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DISTRIBUTION
OF 2-ADDITIVE FUNCTIONS
UNDER SOME CONDITIONS

I. Katai (Budapest, Hungary)
M.V. Subbaraot

Abstract. Distribution of 2-additive functions under the condition
a(n) = k is investigated, where a(n) is the sum of digits in the binary
expansion of n.

1. Introduction and formulation of the theorems

Let €;(n) be the j’th digit in the binary expansion of n,
e .
(1.1) n=>Y ¢in) -2, e;(n)e{0,1}.
j=0

Let Ay be the class of 2-additive and Ay be the class of 2-multiplicative
functions.
A function f: Ng(=N U {0}) — R belongs to A, if

f(0) =0, and f(n) == e;(n)f(27),

=0
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and g : Ng — C belongs to My, if

g(0) = 1, and g(n) = H g(g(n) - 29).
j=0

Let M3 be the set of those g € My for which additionally |g(n)| = 1

€ Np) holds.

Let a(n) = 3 €j(n) be the so called "sum of digits” function.
i=0

Let
Enik ={n <2 | a(n) =k}, and
=
N=NNk =N
Here we continue our work [1].

Theorem 1. Let g € My be such a function for which

(1.2) >_(1-9(2)

18 convergent. Let

(1.3) My =TT (L =n) + (@)
=0

Let § > 0 be a constant. Then

1
max |——c— Z g(n) = My, .| =0 (N — o).

d<k<1-5 (N i
P :

(ne

Theorem 2. Let f € Ay such that 3 f(27), > f2(27) are convergent.
Let ¢n(7) be the characteristic function of 0 =¢ +& + ..., where §,&1, .-

are independent random variables,

P =0)=1-n, P& =f(2"))=n
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Thus

oo

on(r) =TT ((L=m) 47 7@)).

Jj=0

Let Fy(y) be the distribution function of ©.
Then

#{nelnk, f(n) <y}-FQy)| -0 (N —o0)

1
max sup|——
6<E <18 yeR (N)
k

Here § > 0 1s an arbitrary small constant.

Theorem 3. Let f € Ay, f(27) = O(1). Let Ay = Nilf(Zj), my(n) ==

7=0
= nAN,
N-1 2
whin =@ -mn 3 (-2
7=0

nels, (1-19)], § >0 be a constant.

1
Assume that o% <§> ~— 00 (N — o0). Then

1) —mx (%) <y}—‘b(y) =0.

on (w)

N=0o k(5 1-6) yeR

1
lim sup  sup m# {n EENK

The proof of this last theorem is very similar to the proof of Theorem 3 in
[1], so we omit it.

2. Proof of Theorem 1 and 2

It is enough to prove Theorem 1. Theorem 2 follows hence, if we consider
g-(n) = €7/ and apply Theorem 1.
The proof is almost the same as that of Theorem 2 in [1].
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Let M be a large fixed integer, arg g(27) = h(27), h(27) €

[~m,7]. From

(1.2) we obtain that

and that 57 h(27) is convergent. Thus g(27) — 1
on Ny as a 2-additive function. Then g(n) =e

Let

We have

Furthermore
N-1
k-1
N
k

R

ST g@)fP =Y R <

(j — o0). Let h be defined
ih(n).

E

hu(n) = h(Eg (n) - 27),

M-
H g9(g;(n

Il
=)

J

N-1
Z h(ej(n)-27).
j=M

z
L

e bi)
(%)
o,
o
. (k“2>

i1 #0p (N)
M<ig,ig<N-1 k

h(27)h(2%).

- (],Z_'22>: k(k~1)):na(1+o(i)).

N(N -1 N
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Hence we obtain that

1 N-1 ‘ N-1
~ > 1Y h(@) | < Y B2+
< k ) neEEN & =M j=M

o S )AL

M<i, j<N-1

The right hand side tends to zero as M — oco. It implies that

limsup max E (g(n) - g (n))| = A(M) -0 as M — oo,
N—ooo 6< '°<1 6

k
For a fixed t, n € Enx if and only if m € En_ns, k—a(t), thus

> gun 2%5190) - ————<I£V~J_\(;](\;I)) =
G

1
To estimate ——— . gm(n), we write eachn € Eny asn =1+ gMm.
(N) n<2N

H

2M a(t)
S o) (——”—-) A= mM+on(1)) =

t=0 1=
2M 1 a(t)
= (L ow() - X o) (1—2—7,) =
= (1 +on(1)(1-mM Af_f (1 +g(27) ) =
=0 L=n
M-
(1+on(1 H (1 =) +g(2)m).
j=0

k
The relation is uniform as NG € [6, 1 — &]. Hence the theorem is immediate.
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3. Final remarks

We can prove the following assertions.

Theorem 4. Let g € My, § > 0 and assume that there is a sequence
kny = k such that

LY g -M

AN NNk
(]]:7) ne€En i

Then (1.2) is convergent.

—0 as N — o0, k=kn.

Theorem 5. Let f € Az, § > 0, and assume that for a suitable sequence
k = kn such that n € (6,1 — &) we have

Sup | {n € Enver (1) <y} — Fyny o ()] — 0
&8
k

as N — o0, k= ky. Then the series’ Y. f(27), 3 f2(27) are convergent.

We shall prove these assertions in more general form in a subsequent paper.
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