 3. (Colour online) Simulation of the anisotropic diffusion model, system (1.4) together
with up(x,y) = 1 and the smooth form (6.1). (a) Time evolution showing solutions using ¢ = 0.1,
a=0.9 and b = 1.1 in (6.1). The population accumulates inside the aligned region, evolving to a
heterogeneous steady state distribution. The analytically determined solution steady state solution
is shown in the final panel. (b) Time evolution showing solutions using € = 0.001, a = 0.9 and
b = 1.1in (6.1). The population accumulates into two extremely concentrated ridges at the interface
between the isotropic and aligned regions, with little subsequent movement within simulation
timescales. Simulations are performed as described in the text. Here we have employed a variable
two-dimensional mesh, concentrating points at the aligned region to provide better resolution of
ridge development. Absolute and relative tolerances for the time-integration scheme were set at
1073,
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FIGURe 4. (Colour online) Simulation showing the time evolution of solutions to equation (6.3)
with ug(y) = 1 and dy(y) as in (6.1) with e = 0.01, a = 0.9 and b = 1.1. The population initially
accumulates into two concentrated peaks at y = a and y = b, which subsequently undergo slow
convergence to a single peak in the centre of domain. The final panel plots the analytically
determined steady state solution. Simulations are performed as described in the text, where we have
again employed a variable mesh. Error tolerances are as in Figure 3.

and we expect the steady state to be composed of a single aggregate with maximum
at y,.

An extended simulation of (6.3) with d»(y) as in equation (6.1) and ¢ = 0.01,a = 0.9,b =
1.1 is plotted in Figure 4. Initially we observe the accumulation of the population into two
concentrated peaks close to y = a and y = b. The peaks subsequently converge within
the region of low d; on a much slower timescale, eventually accumulating into a single
concentrated peak at y = (a+ b)/2: the solution at t = 10° is, as predicted by Proposition
1.3, extremely close to the steady state solution in (6.4) shown in the final panel.

As ¢ — 0 we obtain convergence to the prototypical form for d and we might expect
Dirac-type singularities to form at the interface points y = a and y = b. Simulations
presented in Figure 5 appear to support this conjecture. While for larger values of ¢ (top
row) any peak formation at y = a and y = b is highly transient with solutions quickly
converging to the steady state distribution, for smaller &, two peaks initially form at y = a
and y = b. Notably, these peaks become more concentrated with decreasing ¢ and any
subsequent convergence of the peaks for the smallest values of ¢ (bottom two rows) is
imperceptible within practical numerical timescales.

6.2 Comparison with a Dirichlet problem

Formation of the boundary peaks results from diffusion between the isotropic and
anisotropic regions where they become pinned due to realignment. In this section we
provide numerical evidence, indicating that this population transfer evolves according to a
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FIGURE 5. (Colour online) Simulation of the one-dimensional diffusion model, equation (6.3),
together with ug(y) = 1 and d,(y) as in (6.1) for varying ¢, a = 0.9 and b = 1.1. In the top to bottom
rows we compare the evolution of solutions at comparable times for ¢ = 0.1,0.01,0.001 and 0.0001.
As ¢ — 0, we note that solutions become more sharply concentrated into aggregates at y = a and
y = b. Simulation method is as described in Figure 4.

Dirichlet problem in the limit ¢ — 0. Specifically, for the region y € (0,a) (or y € (b, L,))
we consider

v, =050y, v,(0,t) =0,v(a,t) =0, v(y,0)=1. (6.5)

Thus, the point a defines a sink for the population v within the isotropic region. Solved
using standard methods, we obtain the analytical solution

(26 + 1 + a)) oxp (—0-5 (2i+1)° “2t> . (66)

o0
4 .
va(y, 1) = ; G Do ( 3 10

In Figure 6 we plot numerical simulations for equations (6.3) together with dy(y) as in
equation (6.1) under varying ¢. Here we assume a = 1 and a < b < L, restricting our
attention to the region y € [0,2] such that we concentrate on the single smooth step
centred on y = 1. Further, we append these plots with the analytical solution v, derived
from the Dirichlet problem (6.5). Here we have calculated v, by truncating at the first 100
terms, more than enough needed to generate a highly accurate solution.

As expected from previous studies, as ¢ — O we observe the development of a single
concentrated peak located at y = a. Moreover, as ¢ — 0 the numerical solutions in the
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FIGURE 6. (Colour online) Comparison between solutions to the one-dimensional diffusion model
(6.3) and the analytical solution (6.6) to the Dirichlet problem. For (6.3) we consider ug(y) = 1, dy(y)
as in (6.1) for varying ¢ and a = 1. The top row plots the log;, of the population density against y
for various values of ¢ at the times indicated. In each frame we add the analytical solution v,(y, )
for the region y € [0,a). The bottom row expands the bottom-left corner of these plots to reveal
convergence to the analytical form. Simulation method is as described in Figure 4.

region y € [0,a) appear to converge with the analytical form v,(y,t) derived from the
Dirichlet problem. This convergence becomes more apparent in the blown-up sequence
of plots shown in the bottom row. We have further controlled our results through testing
for other values of a, using the step-like form for d, and exploring whether the same
behaviour occurs in the original two-dimensional simulations.

6.3 Two-dimensional simulations: non-uniform initial conditions

In the above simulations we have concentrated either on the quasi-one-dimensional case
with uniform initial conditions or its equivalent one-dimensional version. In this section
we consider non-uniform initial conditions. Again, we consider the smooth form (6.1)
together with a = 09,b = 1.1 and L, = L, = 2 and initially suppose the population is
concentrated into two aggregates arranged as follows:

Uo(x, y) = 0.58—100((x—0.5)2+(y—0.5)2) + e—lOO((x—l.S)er(y—l.S)z).

Simulations in Figure 7 reveal the population evolution for (a) ¢ = 0.1 and (b) ¢ = 0.001.
For both values of ¢ the population diffuses into the anisotropic region, where, due to
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FIGURE 7. (Colour online) Simulation of the anisotropic diffusion model, system (1.4) with non-
uniform initial conditions (see text for details). (a) We set ¢ = 0.1, a = 0.9 and b = 1.1 in (6.1).
(b) We set e = 0.001, a = 0.9 and b = 1.1 in (6.1). For details of numerical implementation, see
Figure 3.

realignment, the population accumulates. Initially a much larger accumulation is observed
at the points closest to the initial aggregation sites. Dispersal along the direction of
alignment results in the subsequent broadening of these aggregates until a quasi-one-
dimensional configuration is achieved. As previously, while for the larger values of ¢
solutions converge to the heterogeneous steady state within the simulation timescales,
for smaller ¢ the population remains confined to a sharp ridge. Note that according to
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Theorems 1.1 and 1.2, the density of these ridges corresponds to the size of the initial
population within the isotropic regions from which each ridge derives.

7 Conclusion

It is surprising that a simple linear diffusion equation (1.1) can have such a rich behaviour
in spatial pattern formation and blow-up. This is, of course, related to the singular nature
of the diffusion tensor. It is of large interest to study other geometries and to understand
and classify all singularities that can arise from equations of the form (1.1).
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