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Abstract. We give the asymptotics of the sum » . f(n), where h > x7/12+¢ for the multiplicative functions
F) =200, 220 u@), 1/di(n), and nd ().
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1. Ramachandra [1] proved the following assertion. Let S;, S, and S3 be the sets of L-series, the derivatives,
and the logarithms of L-series, respectively. log L(s, x) is defined by analytic continuation from the halfplane
o = Res > 1; for some complex z, we define

L(s, x)* = exp(zlog L(s, x)).

Let P;(s) be any finite power product (with complex exponents) of functions of S;. Let P,(s) be any finite
power product (with nonnegative integral exponents) of functions of S,. Let also P;(s) denote any finite power
product with nonnegative integral exponents of functions of S;. Let ¢, be a sequence of complex numbers such
that |c,| <« n® for every ¢ > 0 and

3 Gl _ % fore = 1/2.

nU

Let Fo(s) = )_, . Furthermore, let

Fi(s) = Pi(s)Pa(s) P3(s) Fo(s) = Z %
n=1
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and

Ex) =) g

n<x

Let (< 1/2) be a positive number. We define the contour C(r) by starting from the circle {s | |s — 1| = r},
removing the point 1 — r, and proceeding on the remaining portion of the circle in the anticlockwise direction.
Let Cyp = C(r).

Assume that r is so small that F;(s) has no singularities on the boundary and in interior of it, except, possibly,
the place s = 1.

Let C; = C(@), and let L™, L™ be defined as the intervals on straightlines

_ I _; 1 _
o (G R G |
r log x
1 ; 1\ .
Lt = [(1__)em, (1__) ]
log x r

Let C* be the contour going along L~ starting from (1 — %)e"'”, then on Cy, and, finally, on L*.
Let B be the constant occurring in the density result

Ny(a, T) = O (T2 (log T)?),
which is valid for all characters occurring in Py, P, and Ps. Let ¢ =1 — 1/B + ¢ with arbitrary ¢ > 0.
Remark. According to Huxley’s result, ¢ can be any constant greater than 7/12.

THEOREM OF RAMACHANDRA L. et x be sufficiently large and 1 < h < x. Let

h
I(x,h) = Zim/ (/Fl(s)(wrx)s—lds)dv. (1.1)

0 Co

Then
E(x+h)— E(x) = I(x,h) + O, (h - exp (—(log x)"/) x¥) . (1.2)

Ramachandra used the Hooley—Huxley contour for proving his very general theorem. Katai [2] applied
Ramachandra’s theorem to obtain the uniform result

h(loglog x)*~!

> L= (4o = o

w(n)=k, x<n<x+h

uniformly for any k < loglogx + c,+/loglog x, where ¢, — oo sufficiently slowly, and i > x¢**.
Sankaranarayanan and Srinivas [3] gave a version of Ramachandra’s result in which the function F(s) may
depend on a parameter.

2. Assume that the conditions of Ramachandra’s theorem are satisfied. Integrating on the same contour as
Ramachandra did, we have

E(x) = J(x) 4+ O (x - exp (—(log x)'/%)) , (2.1
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where
1 x*
J(x) = — / Fi(s)— ds. 2.2)
2mi s
Co
Furthermore, I (x, h) can be written as
1 h)* —x*
I(x, h) = —,fFl(s)w ds. 2.3)
2mi s
Co
Let
1 h s __ N
D(x,h,s) = - (M —xs—l) . 2.4)
s h
Assume that § < |s| <2 and that & = x", n < 3 — ¥ with small r. Then
(x +h)* —x° o, hx*2(1—s) 3 o3
— =X —— 4+ 0 (h’x°
o X + 5 + ( X )
and, thus,
1
D(x,h,s) =x"" (1 — —> +0 (n*-x"7%),
s
which by 73 - x°73 « x> 2 « x7" and hx°~% « x~" implies that
-1
D(x,h,s) = xs_lu +0 (x_r) .
s
Hence, we obtain that
E h) — E E 1 s=1
(x +h) (x) (x)=—.fF1(S)x s — 1)ds
h X 2mi
Co 2.5)
+0 (x7") 4 O (exp (—(log x)"/%))
and, thus, by (2.1) and (2.2) we have
E h) — E 1
(o + 2 @ _ L / Fi(5)x* " ds + O (exp (—(logx)"/%)) + 0 (x ") . 2.6)

Co

Since Fi(s) is analytic on the domain with boundary Cy U C*, we can transform the integration line on the
right side of (2.6) to the contour C*.

