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Question 1. [15 pts]
Find the values of A? for which the boundary value problem

d*u 9 T

has non-trivial solutions.
SOLUTION: We consider two cases:

case (i): A=0
, . dPu o L
In this case, the general solution to i 0 is given by u(z) = Az + B, and u(0) = 0 implies that B = 0,
x

so that u(z) = Azx.

B}

The condition / u(t) dt = 0 implies that
0

0

which implies that A = 0, and the boundary value problem has only the trivial solution in this case.

case (ii): A #0
. . dPu o .
In this case, the general solution to ) + Au = 0 is given by u(x) = Acos Az + Bsin Az, and u(0) = 0

x
implies that A = 0 so that u(z) = Bsin Az.

(SIE]

The condition / u(t) dt = 0 implies that
0

s ™
2 B 2 B
/ Bsin Mt dt = —— cos At :—(1—c0s)‘7”):07
0 A o A
and so either B = 0 or cos ’\T’T =1.
Therefore, a nontrivial solution exists if and only if we have cos )‘7” =1, that is, ’\T’T = 27n, where n # 0 is

an integer. The values of A\? for which the boundary value problem has non-trivial solutions are
A2 = 16n?,

forn=1,2,3,....



Question 2. [20 pts]
Let f(x) =cos?x, 0<xz <, and f(x+ 27) = f(z) otherwise.

(a) Find the Fourier sine series for f on the interval [0, 7].

1 1
Hint: For n > 1, /cos2 xsinnx dr = —g,, cosnz + 1 / [sin(n + 2)z + sin(n — 2)z] dz.
n
(b) Find the Fourier cosine series for f on the interval [0, 7].

(¢) For which values of = in [0, 7] do the series in (a) and (b) converge to f(z)?

SOLUTION:
o0
(a) (WHITE) Writing f(z) = cos?x ~ Y by, sinnx, the coefficients b, in the Fourier sine series are computed

n=1
as follows:

2 [T 2 (/1 1
b, = — / cos? xsinnzdr = = / (— + —cos 21‘) sinnz dx

v 1 T
)—i——/ cos 2z sin nx dx
0 T Jo

= 1-(-D™"+ % /07r [sin(n — 2)x + sin(n + 2)z] dx

1—(=D" /2 1 1
= — :0
<n+n—2+n+2>

1 ( 1
= — | ——cosnz
T\ n

31~

if n # 2 is even, while if n = 2,

2 [T 4 (7
by = —/ cos? xsin 2z dx = —/ sin z cos® = dx
0 T Jo

™

s

= ——COS4$
™

= 0.
0

Therefore, b, = 0 for all even n > 2.

If n is odd,

b—2+1 1+1
"Tnr wm|n—2 n+2

2 1 2n
+

nt  wnZ-—4

The Fourier series for f is therefore

2 1 2n —1
2 :
cos ZCN;E {Zn_l—l—(2n_1)2_4}51n(2n—1)x

n=1

forO0<z <.



(b) The Fourier cosine series for f is

1 1
cos? z ~ 3 + 3 cos 2x,

and this can be checked by integrating to find the a,,’s.

(c) From Dirichlet’s theorem, the Fourier sine series in part (a) converges to cos®z for all z € (0,7) and
converges to 0 for z = 0 and x = 7. The Fourier cosine series in part (b) converges to cos?z for all
x € [0, 7] since the series is actually finite.

o0
(a) (BLUE) Writing f(z) = sin® x ~ 3 b, sinnz, the coefficients b,, in the Fourier sine series are computed
n=1

bn:z/ Sin2xsinnxd1‘:z/ (l—lCOS2l‘> sin nx dx

1 1 g 1 [7 .
= — | ——cosnzx - — cos 2z sinnx dx
v n 0 iy 0

1 1

nmw 2

_1—(—1)" 2_ 1 _ 1 —0
o 2T n n—-2 n+2)

if n # 2 is even, while if n = 2,

as follows:

/ ’ [sin(n — 2)z + sin(n + 2)z] do
0

s 4 T

by = — sin? zsin 2z dr = — sin® z cos z dx
™ Jo ™ Jo

v

= ——sin'z
T

= 0.
0

Therefore, b, = 0 for all even n > 2.

If n is odd,

2 1[ 1 1 }
bn:___ +
nt wln—2 n+2

2 1 2n
nt wn?-—4
The Fourier series for f is therefore

oo

2 1 2n—1
2 .
N_E — 2n —1
cos” x : 1{2 1@ e 4}sm( n—1)x

forO<z <.

(b) The Fourier cosine series for f is

1
sin’ x ~ R §cos2:c7

and this can be checked by integrating to find the a,,’s.

(c) From Dirichlet’s theorem, the Fourier sine series in part (a) converges to sin®z for all z € [0,7]. The
Fourier cosine series in part (b) converges to sinz for all 2 € [0, 71] since the series is actually finite.



Question 3. [15 pts]

Let v(x) be the steady-state solution to the initial boundary value problem

82u+ B 1 0u
922 " T kot

’U,(O,t) =Ty, t>0

O<z<a, t>0

ou
%(a,t)—(), t>0

where 7 is a constant. Find and solve the boundary value problem for the steady-state solution v(z).

SOLUTION: The steady-state solution v(x) satisfies the boundary value problem

d*v
E_'—T:O’ O<z<a
’U(O):TO
dv
Z(a)=0
W) =0,

and the general solution to the differential equation is

1
v(x) = —57@2 + Az + B,

and p
é(m) =—rz+ A

Therefore,

v(0) =Ty implies B =T

d
—v(a):() implies —ra+A=0,

dx

so that
A=ra and B =T,.

The steady-state solution is therefore

1
v(z) = —=r2? + rax + Ty

for 0 <z <a.



