Math 209
Assignment 5 — Solutions

1. Integrate f(z,y) = sin(y/x? + y?) over:
(a) the closed unit disc;
(b) the annular region 1 < x2 4+ y2 < 4.

Solution

(a) // sin(y/22 + y2) dA = /027r /Ol(sinr) rdrdf = 2w (sin(1) — cos(1)).
Q

(b) /Q/ Sin(\/m) A — /0% /12(Sin r)rdrdf = 27(cos(1) — 2 cos(2) + sin(2) — sin(1)).

2. Calculate the following integrals by changing to polar coordinates:

2 pVA—az? 1 ,Jo—a2
(a) / Va2 +y?dyde; (b) / / Va2 +y?dyde.
0 Jo 0 J—Vz—22

Solution

2 pVA—az? /2 2 Ar
(a) / / \/:c2+y2dydx:/ / r2drdf = —.
0 0 0 0

3
(b) The region of integration 2 is inside the (x —1/2)?+y? = 1/4, which has polar equation r = cos#.
The integral becomes:

1 pVa—z2 /2 cos 6 1 /2 4
/ Va2 +y?dyde = / r2drd0:—/ cos30 dh = —.
0 0 w/2 9

—Va—z® —x/2 3J-

3. Find the area of the region inside the circle »r = 3 cosf and outside the cardioid » = 1 + cos 6.

Solution
/3 3cosf 1 w/3 30 /3
A:/ / rdrdO:—/ [9cos?8 — (1+ cosf)?]df = {——i—sin?@—sin@ =.
—m/3 J1+cosb —7/3 2 —m/3

4. Find the volume of the solid bounded above by z = 1 — (22 + y?), bounded below by the xy-plane,
and bounded on the sides by the cylinder z2 + y? — 2 = 0.

Solution

V= /77/2 /Cose(l —yrdrdd = /”/2 {COSZG B cos40] 5 — 5m
—x/2Jo —m2 L 2 2 32

5. Find the mass and centre of mass of the plate that occupies the given region {2 with the given density
function .

(a) Q= {(z,9) €eR* 0 <z <a, 0<y <Va? —22}; Ma,y) = zy.
(b) Q is the region inside the circle r = 2sin 6 and outside the circle r = 1; A(z,y) = y.
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Solution

Va2—22 a L at
// (z,y)dA = // xydyd:c—/ “(a® - 2?)dr = —.
b 2 8
Va2 —z? 5
1
:m//a:)\xy m// xydydz——/ (a® — 22 d:c:Ecll—B:%a.
2 2
“_’5 1a® 8
= 2 dyde — — 223 dr = —— = —a.
m//ykxy m// vydyar / S TR
57/6 v/2sinf 57/6 1 )
//)\a?y YdA = / / rsm@rdrd@-/ (§Sin49——sin9) d9:—ﬂ—£.
/6 3 3 3 4

T = by symmetry.

57/6 v/2sinf
:—//y/\xy / / r?sin? @ rdr do
m

57/6
- i/ <4Sin69 — lsin2 9) df = k= —11\/§ _ 3 = —3(127r—|— 11\/5).
m Jr/6 4 m\ 16 4 A(87 + 3v/3)

6. Consider a square fan blade with sides of length 2 and the lower left corner placed at the origin. If the
density of the blade is A(z,y) = 1 + x/10, is it more difficult to rotate the blade about the z-axis or
the y-axis?

Solution
We compare moments about the z and y axes:

2 2
88
I, = 2 dA = 21+ Dydyde = 2
//yA(x,y) /O/Oy(JrlO)yz B
92
Iy://x)\xydA // 1—1—10 dyd:c—

88 92
Ix = —<-=-= Yy

15 15
so it is more difficult to rotate the blade about the y-axis.

We find that

7. Find the surface area of the surface z = 1 + 3x + 2y? that lies above the triangle with vertices (0,0),
(0,1) and (2,1).

Solution
To simplify the calculation, consider the order of integration.

02\? 02\ 2 L2y
S:// 1+ =) +| = dA:// V10 + 1642 dx dy
8.7) 8y 0 0
D

1 1
1
:/ 2y+/10 + 16y2 dy = ﬂ(10+ 16y2)3/2

0

= 571(26)%2 - (10)%72),

0
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8. Find the surface area of the paraboloid z = 4 — 22 — y? that lies above the 2zy-plane.

Solution
For this problem polar coordinates are useful.

9z\° 0z\?
S = / 1+4(=—) +(= ) dA= V1+4x2 +4y2dA
ox dy
D D
2 2 2w 1 . 2
:/ / T\/1+4r2drd0:/ — (14 4r2)3/2
o Jo 0

i
do = =[(17)%/2 — 1.
12 6[( 7) ]

0

9. Find the surface area of the surface z = %(x3/2 + y3/2) for0<z<land 0 <y < 1.

Solution

2 2 1 1
S:// 1+ 9z + 9z dA://\/1+x+ydydx
o dy o Jo
D

— 12 T 3/21 m_g 1 x3/2_ x3/2 ’

_/O “(+z+y) yzod_3/o[(2+) (142" d

= %[(2 +2)% — (1+42)%/?) = %{[(3)5/2 (257 — [(2)7/2 — (1))
4 , ,

= 5372 - @72 +1].

10. Find the surface area of the sphere 22 4+ 32 + 22 = 4z that lies inside the paraboloid z = 22 + 2.

Solution
It is convenient to use cylindrical coordinates. The equations of the sphere and paraboloid in cylindrical
coordinates are 12 4+ 22 = 4z and z = r? respectively. First calculate the curve of intersection of the

two surfaces.
2422 =4z == z=0,3 == 7‘:0,\/5

Thus the points of intersection are (r, z) = (0,0) and (v/3,3). Calculating partial derivatives, we obtain

0z —x 0z -y

8_1”_\/4—302—;1/27 3_31_\/4—x2—y2'

Calculating the surface area, we obtain

S_WH(g_;)Z(g_;)ZdA_é/ﬁdA

2T V3 2o 2T V3
- —drdez/ —2y/4— 12
/0 /0 V4 —r? 0 ( )

df = 4m.
0