We have proved the following:

THEOREM 1. Assume that F\(s) satisfies the conditions stated in Ramachandra’s theorem. Let r > 0 and
2 2r
& > 0 be sufficiently small constants, and let x"24e < h < x37F. Then

EGx+h) —Ex) _ L Fi(s)x*~ dx + O (exp (—(log 1) /9)) . (2.7)
h 2mi
C*
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Let us assume that

U(s)
F = , 2.8
0 =1 2.8)
where the function U (s) is analytic in the disc |s — 1| < r. Then, for each fixed &,
Us) = Ao+ Ai(s = D)+ + Als = D+ (s = D'V (),
where V (s) is bounded in |s — 1| < r.
Furthermore, since
_ _ I'(a—1z) sinm(a—z) .
s—1 a—z _ r/2
— -1 ds = (@) 2.9
i) C ST s T T (™) 2.9)
C*
(for the proof, see Lemma 8 of [7]), we deduce the following:
THEOREM 2. Under the conditions stated above, we have
k .
1 U(s B r'd—z (=D"'sinnz 1
— ) s =) A ( 1_)1( ) +O0(— |- (2.10)
271 ) (s —1)2 = (logx)i==+ bid (log x)k+2—Rez
C* =
whenever Rez < k + 1.
Proof. By (2.9), we have only to prove that
1 k+1—
— | V() —1) tds (2.11)
2mi
C*

can be majorized by the error term on the right-hand side of (2.10). The integral (2.11) extended to the contour
C(1/1ogx) is obviously less than the error term of (2.10).
To estimate the integral on L+ and L™, let us write s = 1 — 7. Then

r
K

1
2_ / |V(S)| |(s _ 1)|k+1—Rer—T ds g 2_ f x—‘[_[k"rl—ReZ dT
T T
L

1/logx

1
< (logx)k+2—Rez ’

and the proof is completed.

3. Using Theorems 1 and 2, we can obtain short-interval versions of known theorems. We give some
examples.

3.1. On the theorem of Sathe and Selberg. Let w(m) be the number of distinct prime divisors of m, and let
Q(m) be the number of prime power divisors of m.

2r . ..
THEOREM 3. Let |z| < c1. Let, furthermore, X2t < b < X235 where r and ¢ are arbitrary positive

constants. Then

hl Z Zw(m) — (p(Z)(lOg)C)Z_l +0 ((logx)z—z) ;

x<m<x+h



414 1. Kdtai and M. V. Subbarao

here

1 1\° z
= — 1—-— 1 .
¢ F(z)U( p) ( +p—1>

Proof. Note that

Fl(s)zzzns :1_[(1+psz_1>’
P

and, thus, F(s) = ¢*(s)h(s), where

1\*? z
h(s,z) =h(s) = 1— — 1+ ,
wommo T2 55

p

and it can be expanded into an absolutely convergent Dirichlet series in Res > 1/2.
Using our Theorems 1 and 2 and Lemma 9.2 of Kubilius [4], we immediately obtain Theorem 3. Lemma
9.2 is the theorem of Selberg [5] (see also [6]).

2r .
THEOREM 3a. Let x7/12t¢ < h < x*3~% with e,r > 0. Let |z| < ¢i. Then

> Pum)] = ¥ (2)(logx)* " + O ((logx)*?),

x<n<x+h

1 1\° z
=—TJ1(1-=) (1+2).
Ve r(z)U( p) < +p>

[T x+r):= Y luml.
I

x<n<x+h
w(n)=l

S| =

where

Let, furthermore,

Then
1 6 (loglogx)~! 1
- , Ny=————"—1(14+0| ——
n U 2+ kD= 5 hoend =1 ' O\ Goglogn)
uniformly in | < cloglogx for an arbitrary constant c.
Proof . The first assertion follows from Theorem 2 by taking

h(s)=l_[(l—%) (1+§),

p

Fi(s) = £(s)*h(s), and the second one by estimating the coefficient of z/ in 1/ (z) (see Kubilius [4]).

3.2. Let Q2(n) be the number of prime power divisors of n, and let |z] < 2 — § with an arbitrary positive
constant &.
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2 2r .
THEOREM 4. Let x"/1%¢ < h < x57F, and let ¢, r > 0 be arbitrary constants. Then

Rt Y 22 = G(2)(logx)*! 4+ O ((log x)Re7?)

x<m<x+h

where

Proof. We note that

X _Q(m) 1

Fl(s):Zst :1_[1_
p

n=1

= {5 (9)h(s),

<
P’

~1
nes) =[] (1 - pi> (1= 1/p),

p

and the statement immediately follows from Theorems 1 and 2.

3.3. On the sum 1/dy(n) over a short interval. Let diy(n) be the number of solutions of the equation
n = Xxi--- Xy in positive integers x1, ..., x¢. Then dy is multiplicative, di(p) = k, and di(p®) = (**%7").
Since
o

1/dy(n) 1 1
FI(S):Z—nkS :]_[<1+k‘ps+dk(p2)p2s+~->
14

n=1

and F(s)¢(s)~"% = h(s) can be expanded into a Dirichlet series which is absolutely convergent in Res > 1/2,
the conditions of Ramachandra’s theorem are satisfied. We can apply our Theorems 1 and 2. We have

U(s) = h(s) (¢ (s)(s — I)HYE, 3.1
which is analyticin |s — 1| < rif r < 1/2.

2r
THEOREM 5. Let x"/'2¢ < h < x2/3~3 with e, r > 0.
Let m > 0 be an arbitrary fixed positive integer, and let

UG)=Ag+Ai(s— D4+ Auis — D"+ (s — D"V (s),
where U (s) is defined in (3.1). Then

! 1 " T —1/k) (=) sinn/k 1
J— - = A s '
h Z di(n) Zo: ! (log x)!+1-1/k k +0 (log x)m+2-1/k

x<n<x+h

Proof. Theorem 5 is a direct consequence of Theorems 1 and 2.

