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1. Prelsminaries. Throughout this note we write e(a, d) for
exp(2nia/b). The well-known arithmetic function C(n, #) of Rama-
NUJAN [4] is defined by

C(n, 7) = Yymoar) €(nt, 7).
#,r=1
(Following current practice, we write C(#n, ) in the place of Rama-
nujan’s Cr(n)). RAMANUJAN showed ([4], equation (18)) that

CLAN+C2n2+...=—A0), ¢>1), (1.2

where A(r) is the classical arithmetic function which equals log p if
r > 1 is the power of a prime $, and is zero otherwise. His proof,
however, is long and round about. The formula (1.2) is obtained as
the limiting case, when s — 1, of the result

L(S) Dogr—y u(8)0'A=9) = C(1,7)/15 + C(2,7)[28 + ..., (s >0,
which itself is derived from the expansion ([4], (7.2)):
o_s(n)[(s + 1) = C(n, 1)/15¥1 - C(n, 2)/25%1 4 ..., (s > 0);

The last one is got as a consequence of some general considerations.
Here ox(n) denotes the sum of the Zth powers of the divisors of #,
and {(s) is the Riemann zeta function.

Actually, however, (1.2) follows very easily from the well-known
elementary result (usually attributed to KRONECKER) that

Ht((tmt;drl) (1 - e(t’ 1’)) = €xXp A(”): (7 > 1):
,r)=
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on taking logarithms of both sides and then suitably grouping the
terms in the series expansions in powers of (¢, 7).

Following similar methods we will obtain in this note two results
which are believed to be new. The first (Theorem 1) is a generali-
zation of (1.2) and involves Cohen’s generalization Cg(n, 7) [1] of
C(n, 7). The second (Theorem 2) is the unitary analogue of (1.2)
satisfied by the trigonometric sum C*(n, #) [3].

2. Definitrons and lemmas. For convenience of later reference, we
recall the definitions of Cy(n, ) and C*(n, 7) and some results to be
used later.

Let (a, b)x denote the greatest kth power divisor common to a
and b. Then Cg(n, &) is defined by

Ck(n’ 7) = zt(modr") e(nt, 7";)'
@t ro =1
We call @ and b to be relatively &-prime if (a, )y = 1. The set of all
t(mod 7*) which are relatively k-prime to #¥ will be called a k-
reduced residue system {mod 7). We have
Lemma 1 (ECKFORD COHEN [2], lemma 4). The numbers a,

a = X(r[d)¥, dlr, (X,d¥)p=1,

where d ranges over the positive divisors of r, and for each d, X ranges
over a k-reduced residue system (mod d), form a complete residue system
(mod 7E).

We next define C*(n, #), the unitary analogue of C(%, 7). A divisor
d of r is called ‘unitary’ whenever (d, 7/d) = 1. We write d||r to
indicate that 4 is a unitary divisor of ». For integers, a, b, 8 > 0,
we write (a, b)» for the greatest divisor of & which is a unitary
divisor of b, and call it the unitary g.c.d. of a with &. If (a, 8)x = 1,
a is said to be semiprime to b. The set of integers in a complete
residue system (mod 7) which are semiprime to 7 is designated the
semi-reduced residue system (mod 7). We note

Lemma 2 (EckrorD CoHEN [3], lemma 2.1). The infegers dx,
where d ranges over the unitary divisors of v, and for each d, x ranges
over a semi-reduced vesidue system (mod r/d), constitute a residue
system (mod 7).

The function C*(n, #) is defined by

C*(n, 7) = Zimoar) €12, 7).
(t,r)e=1
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We define
prr) = C*(1,7),
or, equivalently, by
w) = (= 1)
where w(7) denotes the number of distinct prime divisors of 7, with
w(l) = 0 ([3], theorem 2.5).

The unitary analogue ([3], theorem 2.3) of the Mobius inversion
formula (product form) says that for arithmetical functions f1(r) and
f2(r),

Lemma 3 f1(r) = [lair f2(d) < fa(r) = [air (frlr/d)* @

3. We shall prove
Theorem 1. Forr > 1,

Ce(l,7)/1 + Ci(2,7)[2 4 Ck(3,7)[3 + ... = —kA(r). (3.1)
Theorem 2. Forr > 1,
CL, 7)1 +C*(2,7)[2 + C*@3,7)[3 + ... = —A*(r), (3.2

where A*(r) is defined to be log r or O according as r is a prime power
o7 not.
Proof of Theorem 2. Define

fr) = izi (1 — et 7)., (1) = 1; (3.3)

and
8(7) = Mymoan (1 — €@, 7)), g(l) = 1. (3.4)

¢, r)=1

Grouping the factors in the product for f(») according to the
unitary g.c.d. of £ with » and using lemma 2, we have

{r) = Tlair (d)- (3.5)

An application of lemma 3 gives
§() = Haw (f)A))" = Mayr (r|d)*?. (3.6)
Let now # > | and have the canonical form » = ${* $3* ... p%.

Then the unitary divisors of # are the products formed by ¢ factors
taken from ¥, ..., 9% (: = 1,2, ..., s). Let ¢; denote the product
of all those unitary divisors of » which are products formed by
exactly ¢ of the numbers p{, ..., p2, for a fixed value of 4,0 <7 < s.

With the convention that empty products have the value unity,
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we have for » > 1, on using (3.6),

g(?’) = ts ts_—ll ts_z t;_l?’ “oe
y fors =1
1 otherwise

— exp(d*(r)).
Hence, if » > 1,

A*(r) = log g(r)
= —Xi<t<r—1 Jeel le(s, 7)]/s
Ery=1

= — 3*C*s,7)/s,
s=1
thus completing the proof of Theorem 2.
The proof of Theorem 1 is on similar lines. We group the factors
in the product for f(r¥) according to the value of (f, 7¥); using
Lemma, 1. We get 7¥ = f(rk) = [Iar #(d), where

h(r) = Tymoarr (1 — e(t, 7¥)).

(tre)=1
Hence

h(r) = Tasr (r[d)*@
— RA(). -

For the rest of the proof, we proceed exactly as before.
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