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Abstract: Let F denote the set of monotonically decreasing functions f de-
fined on (0, 00) such that f(z) — 0 (z — o). Let g1 < ... < gr be the prime

divisors of n, 7(n) = number of divisors of n, d1 < dg < ... < dy(n) be the
sequence of divisors of n. Let f € F, and
r—1 T(n)—1

hin) = flaiyr —ai); H(n):i= > fldir1 —di),
1=1 i=1

A(z) =) h(n); B(z)= Y H(n).

n<z n<lx

I

It is proved:

a) A(x)/z tends to a finite limit if and only if > h=1f(2") < oo. If the series
converges then h is almost periodic in Besicovitch sense,

b) B(z)/x has a finite limit if and only if 3_ f(2") < co. If the series converges
then H is almost periodic in Besicovitch sense.
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1. Letn=¢"...q%, ¢1 <...< gy be the prime divisors of n, 7(n)
be the divisor function. Let di < d2 < ... < dr(n) be the sequence
of positive divisors of n. We shall say that a function f belongs to 7,
if it is defined for £ > 1 and tends to zero monotonically as z — oo,
f(z) > 0. For a fixed f € F let the functions h : N — R, H : N —
— R be defined as follows: h(1) =0, H(1) =0, h(p*) =0if p* is a
prime-power, otherwise
T(n)-1

r—1
(1.1) hin) = Z f(gi+1 — @) H(n) := Z fdit1 — di).
i=1 i=1

Let

(1.2) A(z) = h(n); B(z)=Y_ H(n).

n<x n<lz
In their paper [1] J. M. De Koninck and A. Ivi¢ proved that for
f(z) = 1/x the relations :
xloglogz x
Alz) = Az + 0 | —— B(z) =Bz + 0O | ——=
() =dw < log ) Bl =B ((bgw)”f*)

hold with suitable explicitly given constants A, B.

Our aim is to generalize these results for large classes of functions
f e F. (We will not take care about the remainder terms.)

Since f(qir1 — qi) > f(gqiy1) if f € F, therefore

NEEED S G IREID S

2<p<zl/t 2mp<z 2<pLrt/4

where in the sum p runs over the set of primes.
So for the existence of the mean value of h the condition

(1.3) S fop ! <o,

i.e. the equivalent condition
(1.4) S MR <o
h=1

is necessary.
Since f(dig1 — di) > f(diy1), we get similarly that B(z) >

>3 f(d) [2] If B(z) = O(z), then
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(1.5) Y d7lf(d) < oo,
d=1
i.e.
(1.6) > f(2M) < oo
h=1
holds.

It is much more interesting that the conditions (1.4), (1.5) are
sufficient for the existence of the mean value for h, H, respectively.

2. Let us consider h under (1.4). For an y > 2 let P, be the prod-
uct of the primes not greater than y. For an n € N let Ay(n) be
the product of the prime divisors of n not greater than y. Then n =
= Ay(n)By(n), (By(n)7 Py) =1

Let sy(n) := h(Ay(n)). Since h(n) does not depend on the mul-

tiplicity of the prime divisors of n, therefore s,(n) = sy(£) if n =
= {(mod P?), i.e. sy(n) is periodic mod P2,
Let t,(n) := h(n) — sy(n). Then
ty(n) = h(By(n)) + f(v(n) — u(n))
where v(n) is the smallest prime divisor of By (n) and u(n) is the largest
prime divisor of A,(n). Consider the sum

S =Y fn) — um)).

The number of the integers n < z satisfying u(n) > y/2 is less than

> Yal <

£<p<y logy
Furthermore, if u(n) < y/2, then f(v(n)—u(n)) < f(y/2), consequently
cx
>, <UD+ o
Let
Zz =Y h(By(n)).
n<x

Then
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Y,= > 2. fla=-pDpa

y<g<z y<p<gq
where D, , denotes the number of those n < = for which p and q are
consecutive prime divisors. Let 3, = > 51 + ) 5, Wherein 201 % <

< p < g, while in 3 ,, p < q/2. To estimate 21 We shall use the
crude estimation D, , < /pq, and we get

22’l<<x Zl Z 1/p <<:CZ !
y<gq

y<g<zc q/2<p<q qugq

from the convergence of 3 (glogq)~! we get that Y-, | = oy(1)z (z —
— 00). To estimate ), , we observe that f(p—q) < f(q/2) and that
3" Dpq < z/q. So by (1.4) we have

P

22,2 = Z f(a/2)z/q) = oy(1)z.

y<q<z

Collecting our results we get

. . 1
(2.1) ylirglo lim sup - ,%; |h(n) — sy(n)| | =0.