Remarks

1. A similar theorem can be proved for ) | <n<xt+h 1/8(n), where g is a multiplicative function, g(p) = 1/4,
and g(n)n¥ > 1 for some suitable constant y.
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2. Ivi¢ [8] proved that

N

1 B o
de(n) :jZOCk’j x(logx) /4 +O<X(logx)i N 1)

n<x

for every fixed N > 0.

3. On the sum ), o, y<xin |- An asymptotic formula for the number of integers n such that nd(n) < x
was first considered by Abbott and Subbarao [9], who proved that

ZINCF

nd(n)<x ogx

for a suitable ¢ > 0.

l

2r
THEOREM 6. Assume that x127T

2 ..
¢ < h <x3773 where ¢ and r are small positive constants. Then

1 1
o(x,h) = — Z l=1+0,(1)—, x— oo.
h x<nd(n)<x+h ilOg)C

Proof. Let us write each integer n as Km, where K is square full, m is square free and (K,m) =
For fixed K and [, count those integers n = Km for which w(m) = [ and nd(n) € [x,x + h]. Then m €

X
[K»d(K)-Zl’ Kd(K) 2l]
Let us note that

1 h

ZXK:K d(K) 2! <%

1>1

and

s b
Kd(K) ~logx’

K>(10g)c)2

Let [y = (ﬁgz + 8)loglogx (< (1 — §)loglogx). We have

B I 0 (1)
o(x, h) = EK<<1Zng>z IS ZT(K I + T (3.2)

where

X x+h
K -d(K)-2'" K-d(K)-2!

T(K,1I) :#{m e [ :|‘a)(m) =1, m,K) =1, |um)| = 1}. (3.3)

Assume that K < (log x)2. We define

a)(m)
He(s.0)= Y. = '“(m” ﬂ(1+ )
1K

(m,K)=1

w(v)
o=z = 3 22—

Tz =
p\K P veBk
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where By is the set of integers all prime factors of which divide K.
Thus,

A w(v)
Tk(s,2) = ( ) %)Hl(s,z) (3.4)

veBgk

and, consequently,
#{m e[V, Y + Hl |o(m) =1, |n(m)| =1}

=3 A(v)#{ve[:’Y—i—H} ‘w(v)_l_w(v) |M(v)|—1} (3.5)

v<Y+H
veBg

Let us apply this relation with

X h

- H= — él 10
K-d(K)- 2!’ K dK) .2 U Sdoen)

Then, by Theorem 3a,

#{v c [f Y+H] ‘a)(v)—l—a)(v) o 1}

H 1 [—w()—1
_ 6 (loglogx) 140 1 ‘
72 v (logx)(I — 1 — w(v))! loglog x

For some fixed K and v, take the sum over [ < [;. Then

i 6 h I (oglogn)™ (| 1
— 72 vK - d(K)logx 20+l 21=1(] — 1)1 log log x

h 1 1
= . 1+0(———) ).
K -d(K)-200+ly  /logx ( * <log10gx>>

Let us estimate

D #{ve [:,YJFH} ‘a)(v)_l—a)(v)}

1 veBg
v>(hgxﬂ0

This is less than

h 1 h 1
K -d(K) 25;{ v € Kad®)(ogxy’ 2 NG
v>(hgxﬂ0

Since

1 1 1
— < 1+_+_+><02w(K)<lng,
Zﬁ ﬂ( NI

the contribution of these terms is small.



418 1. Kdtai and M. V. Subbarao

Furthermore,

A(v) 1 1 1
> U.2w<u)=n(1_5+2—pz_“')=1—[(1_2p—1)'

veBy, pIK

Summing over K up to (logx)?, we get

1 1 1
2 2K-d(1<)11,;[<1_2p—1>=c+0<\/@>'

K <(logx)

Hence, the theorem follows.

REFERENCES

1. K. Ramachandra, Some problems of analytic number theory, Acta Arith., 31, 313-324 (1976).

1. Katai, A remark on a paper of Ramachandra, in: Number Theory, Proc. Ootacamund, K. Alladi (Ed.), Lecture Notes
in Math. 1122, Springer (1984), pp. 147-152.

A. Sankaranarayanan and K. Srinivas, On the papers of Ramachandra and Katai, Acta Arith., 624, 373-382 (1992).
J. P. Kubilius, Probabilistic Methods in the Theory of Numbers [in Russian], Vilnius (1959).

A. Selberg, Note on a paper by L. G. Sathe, J. Indian Math. Soc., 18, 83-87 (1954).

A. Rényi and P. Turdan, On a theorem of Erd6s—Kac, Acta Arith., 4, 71-84 (1958).

R. Balasabramanian and K. Ramachandra, On the theorem of integers n such that nd(n) < x, Acta Arith., 49, 313-322
(1988).

8. A. Ivi¢, Mat. Vesnik (Belgrade), 1(29), 79-90 (1977).

H. L. Abbott and M. V. Subbarao, unpublished.

I

NN kW

o