Since sy(n) is periodic mod Pg, therefore (2.1) implies that h is
almost periodic, consequently the mean value of h exists. For the proof
of this conclusion see [2], Ch. 4, Th. 4. As a consequence we get that h
has a limit distribution, i.e.

(2.2) lim—i-# {h(n) <\, n<z}=V()

exists for almost all real number A.
So we proved

Theorem 1. Let f € F. Then A(z)z~! tends to a finite limit if
and only if (1.4) holds. If (1.4) holds, then h is almost periodic in
Besicovitch sense.

3. Let us consider now H. Assume that (1.5) holds, and that f € F.
It is obvious that
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O

(3.1) Zn_lf (n/(logn)®) < oo.

n=2

n
Indeed, let us sum 1/n over those n for which 2" < ———— <
(logn)?

< 2h+1 The smallest n is Ay > c12"A3, the largest n is By < 22" - A3,
where c1, co are positive constants. Then

Z 1/n < log 6—2.
An<n<B,, “

Hence (3.1) immediately follows.
1

Let p(z) = z(log )7
ty(n) == Z fdix1 — di), Ty(z) = Z ty(n).

d:>p(y) n<z

Now we estimate Ty (x). The contribution of the terms in T),(x) satis-
fying d;+1 — d; > p(d;) is less than

z Y flp(d)1/d=oy(1)z.
d>p(y)

Now we consider the terms for which d; 1 —d; < p(d;). If d;, di41
are consecutive divisors of n such that «/n < d; < d;+1, then n/d;y1,
n

n/d; are consecutive divisors of n as well, furthermore 0 < — — <

di  dit1
< di+1—d;. Consequently in the estimation of T, (z) the terms d; > /n
can be cancelled.

Let us consider the contribution of those pairs d;, d;y1 for which

d; < /7 < dip1. Then dipq = dﬁ.
i

Since 0 < d;+1 — d; < p(d;), for a fixed d; the number of distinct
d;+1 is less than O (p(d;)), consequently the contribution of them is less
than

d
Z g d = o(x) (z — 00).
d</x
It has remained to estimate the sum

PIEDBPBHCP B

where m and £ run over the intervals 1 < £ < p(m), p(y) < m <
< Vz, m+ ¢ < \/z, while n < z and m|n, m + ¢|n. The innermost
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sum is < m Let p = (m,m, +£) = (m, £), m = om*, {=2dm".

Then we get

DRI IP L EE SEp DR

m 5/m s<elm) p(m)

where in the inner sum d|m, s6 < p(m).
Summing for m in a subinterval of type [M,2M], we get

Y Ay Lo w3 ().

M<m<aM 5o ™ e<p@M) 5/k
where in the innermost sum in the right-hand side s runs over the

2M
interval {]\(;I, 3 } So the right-hand side is less than
> fR)(k).
k<p(2M)

Let now M; = 2, M, = 2M, and we sum over those M, for which
M1 > p(y). Then we get

(3.2) >, <<xz > )R
M, k:<p(1\{t+1)

Let us change the summation in the right-hand side. The least value
of M, for which k occurs in the inner sum is of order & log k. Since
S M < MY, we get that

t>to

1 1
(3.3) Z < IZf Y7 (k) min </—0—(?, k:logk:) .

Now we prove that

flk)T
(3:4) Z kh))gk

holds.
Let us sum (3.4) for k € [2", 2h+1]. The sum is less than

2h h
Py 2 0T

k<2htl

and (3.4) can be overestimated by the convergent sum SThTL(2M).
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Collecting our results we get that T, (x) = 0,(1)z as * — 0.
Now we deduce that H is an almost periodic function. For a
prime p < y let G,(y) be the least integer for which p2W) > 4 Let

Qe =11 pP () furthermore
ply

g(n) = Y fldip1—ds).
di+1<y

It is obvious that n = £(mod Q,) implies that g,(n) = gy(£) so
gy is periodic mod Q. Furthermore 0 < H(n) < ty(n) + R(n), where
R(n) = 0 except when the largest divisor d of n which is not greater
than y is < y/logy. In this second case R(n) = f(k — d) where k is
the smallest divisor of n that is greater than y. So we have R(n) <
< fly —y/logy) < f(y/2). Consequently R(n) = o,(1) uniformly as
n < z. Taking into account that Ty(z) = oy(1)z (z — o0), we get
immediately that

1
3.5 li li - H(n)— =0.
(3.5) Jim | lim sup ~ n;cl (n) — gy (n)]
(3.5) means that H is almost periodic. Consequently the following
assertion holds true.

Theorem 2. Let f € F. Then B(z)z ™! has a finite limit if and only
if (1.6) holds. If (1.6) holds then H(n) is almost periodic in Besicouvitch
sense.
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